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A b s t r a c t  

The N-queens problem with its long his- 
tory and in_herent complexity is a chal- 
lenging benchmark  target. We present our 
solution and performance results, hoping 
that this will st imulate a sort of bench- 
mark compet i t ion  for tough problems. 

N-Queens poe t ry :  
They are queens 
Reckless 
Blasting forth 
Insatiable 
They need more 
S u e t  more 

Dimension 

to conquer 
When they strop 
flanting 
They rest 
Like drowsy cows 

[Fur55] 

1 I n t r o d u c t i o n  

A major claim of logic programming sys- 
tems (LPS) and deductive database sys- 
tems (DDBS) is that  they narrow down 

the infamous impedance mismatch of cur- 
rent SQL-technology, implying tha t  com- 
plex problems can be solved better  by LPS 
or DDBS. However, up to now the pro- 
posed benchmarks do not sufficiently cover 
the vast performance specwum (for spe- 
cial ~spects see e.g. [KRSg0]). We'd like 
to improve this si tuation by posing the  fol- 
lowing advanced benchmark issue: Given 
a complex problem, (a) name an a lgor i thm 
of your choice. (b) pick your favorite LPS 
or DDBS to compile, optimize and run 
your choice of (a). 

The  N-queens problem is to de termine  
all different solutions in which N queens 
can be placed on an N-by-N chessboard 
without  any queens attacking each other.  
According to [RZ92] this problem has a 
long history. It was first ment ioned in 
the "Berliner Schachgesellschaft" of 1848 
and in the sequel a t t racted the a t ten t ion  
of a number of famous mathematicians,  in- 
cluding Gauss, Lucas and Polya. Quot ing  
[t~Z92], "it is of current interest most ly  as 
a benchmark problem for backtracking al- 
gorithms. Yet there appears to be no al- 
gor i thm whose complexity is known to be 
bet ter  than the brute-force approach".  If 
on2)" a single solution is looked for, very 
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sophisticated algorithms are known (see 
[HES0], [vHD87]). For the all-solutions 
problem which  we consider, a first non- 
trivial upper bound  on the number Q(N) 
of solutions is proved in [RZ92]: Q(N) can 
be computed in t ime O ( f ( N ) .  8 "v) and 
space O(N 2 . 8N). Thus we are faced with 
exponential complexity.  Such programs 
can be expressed easily in Datalog "eg+l""c 
([~'T891). 
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Figure h Construction of safe queen posi- 
tions (N = 4). 

2 N - Q u e e n s  Solution 

Our  a l g o r i t h m :  

Let the rows and columns of an N * N 
chessboard be numbered  0, 1, . . . , N -  1, let 
Ri E { 0 , . . . ,  _\- - 1} denote the row num- 
ber of the queen in column i, 0 < i _< 
N -  1, and let M E { 2 , . . . , N } .  

. sa f e( R,+z, JR,+2, . . . ,  R,+M], M) iff 
M queens,  put  on any M consecutive 
columns on the board start ing in col- 
umn i + 1, don' t  a t tack each other. 

. For M > 2 we conclude: 

If safe(R,+~, [R~+_,,..., R,+M], M) 
and aa f e(.Ri, [Ri+1,..., Ri+M-,.], M) 
and the queens on positions Ri and 

R~+M don' t  a t tack  each other, 
then sa f e( Ri, [Ri+l,.  • . ,  Ri+M], 

In figure 1, f rom safe(a,[0,2],3) and 
safe(l, [3,0].3)  for i = 0, and from the 
fact that the  queens on columns 0 and 
3 do not a t t a c k  each other,  we conclude 
sa fe ( l ,  [3, 0, 2], 4). 

Besides, as a s tandard  software engi- 
neering technique,  a programmer  might 
wish to s tep-wiseiy refine above program 
in the spirit o f  abstract  da ta  types as fol- 
lows: Consider  the case N=8. Instead 
of representing the queens' positions on 
the chessboard by a list of row numbers 

[ r 0 , . . . , r 7 ] ,  a much more efficient rep- 
resentation would be as a single num- 
ber in the octal system.  For instance,  
[I, 3,5, 7] can be represented as octal  num- 
ber 7531. Then the list-processing func- 
tion cons[el1] can be re-defined in "C" 
aS: 

inz cons (e ,  I) 

int e, I; 

{ reZu_rn(e + I * 010); 

The list-processing functions l a s t  and 
b u z l a s z  can be re-defined accordingly. 
Now our algorithm can be expressed in 
LDL-notation [NT89] as shown in figure 4 
of appendix A.1. 

3 Compilat ion 

At a first and even more  at a second glance 
this complex doubly recursive p rogram 
does not seem to have a chance for compet-  
it ive performance. We discuss the compi- 
lat ion of our algorithm with.in the context  
of the commercial deductive database sys- 
t em DECLARE, which was under devel- 
opment  between 1986 and 19901 

Datalog "eg+l~c programs axe processed 
by Declare's optimizing rule compiler  
ORC, which includes the  usual optimiza- 
tion repertoire. The  target code gener- 

t .  
ated bv the ORC is a compact expression 

1 Due to internal c o m p a n y  policies no scientif ic 
r epor t s  were re le~ed in t h e  past ,  except  for a br ief  
overview given in [KGg0]. 
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of extended relational algebra (ERA) op- 
erations, with a choice of operators like 
UNION, PRODUCT, DIFFERENCE, SE- 
LECT, PROJECT, various join operators 
JOIN, FCT_JOIN, SEMIJOIN, ANTI JOIN, 
and several least ftxpoint operators (LFP). 

The query ?n_queens (Z ,8) can be 
transformed into the at tr ibuted query ex- 
ecution plan (QEP) of figure 5. The (sim- 
plified) adornments shown for the LFP- 
node are the clique attribute, indicating di- 
rect recursion, and the terminate attribute 
equaling '(N = 8)', which ma~v be detected 
by a preceding static compile-time anal- 
ysis of monotonicity constraints ([B589]). 
In our case the iteration can be stopped as 
soon as N = 8 is reached, since attribute 
N is strictly monotonic in N. 

For the code generation phase the 
library of available LFP-algorithms is 
searched and the most appropriate will 
be fetched. Due to the specific na- 
ture of the resulting f~xpoint equation 
we can perform an additional optimiza- 
tion here. According to [GKB87], the 
symbotJc differentiation for the doubly- 
recursive, one-dimensional clique safe 
through the semi-naive ix-iteration be- 
comes A u x ( s a f e , ~ )  = s a f e  * ~, ÷ ~X • 

+ ~ ,  sa f e ,  where * denotes the proper 
relational algebra expression. Observing 
again the monotonicity in N, it fo~ows 
that s a f e , ~  and A , s a f e  both are empty. 
Hence we can simplify the differential ex- 
pression to A u z  - spec ia l (sa fe ,  ~ )  = ~ * 
A, which is incorporated into the LPF- 
special operator. The executable runtime 
code is shown in figure 6. 

4 Benchmarks 

Back in i987 ([KW*87]) this compiled pro- 
gram executed on an experimental proto- 
type of DECL:kRE, writ ten in Common- 
Lisp. on a SUN3-1ike machine as shown in 
figure 2. The improved quadratic fixpoint 

N 
6 
8 
9 

, 1o  

'~ of solutions seconds 
4 0.5 

92 7.1 
352 29.1 

'724 127.8 
2680 834.7 

Figure 2: N-queens benchmark on a 
SUN3-1ike machine. 

N I 9 10 11 
t 56 72 90 
/ 

234 364 536 
732 1400 2468 

i614 3916 8492 
2292 7552 2'i362 
2038 9632 37248 

11066 7828 441i8 
!352 4040 34774 

724 15116 
I 2680  

Figure 3: Resulting join cardinalities for 
iterative .~ ,  A computation. 

iteration only computes joins for ZX • 
with respective cardinalities as listed in 
figure 3. Note that at a superficial glance 
these numbers are in line with the time 
and space bounds given by [R.Z92]. 

It is claimed that this is a highly efficient 
solution to the N-queens and it seems to 
be unbeaten at the t ime of writing. 

For a first comparison let us report per- 
formance figures of some other linearly re- 
cursive algorithms for the N-queens prob- 
lem: 

The N-queens algorithm of [SS87] runs 
about 20 times slower with the 1991 ver- 
sion of LDL or Prolog ([Zan91]). 
The algorithm in appendix A.2 solved the 
8-queens in $ sec., using external func- 
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tions, in 13 sec. using fists and running 
LDL on a ~v:~_X II GPS. The latter algo- 
rithm implemented in Quintus Prolog was 
about four times slower ([Zan91]). 
The constraint logic programming system 
CLP(K) of [HJ*91] processed the algo- 
rithm in appendix A.3 on a Sun SparcSLC 
in the following amount of seconds: 
N = 6: 0.9; N = 8: 21.6; N = 9: 114.2; 
N = 10: 567.2: N = 11: 3187.4. 

5 S u m m a r y  

We hope tha t  this study provides an 
incentive to generate some competition 
on complex-problem performance on logic 
programming or deductive database sys- 
tems. In this sense we invite everybody to 
beat up our N-queens algorithm. To keep 
up with modern  workstation technology, 
let's just put down concrete numbers for a 
Sun Sparc2-based benchmark, say: 
N < 8 i n  < l s e c ,  N = 9in_< 3see, 
N =  10 in < 13sec, N = 11 in <84see ,  
and N beyond 11. Good luck! 
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A p p e n d i x  

A I :  N-queens  c o m p i l a t i o n .  
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[] Datalog solution for N × N chessboard using externa] functions: 

DB-predicates: row(O) . . . . .  row(N-i). 

import; cons($E: integer, R: integer) => Z: integer 
from C erterna.l 'cons.o' as cons($E,$n,z). 

import last(SR: integer) => Z: integer 
from C exzernal 'las~.o' as last($n,z). 

import bu~las=($n: integer) => Z: integer 
Zrom C ex~erD.al 'butlast.o' as butlast(Sn,Z). 

safe(Rl,n2,2) 

safe(nO,Z,N+1) 

<- row(nl), row(R2), 
RI <> R2, R1 <> R2 + I, R1 <> R2 - 1. 

<- sagfe(nl,n,~), butlast(R,H), cons(nl,H,Y), N >= 2 
sa.Ye(RO,Y,N), last(n,x), 
RO <> X, no <> x + N, RO <> X - ~, 
cons( nl, R, Z ). 

n_queens(Z,B') <- safe(nl,n,N), cons(nl,R,Z). 

[] Query asking for all solutions for N = 8: ?n_queens(Z,8). 

Figure 4: Doubly-recursive N_queens program with external functions. 

~ cons(U, v), N 

N=8 

clique; {safe(U, V: B)} 
• terminate : (N = 8) 

RI <> R2 ^ 

RI <> n2- 1 

J \  J 

R0, cons(R1,  n), ~ + 1 

RO <> last(n) ^ 
RO <> last(n) + 
no <> last(R) - 

A 

% s e(RO, Y, BI) ] 

Figure 5: QEP for doubly-recursive N-queens. 
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PROJECT[cons (U,V), N] 
(LFP_special[clique: (sa..~e(U,V,N) ), terminate: ( N = 8 ) ] 

(UNION 
(PROJECT[P,.1, R2, 2] 

(SELECT[Itl<>R2, RZ<>R2+Z, KI<>R2-1] 
(PRODUCT(row(R1), ro~(R2) )))) ,  

PROJECT[RO, ¢ons(RI,R), N+Z] 
(SELECT[RO <> last  (R), Ro<>Zas~ (~) +~, RO<>Zast (R)-li'] 

(FCT-JOIN[II=/II,¥ = cons(Rl, butlas~(P,.))] 
(s~,(a1,R,~), s~,(~o,Y,~1)))))))) 

Figure 6: Optimized ERA-code for N-queens. 

A.2: N-queens by Brijesh Agrawa/(communicated by [Zan91]). 

safeq( [QI,Q2], 2 ) <- 
roB( Q1 ), row( Q2 ), Q1 <> Q2, abs(Ql, Q2, 

safeq( [NewQ I Qlisg],Col) <- 
Col > 2, safeq( Qlist, Col-I ), 
notattack( NewQ, Qlis~, Col-I, Coi-2 ). 

I). 

nota~Zack(Ne~Q, [HeadQ ] Q_list], NewCol, HeadCoi) <- 
notatgack(NewQ, Q_list, NewCol, HeadCol-1), 
nos~eat(NewQ, HeadQ, NewCol, HeadCol). 

no~a~zack(NewO, [Q], NewCol, HeadCol) <- 
row(NewQ), nosweat(NewQ, Q, Ne~Col, HeadCol). 

nos~eat(Ne=O, Q, NewCol, HeadCol) <- 
NewQ <> Q, abs(NewQ, Q, Del), NewCol <> HeadCol + Del. 

abs(Ne=Q, Q, Del) <- 
i~ (NewQ > Q then Del = NewQ - Q else Del = Q - NewQ). 

qform safeq(Olist,$Size). 
~qform nos~eat($A,$B,$C,$D). 
~qform no~a~tack(NewO, SQlist, SNewCol, SHeadCol). 

daZabase((row(integer) }). 
row(0) .... row(Z). 

A.3: N-queens by Karlhorst Klotz: Techn. Univ. Muenchen. 

solve( Size, Vats ) "- 
make_queen_variables( Size, Vats ), constraints( Vats ), 
make_columns( Size, Columns ), 
gen_diff_columus( Vats, Col~m~s ). 
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make_queen_variables( O, [] ). 
m~re_queen_variables( Size, [VlVars] ) :- 

Size > O, maRe_queen_variables( Size-l, Vats ). 

make_columns( O, [] ). 
make_col~mns( Size, [SizeIVars] ) :- 

Size > O, make_columns( Size-l, Vats ). 

constraints( [] ). 
constraints( [Qlqueens] ) :- 

constraint( 1, Q, Queens ), cons%rain%s( Queens ). 

constrains( Diff, q, [] ). 
constrains( Dill, Q, [QQlQueens] ) :- 

mot_equal( q , qq ) ,  n o t _ e q u a l (  G + Dit~ , qq ) ,  
nor_equal( Q , QQ + Diff ), constraint( Dill+l, q, Queens ). 

not_equal(P,Q) :- abs(P-Q) >= 1. 

gen_diff colllm~s([], _). 
gem_dill colx~m~s([H ) T], L) :- 

select(H, L, L2), gen_diff_columns(T, L2). 
s e l e c t ( H ,  [H I T] ,  T ) .  
s e l e c t ( H ,  ~H2 t T] ,  [H2 I T23) : -  

s e l e c t ( H ,  T, T2) .  
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