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1.

Abstract
The paper deals with the problem

Evaluating the size of the result of a relational operation
is of great interest in computing the transaction execution cost for query optimization and database design,
especially in a distributed environment [2]. Such estimates are usually computed from a statistical characterization of the operand relations, consisting typically
in a set of parameters, such as the cardinality of the
relation, and the originality (i.e. the number of distinct
values) of each attribute [5,10,11].
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These parameters can be usually maintained for the
base relations, but must be estimated for the intermediate relations, when queries consisting in a sequence of
relational operations are considered. As a typical example consider computing the execution cost of a join
or semijoin. The cardinality of the result, which is proportional to the cost, depends on the originality of the
join attribute in the operand relations, that are in turn
usually the result of a select or semijoin 11,2,6]. Another
example is the computation of the size of the result of
a projection with duplicate elimination [ 121.
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Introduction

be quite accurate.

In this paper we are concerned with estimating the
decrease of the originality in a selection. This extends
to any relational operation (e.g. semijoin , restriction,
etc.) or sequence of relational operations that reduces
the cardinality of the attributes. Actually we focus on
the attributes which are not involved in the select (or
join) condition. The remaining attributes require a different kind of analysis, strictly based on the structure
of the predicates [3,9].
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We present a probabilistic model which uses a simple set of parameters to characterize the distribution of
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the at t.ribut,e values. We think that in most cases this
approach is mnrr effective than attempting a detailed
descript ion t,hat would be considerably more expensive
and difficult to maintain. Actually a detailed information is not available in many situations, such as the
optimization of compiled queries, where the literals in
the predicat,es are not. known at compilation time.
Several authors have adopted a similar approach for
this or strictly related problems, but, to keep the model
tract.able, have made the additional assumption that
the attribute values are uniformly and independently
distributed j 14,1,12]. These assumptions are very seldom verified in actual databases, and have been criticized because t,hey often lead to pessimistic cost estimates 13,4].

A; = {a;,j

Although we refer through the paper to the simple
case of a selection, the results directly apply also to any
other operation, or sequence of operations, possibly involving more than one relation, if the appropriate value
of the selectivity factor is considered. For inst.ance if B
is the result of a join between A and C, for the computation of the compression factor of an attribute 81,
originating from A, u must be taken as t,he fraction of
the tuples in A that are successfully joined.

Notat.ion and definitions are given in Section 2. The
basrc model for non uniform distributions is introduced
in Section 3, where some numerical results are also
given. In Section 4 the model is extended to cover the
dependence between attributes and validated against a
simulation.

Notation

3.

2 = l,...,kA;

j=

distributions

stating that the attribute Ah that we are considering is
stochastically independent from any other attribute Ak
involved in the selection, i.e.:

We define a relation A as a set of tuples A = {d, j =
1, .‘, CA}, where CA indicates the cardinality of the relation. Each tuple of A is an ordered set of kA values,
where kA is the a-nty of the relation:
kA )

Non uniform

In this section we analyze how the distribution of the
attribute values affects the compression fact,or. In doing so we initially make an independence assumption,

and Definitions

a3 = (a:,aA,...,a’
*

(3)

The multisets A; that contain the values assumed by a
given field are called attributes. The corresponding sets
VA are called value-sets, and we refer to their cardinality 0:’ as the originality of the attribute. The number
of occurrences of a given value uf E V,A in the multiset,
ffi is called multiplicity
of the value and is expressed by
the function m(wt).
Without any loss of generality we consider a selection
that generates a relation B from a relation A. Let us
assume that the attribute At, is not involved in the operation (i.e. in the selection condition), and let &, be
the corresponding attribute in the result relation.
Our goal is to compute the originality of of the at,tribute & in the result relation. This is a function of
the originality of the corresponding attribute Ah, of the
cardinality CA of the operand relation, and of the selectivity factor u of the operation, defined as the fraction
of tuples of A that, are retained by the selection. More
formally we define the compression factor as:

In this paper we overcome the need for the uniformity and independence assumptions, extending the results of an earlier paper [ 121 to take into account the
effect of non uniform distributions and statistical dependence between the at,tribute values. We propose a
model that is exact for non uniform distributions when
the attributes are independent, and gives approximate
results when stochastic dependence is considered. In
the latt,er ca.se t.he analytical results have been compared with a simulation, and proved to be quite accurat,e. All the results confirm that both the non unifortnity and dependence of the distribution of the attribute
values may significantly affect the originalities of the result relation.

2.

= l,...,c,J}

l,...,cA

(1)

j = l,...,CA

(2)

Prob{a;
Prob(aff

= 2, a; = y} =
= z}Prob{a;

xEv,;,yyEVlp
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= y}

(5)

As a consequence of this all the elements of the mult.iset Ah have the same probability to be retained in B,,,
and then the compression factor does not depend on
the structure of the select condition, but only on the
selectivity of the operation, i.e. on the reduction of the
relation cardinality.
As far as the distribution of the a.ttribute values in
A,, is concerned, we assume that every value $’ E V,:
has at least one occurrence in the multiset A,,. The
remaining CA - 0; elements of the multiset are distributed in Vk, according to a non uniform distribution
<dv,” 134 E V,“}. Therefore the multiplicity
value ZJ~E V,f has a binomial distribution:
Prob{m(vf)

= n} = B(n - 1, CA - of; +I;))

1 - Prob{vf

\

=

1 +

(CA

-

o;,+:,

The expectation of the originality of the attribute
the result relation can be expressed as:

) = n} =

(11)

I

otherwise

The (9), (10) and (11) allow to compute the expectation of the originality 0: m
’ the general case of non uniform distribution of the attribute values, and assuming
stochastic independence among the attributes, under
the very reasonable assumption that the multiplicity of
the values has a binomial distribution.
A simpler expression can be found assuming a dem(uf).
In
terministic distribution for the multiplicity
this case our formula can be shown to be equival ent
to the one proposed by Yao for uniform distribution of
the values [ 141, and to its generalization for non uniform distributions by [B]. However these formulas, that
were originally introduced for a different problem, can
be used only when the multiplicity has an integer value.

(6)

with an expected value of:
++-$)]

n

I 1

of each

=

q! V,f ) m(vf

(7)

in

(8)

c = 20000

where the random function 6,: is defined as:
6; =

1 ifv; E v;
0 otherwise

(9)

In turn the expectation of 6: can be expressed
through the conditional probabilities:
E[6,f(v,:‘)]

E V,“} =

(10)

= n}Prob{m($)

= n}

= Prob{u;

(.A-“;+1
c

Prob{vf

E V,Il 1m(vi)

Figure 1: Compression factor with uniform distribution

11= 1

A good choice for the distribution of the attributes
is the Zipf distribution (151, that has been utilized by
several authors [7,9] to fit measured data:

Therefore the problem is reduced to the computation
of the conditional probabilities in the second member of
(10). These, because of the independence assumption
(5), do not depend on the particular value vt, but only
on the multiplicity n, and can be computed as the probability that all the n occurrences of vf in the multiset
A,, are in Ah - Bh, i.e. are discarded by the selection:
Prob{vt

E V,f 1m(vt)

7r(tJjf) = c ord(u;)-z

c=

-&

l

i--z

(12)

where ord(vt) refers to the ordering of the set V,A based
on the relative frequency in the multiset Ah. The pa-

= n} =

10

when a single element of Vc has multiplicity cA - o;f + 1,
and the remaining 0; - 1 elements have just one occurrence. Therefore, according to the (9), (10) and (ll),
FL can be expressed as:

rameter z is a non-negative constant and allows to fit
the skewness of the distribution.
The behavior of the compression factor is shown in
Figure 1, where the difference 8’1, - o is plotted as a
function of the selectivity factor 0, for several values
of the originality.
The figure clearly shows that the
compression factor is always larger than the selectivity
factor, i.e. the originality always decreases less than the
cardinality. Moreover the difference decreases with the
average multiplicity,
i.e. is smaller for larger values of
the originality.
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‘a

Figure 2: Compression factor wit.h non uniform distribution
.I-

Figure 2 depicts the effect of non uniform distributions of the attribute values. For fixed values of the
cardinality and the originality, several Zipf distributions
of different skewness are considered. The picture shows
that the non-uniformity
has a moderate effect, for low
values of the selectivity factor, at least when z is less
than .5. To have an idea of the skewness of the distribution, consider that, for the values of CA and o;t’ in
the figure, when z = .5 the ratio between the maximum
and the minimum average multiplicity is about 40.
Figure 3 shows how the compression factor decreases
when z increases. For low values of z the compression
factor keeps close to the value for the uniform distribu-

1

0

2

3

z

Figure 3: Effect of the non uniformity

tion. The relative errors are reported in Table 1. Note
that for z < .5 the error is below 10%.
For larger values of z, F,, sharply decreases and approaches a limit value FL that corresponds to a completely skewed distribution.
In such cases a better approximation for the compression factor is given by Fz.
This can be computed considering the extreme situation

u = .Ol

u = .02

u = .05

u= .lO

z =

.25

.Ol

.02

.02

.Ol

2 =

.50

.08

.lO

.08

.03

z = 1.0

.40

.63

.37

.24

2 = 1.5

.72

.82

.71

.61

2 = 2.0

.86

.87

.85

3.0

.93

.93

.92

z =

CA

=

20000

7
.79

.87

0; = 500

Table 1: Relative error for non uniform distributions
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4.

Stochastic

dependence

between

attributes
We now consider the case of stochastic dependence between the attributes involved in the selection and the
attribute we are considering for the compression factor.
This always produces a decrease in the compression factor, and therefore leads to overestimate the originality
if the independence assumption is made [4,13].
We give here an extension of the model proposed in
the previous section, that allows to analyze and quantify
the effect of the dependence. We restrict our presentation to the case of two attributes, the first one Ak being

Assuming this kind of stochastic dependence we can
derive an approximate model for the computation of the
compression factor as an extension of the one presented
in Section 3.
Let us consider a selection on Ak and the set of values
VP c V,f that are retained by the operation. Observe
that, because of the dependence, especially for low values of the spreading factor p and of the selectivity u,
the number of values of the attribute Ah that can potentially be retained by the selection may be considerably
lower than 02. More precisely we define a set -A
V,, c_ VA
,L
of eligible values, that we shall call virtual value set:

involved in the selection and the second one Ah being
investigated for the originality.
As in actual databases one may find many different
kind of dependence, it is hard to give a general model to
cover all the cases. However it does not make sense to
include in the model a very detailed representation of
the dependence, as this would require more information
on the database than it, is usually available.
We propose a simple way to model the dependence,
that assumes that in every tuple, for a given value of the
first attribut,e, the value of the second attribute must
belong to a proper subset of the corresponding value
set.
More precisely, for every value t~i E ‘Vt, we define
an associated set S(uf) c Vt such that for every tuple
in the relation:
a3 = (...) a; )..‘) a; ,...)

a;& E S(ajk)

i(

= x 1a; = z} = Prob{ai

x,yE

S(z),zE

= y 1 a; = z}

= {ig

] 3x E v/f,ii;

As an approximation, to take into account the dependence, we may consider that the selection takes place
only on the eligible tuples of A, and then apply the
model of Section 3 to the virtual relation. To do this
we consider a modified set of parameters, that we shall
call virtual parameters:

(15)

v/f
5; = card(v;)

card( V,:)

(17)

(14

A measure of the dependence is given by the ratio
between the cardinality of the subset S($) and the
originality of Ah, which we assume to be the same for
every
vf
E V::

p = ~*rd(w,AH

E S(x)}

Accordingly we define a virtual relation as the set of
the eligible tuples of A, i.e. having the value CZ~belonging to vf:

Moreover we assume an uniform distribution of the
values for the attribute &, and an uniform distribution
inside the subsets S(vt):

Prob{a;

It is evident that the dependence is maximum when p,
that we call spreading factor, attains its minimum value.
Such kind of dependence can be regarded as a stochastic
relaxation of the functional dependence. Although very
simple, it can effectively take into account several kind
of real world situations. A further advantage is that the
model requires to estimate just one parameter.
For example considering the relation BRANCHES:
(BANK#,
BRANCH&
CITY#,.
. .), an estimate of p
between the attributes BANK#
and CITY#
can be
given as the average percentage of cities in which a given
bank has a branch.

1
TlPil
Oh

-6A = card(x)
p%
CA

(19)

(20)
(21)

Hence the virtual originality 5; is defined as the expetted number of distinct values of Ah that, according
to the constraint (14), can be associated to the values

(16)
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of Ak retained by the selection. Similarly the virtzlal
cardznalit~ in (20) represents the number of tuples in
A that have in the hrth field values belonging to the
virtual value set. Finally the uirt~al selectivity (T is adjusted to produce the proper cardinality for the result
relation.

The approximate model has been successfully validated against a simulation for several values of the parameters. Sample data are reported in Table 2 that
gives the relative error of the approximate model. Most
of the time the error is inside the confidence intervals of
the simulation, which have a relative width of less than

To compute the virtual originality we consider the
probability that a value vc belongs to the associated
set of a given value vt of ffk, that, according to the
(16)) is given by:

5%.
1.
o=.lO
.9.a-

Prob{ vR E S (II,“)} = p

(22)

.7-

As the number of distinct values of Ak that are retained in the selection is (TO;, the probability that vt
is discarded during the operation can be computed as:

.6.5.4.3-

Prob{v;

$2If}

Therefore the virtual

= (1- ,),,C

originality

(23)

.2-

is given by:

.1 00'

C;f = 0: (1 - Prob{vf

1

$! V,f }) =

.9
.9

.0

.7

.6

.5

.4

.3

2

.l

O

P

Figure 4: Effect of stochastic dependence
oi(l

- (1- p)““:)

Similarly, because of the uniformity of the distribution of the attribute values, the cardinality of the virtual
relation is reduced by the same factor and then:
CA = CA(l-

(l-

p)““;:),

p = .05

(25)

Figure 4 shows how the dependence affects the compression factor. Observe how F,, sharply decreases for
low values of the spreading factor p. As t,he selectivity
increases the effect of the dependence is less important
and can be disregarded unless p is very low.
p=.l

p=.3

.l

p = .3

p=

.5

p=

.8

u = .Ol

5.60

2.37

0.49

0.20

0.05

f-7= .02

4.68

1.90

0.36

0.12

0.02

c7= .05

2.83

1.00

0.14

0.02

0.00

u = .lO

1.45

0.51

0.03

0.00

0.00

u = .20

0.56

0.10

0.00

0.00

0.00

u = .50

0.08

0.01

0.00

0.00

0.00

CA = 20000
p = .05

p=

:

of = 500

0; = 100

p=.5
Table 3: Relative error for stochastic dependence

u = .Ol

.OOl

.014

.OlQ

.038

c7= .02

.Oll

.004

.027

.078

u = .05

.016

.007

.063

.092

u = .lO

.OOl

.002

.049

.026

r

These results prove that the approximation is very
good for small values of p, i.e. that the model can be
conveniently used when there is a strong dependence.
These are indeed the cases of practical interest, in which
the effect of the dependence cannot be disregarded. Although larger deviations may occur for large values of
the spreading factor the model has proved to be reasonably accurate for a large range of parameter values.

CA = 20000

Table 2: Relative error of the approximate model
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To have an idea of the improvement given by the approximate model. consider the data in Table 3 that reports the relat,ive error introduced by the independence
assumption. Note that for low selectivities and strong
dependence the error may be larger than 500%.
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