SEQUENTIAL SAMPLING PROCEDURES FOR QUERY SIZE ESTIMATION

Peter J. Haas

Arun N. Swami

IBM Research Division
Almaden Research Center
650 Harry Road
San Jose, California 95120-6099
{peterh,arun}@almaden.ibm.com

ABSTRACT

We provide a procedure, based on random sampling,
for estimation of the size of a query result. The proce-
dure is sequential in that sampling terminates after a
random number of steps according to a stopping rule
that depends upon the observations obtained so far.
Enough observations are obtained so that, with a pre-
specified probability, the estimate differs from the true
size of the query result by no more than a prespecified
amount. Unlike previous sequential estimation proce-
dures for queries, our procedure is asymptotically ef-
ficient and requires no ad hoc pilot sample or a pri-
ori assumptions about data characteristics. In addition
to establishing the asymptotic properties of the esti-
mation procedure, we provide techniques for reducing
undercoverage at small sample sizes and show that the
sampling cost of the procedure can be reduced through
stratified sampling techniques.

1. INTRODUCTION

This paper concerns sampling-based methods for
estimation of the size of a query result; that is, the num-
ber of records that satisfy the query. Such estimation is
necessary in order to identify efficient plans for evalu-
ating queries in relational database systems (Jarke [9])
and queries expressed in logic-based query languages (cf
Lipton and Naughton [13]). Estimates of the size of a
query result are also needed in capacity planning tools
for databases such as ANDB [8], and can potentially be
used to control access to system resources and to bal-
ance workloads among processors. Finally, the number
of records that satisfy a query may be of interest in it-
self, especially in the context of audits and statistical
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studies.

The appeal of sampling-based estimation proce-
dures is that, unlike traditional approaches (cf Man-
nino, Chu, and Sager [15]), there is no need to store and
maintain summary statistics about the data or make a
priori (and possibly incorrect) assumptions about data
characteristics. Moreover, it takes much less time to
obtain an estimate of the size of a query than to com-
pute the size exactly, an important consideration espe-
cially in real-time databases; see Hou, Ozsoyoglu, and
Taneja [6]. Random sampling also appears to be the
only method available for estimating the size of recur-
sive datalog queries (cf [13]). Finally, sampling-based
estimation procedures produce not only an estimate of
the size of the query result, but also an indication of
the precision of the estimate. It follows that, in princi-
ple, a systematic approach to the allocation of system
resources for query planning can be based on the well
defined trade-off between the precision of an estimate
and the amount of sampling required to achieve this
precision; cf Seppi [19]. For these reasons, sampling-
based estimation procedures have received increasing
attention over the past few years; cf Hou, Ozsoyoglu,
and Taneja [5,6], Hou, Ozsoyoglu, and Dogdu [7], Lip-
ton and Naughton [12,13), and Lipton, Naughton, and
Schneider [14]. Results in [14] and [7] demonstrate the
practicality of estimation procedures based on random
sampling, and techniques for obtaining random samples
from databases are given, for example, in Olken and
Rotem [17].

The first step in a random sampling procedure is
to decompose the query result into disjoint (possibly
empty) “partitions” [13] such that the size of each par-
tition can be computed. The size of the query result is
then equal to the sum of the partition sizes. For exam-
ple, suppose a query result consists of those records in
a database that satisfy a fixed predicate. Then a parti-
tion can be associated with each record in the database.
The size of the partition associated with a record is 1 if



the record satisfies the predicate, and 0 otherwise. For
a query whose result is the equijoin of two relations R
and R, a partition can be associated with each tuple
in R. The size of the partition associated with a tuple
T € R is the number of tuples in R’ with the same join
key value as r. Alternatively, a partition can be associ-
ated with each element of the Cartesian product R x R'.
The size of the partition associated with an element is 1
if the element belongs to the equijoin of R and R', and
0 otherwise.

After the query result is decomposed into parti-
tions, a small number of partitions are selected at ran-
dom, the size of each selected partition is computed,
and the total size of the query result is estimated from
these random observations. Enough observations are
obtained so that, with a prespecified probability, the fi-
nal estimate differs from the true size of the query result
by no more than a prespecified amount. This amount
may be specified as a fixed percentage of the true size
of the query result (relative precision) or as a fixed con-
stant (absolute precision). In practice, it is often de-
sirable to specify a “hybrid” precision requirement: if
the size of the query result is large, a relative precision
requirement is used, and if the size of the query result is
small, an absolute precision requirement is used. That
is, if the size of the query result is below some small
threshold value, this fact is ascertained but the exact
size of the query result is not estimated precisely; if
the size of the query result is larger than the threshold
value, the size is estimated precisely.

The difficulty with the above approach is that the
minimum sample size necessary to achieve a given preci-
sion with a given probability depends on characteristics
of the data that are not known a priori. Thus, a se-
quential estimation procedure is required in which the
values of the observations determine the final sample
size. Two sequential procedures have been proposed
for estimation of the size of a query result: the “double
sampling” algorithm in [7] and the “adaptive sampling”
algorithm in [14]. We refer to the latter algorithm as
the LNS algorithm.

In this paper, we provide a sequential estimation
procedure that, unlike either the double sampling or
LNS algorithm, is “asymptotically efficient” and does
not require an ad hoc pilot sample. A sequential estima-
tion procedure is asymptotically efficient if the sampling
cost of the procedure becomes equal to the minimum
possible sampling cost as the precision requirement be-
comes increasingly stringent. An asymptotically effi-
cient procedure therefore minimizes the sampling cost
in “hard” estimation problems where cost is an impor-
tant factor. As in the LNS algorithm, we obtain ob-
servations one at a time. After each observation, we
decide either to continue taking observations or to stop
and return a final estimate. The improved performance
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of our algorithm results from a stopping rule that does
not require an a priori upper bound on the size of the
partitions or a priori estimates of data characteristics
such as the mean and variance of the partition sizes. In
Section 2, we provide a formal statement of the query
size estimation problem and illustrate the need for se-
quential estimation procedures. The double sampling
and LNS algorithms are reviewed in Section 3. We de-
scribe our procedure (Algorithm S2) in Section 4, and
establish its asymptotic validity and efficiency as the
required sample size becomes large. The coverage of a
sequential estimation procedure is the true probability
that the procedure estimates the size of the query result
to within the required precision. In practice, this prob-
ability is often less than the specified probability when
the sample size is small. In Section 5, we address this
undercoverage problem. We then consider (Section 6)
a modification of Algorithm S2 in which the set of par-
titions is divided into strata of equal size and, at each
sampling step, one partition is selected at random from
each stratum. We show that the expected sampling cost
of the resulting procedure (Algorithm S3) is asymptot-
ically less than or equal to the expected sampling cost
of Algorithm S2. Finally, in Section 7 we present the
results of some numerical experiments that compare the
performance of the various algorithms.

The statistical literature contains a number of stud-
ies of sequential estimation procedures with prespeci-
fied precision requirements; cf Chow and Robbins [1],
Nadas [16], and Siegmund |21, Ch. VII and references].
Many of these studies assume that the distribution of
a random observation satisfies certain conditions, such
as normality and absolute continuity, that do not apply
in the current setting. Lavenberg and Sauer [11] give
a sequential estimation procedure for a ratio of means
under a relative precision requirement, but do not con-
sider the expected sampling cost. Chow and Robbins [1]
and Nédas [16] give sequential estimation procedures for
the mean and establish asymptotic properties under ab-
solute and relative precision requirements, respectively.
A procedure is proposed in [16] in the case of a hybrid
precision requirement, and its properties are asserted
without explicit proof. With respect to statistical the-
ory, our results may be viewed as a modification and
extension (to stratified sampling) of the results in [1]

and [16].

2. THE ESTIMATION PROBLEM

Consider a query with a result that is a union of m
(> 1) mutually disjoint partitions, numbered from 1 to
m. Denote by a; the size of partitioni for 1 < i< m
and by a = a1 + a3+ - - + ay, the total size of the query
result. We assume that o > 0 and that a; # a; for some
1<1#j<m. (When a; = a3 = --+ = Gy, this fact
is usually known a priori and the estimation problem



is trivial.) Denote by u = a/m the average partition
size and by 62 = m~1 Y[~ | (a; — pu)? the variance of the
partition sizes. Under our assumptions, both p and o2
are positive and finite.

We select partitions randomly and uniformly from
among the full set of m partitions and observe the size
of each selected partition. We assume throughout that
a partition may be selected more than once; that is,
we sample with replacement. (In practice, only a small
number of partitions are selected more than once.) De-
note by K; the number of the jth randomly-selected
partition. Formally, { K;: j > 0} is a sequence of inde-
pendent and identically distributed (i.i.d.) random vari-
ables taking values in {1,2,...,m} such that P{ K; =
i}=1/mfor 1 <i<mand j>0. Let X; be the size
of the jth randomly-selected partition: X; = ax,. Ob-
serve that the random variables { X;: 7 > 1} are i.i.d.
with common mean g and common variance o2.

We wish to obtain a “sufficiently good” estimate ¥
of the size o of the query result, based on the random
observations { X;: j > 1}. More precisely, we wish to
estimate a to within +empug with probability p, where
€>0,d>0,and 0 < p < 1 are fixed constants and
#a = max(u, d); that is, we want

P{|[Y —a|<emps} =p.

The quantity empg combines relative and absolute pre-
cision requirements; cf [14, Sec. 3]. If the estimand a
is “small” (@ < md) then the estimate must not differ
from o by more than (the small amount) emd; if a is
not small (& > md) then the estimate must be within
100€% of . We focus on the case in which ¢ is relatively
small, so that the required sample size is relatively large.

Estimation procedures can be compared according
to their expected total sampling costs. We assume that
the cost of selecting and computing the size of partition
i is a positive constant g; for 1 < i < m. (The re-
sults in this paper can be extended to the case in which
this cost is random; such randomness reflects variabil-
ity due to interactions between the sampling subsystem
and other components of the database management sys-
tem.) For j > 1, denote by G; the cost of obtaining the
jth random observation: G; = gx,. Observe that the
random variables {G;: j > 1} are i.i.d. with common
mean v = m~! Y 7| g;. The sampling cost for an esti-
mation procedure is computed as the sum of the sam-
pling costs for each observation. (When more than one
observation may be obtained in parallel, this additivity
assumption may be inappropriate. Such considerations
are in general beyond the scope of this paper. A brief
discussion of some specific parallel processing issues is
given in Section 6. Also see the end of Section 4 for a
discussion of another situation in which sampling costs
are not additive.) A variety of cost structures can be ob-
tained as special cases of our general formulation. For
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example, when g; = 1 for 1 < i < m, it follows that
Gj = 1for j > 1 and the total sampling cost reduces to
the total number of observations required. This simpli-
fied cost is often used to compare estimation procedures;
cf [7] and [14]. As another example, consider estimation
of the size of an equijoin R < R'. Let ry,72,...,7R| be
an enumeration of the tuples in R, and suppose that
partition i consists of the tuples in {r; } ba R'; cf Sec-
tion 1. Thus, the size a; of partition % is the number of
tuples in R’ having the same join key value as r;. Also
suppose that relation R’ has a B*t-tree index on the
join key. In this case, an approximate expression for g;
is gi = €1 + czai. The parameter ¢; represents the cost
of selecting at random a tuple from R and traversing the
index to retrieve the first leaf page containing a tuple
from R’ with a matching join key value. The parameter
c2a; Tepresents the approximate cost of computing the
number of tuples in R’ with the same join key value as
r; by scanning the leaves of the index. It follows that
Gj=c1+cXjforj2>1 and v = ¢1 + czp.

First consider estimation of c based on a sample of
fixed size. For a sample of size n the natural estimator

of o is
mS,
Y, = s
n

where S, = X1 + X2 + - -+ + Xp. That is, we estimate
a (= mp) by m times the average value of the obser-
vations. When n is large, it follows from the standard
Central Limit Theorem for i.i.d. random variables that

P{IYn—a] Sempd}

= P{ ﬂ(_s.'i —,u)l < nllzel‘d }
o n - g
1/2
~23(" :"") -1, (2.1)

where & is the cumulative distribution function for a
standardized normal random variable:

1

VorJow

Let z, = 1((1+p)/2). Setting the rightmost term in
(2.1) equal to p, we find that for a sample size of

T

¥(z) = eV 12 dy.

(2.2)
the estimator Y,. estimates a to within tempuq with

probability & p. The corresponding expected sampling
cost is given by

n’ 220'2
E[ G] = —p—’y.
20| =G

The difficulty, of course, is that n* cannot be computed
a priori since p and o? are unknown. Thus, we must

(2.3)



use a sequential procedure in which the final sample
size depends upon the observations. For such a pro-
cedure, both the sample size N and the sampling cost
C = 21—1 G; are random variables. We often write
N = N(¢) and C = C(¢) to emphasize the dependence
of the sample size and sampling cost on the required
precision of the estimate; as ¢ decreases, both N(¢) and
C(¢) increase. A sequential estimation procedure based
on uniform random sampling from the entire set of par-
titions is sald to be asymptotically efficient if the ex-
pected sampling cost when e is small is the same as
the expected sampling cost (2.3) for the optimal fixed
sample size procedure:

2202

E[C(e)] ~ "27

3. PREVIOUS WORK

One approach to the sequential estimation problem
is double sampling; see [7]. In this two-step procedure,
a pilot sample of size ng is used to estimate p and o?.
These estimates are then substituted into (2.2) to obtain
an estimate 7 of the required final sample size. If & <
ng, the procedure terminates and the final estimate is
mSy, /no; if # > no, then # —ng additional observations
are obtained and the final estimate is mSs/#. (The
actual procedure used in [7] contains some additional
refinements in order to achieve better performance when
the required sample size is small.) The drawback to such
a procedure is that there is no theoretical guidance as to
the appropriate value of ng. If the pilot sample is too
small, the estimate # of the required sample size will
be poor, leading to a final estimate of o that is either
more accurate than needed (and hence too costly) or not
accurate enough. If the pilot sample is too big, then the
final estimate of a is obtained at an unnecessarily high
sampling cost.

A natural alternative to this approach is to obtain
random observations one at a time. After each observa-
tion, a decision is made either to continue sampling or
to terminate the procedure and estimate a by
where N is the (random) final sample size. Formally,
the random variable N is required to be a stopping time
with respect to the sequence {X;: j >0} [3, p. 170];
that is, for each k > 1 the occurrence or non-occurrence
of the event { N = k } can be determined from { X;, X3,

.3 X& }. One such sequential procedure is obtained by
setting

N=N@)=inf{n>1: 8, >1t},

where ¢ is a fixed parameter. The sampling cost for
the procedure is C(t) = EN“)G’ Using results for
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stopped random walks (cf [3, Ch. I-III}), it can be shown

that
lim E[C()] /4= 7/p (3.1)

and that

Jim P{ Vi) — o < empa }

)-

(See [4, App. A] for a derivation of analogous results
in the more complex setting of Section 4 below.) For
simplicity, suppose that d = 0 (so that pg = p). Setting
the right side of (3.2) equal to p, we find that Yy(¢)
estimates a to within +empu with probability ~ p when
the parameter t has the value

(twf“" (3.2)

opil?

2 2
z50
eu

(3.3)

From (3.1), the expected sampling cost that corresponds
to the stopping time N(t*) is

20.2

ElCHt)] ~ %‘5% (3.4)

which is the same as the expected sampling cost given
in (2.3) for the optimal fixed size sampling procedure.
As with the fixed size procedure, however, the above
procedure cannot be used directly since u and o? are
unknown. Suppose that there is a constant a, known
a priori, such that @ > maxj<i<m @. Then a sequen-
tial procedure can be based on the stopping time N(t,),
where t, = z,,a/ €2, This is the idea underlying the LNS
algorithm [12-14]. As shown in [13], a > ¢?/u, so that
tqa > t*. It follows that, asymptotically, mSy(s,)/N(ts)
estimates o to within +empu with probability > p. The
drawback to this approach is that more observations are
obtained than necessary, so that the resulting expected
sampling cost E [C(ta)] = 22ay/ (€?p) is higher than the
expected sampling cost given by (2.3) or (3.4). In prac-
tice, a can be much larger than o2 /u and the estimation
procedure can be extremely inefficient. (In [14], the au-
thors in fact recommend a value of t], = (1+€)(22 /2] )ta,
where g = p*/2. Since t, > t,, use of the stopping time
N(tl) results in further inefficiency. For example, with
p=09ande=0. lwehaveE[C(t )]/E[C(ta)]~ 1.3.)
Another possibility, suggested in [7], is to use a pilot
sample in order to estimate o2 and p, and then sub-
stitute these estimates into (3.3) to obtain an estimate
of t*. This approach is effectively equivalent to double
sampling.



4. ALGORITHM S2

In this section, we provide an asymptotically effi-
cient sequential estimation procedure. As above, ob-
servations are obtained one at a time. The idea is to
estimate 4 and o2 at each sampling step using all of the
observations obtained so far.

Let V, be the usual unbiased, strongly consistent

estimator of o2 based upon random observations X,
X2,...,Xn: V1 =0 and

Va

1 & -
et (X - Xa)?
=1

for n > 2, where X, =n~!3°7_| X;. The estimator V,
is unbiased in that E[V,] = 02 for n > 0 and strongly
consistent in that V;, — o2 almost surely (a.s.) as n —
co. Substitution of X, and V, for u and o? in (2.2)
suggests that a sequential estimation procedure for o
should terminate when n ~ z:V,.e‘z(max()-(,":,dz))—z.
This motivates the following definition of the stopping
time N(e):

N(e)=inf{n>1: V, >0 and

emax(Sn, nd) > z,(nV,)"/? }. (+1)

The corresponding estimate Y (€) of a is

The stopping time N (e) is a variant of the stopping time
L proposed in [16]. The primary difference between
N(e) and L is that L uses a biased estimator of the
variance 0%, Results in Glynn [2] suggest that use of
the unbiased estimator can result in better coverage at
small sample sizes. Using a numerically stable 1-pass
procedure to compute Vy (cf Section 2.4 of Shedler [20]),
we obtain the following algorithm:

Algorithm S2
1. (Initialization) Obtain a random observation « and
setn=1,s=g, and w = 0;

. if w > 0 and emax(s,nd) > 2z, (nw/(n — 1))1/2,
then stop and return the estimate y(¢) = ms/n;

. obtain a random observation z;

. increment w by (s — nz)?(n(n + 1)), increment
s by z, increment n by 1, and go to step 2.

In some implementations, care must be taken to avoid

arithmetic overflows caused by multiplication of n by
(n+ 1) in Step 4.

The sampling cost C(¢) for this procedure is C(€) =

f__f;) G;. Theorem 1 below establishes the key prop-

erties of Algorithm S2. The proof (given in [4, App. A})

uses the Central Limit Theorem for random numbers
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of random variables [3, Th. 1.3.1(i)] and uniform inte-
grability results for stopped random walks with gen-
eral stopping boundaries [3, Sec. IV.5]. Part (i) asserts
that Algorithm S2 terminates with probability 1 and
that the expected final sample size is finite. Part (ii)
asserts that Algorithm S2 works as claimed when ¢ is
relatively small; that is, Algorithm 52 estimates a to
within tempg with probability ~ p. Part (iii) asserts
that the Algorithm S2 is asymptotically efficient; that
is, the expected sampling cost of the algorithm when ¢
is small is

z2o?
e2p?

E[C(e)] ~

Y. (4.2)

Theorem 1. Let N(¢) be defined as in (4.1). Then
(i) P{N(¢) <0} =1 and E[N(e)] < oo for e > 0;
(i) limeo P{|Y (¢) — a| < empq } = p; and

(iii) lim_0 €2 E [C(e)] = 22027 ?y.

In [4, App. B], we use Theorem 1 to investigate alter-
native partitioning schemes for Algorithm S2 when we
wish to estimate the size of an equijoin query.

In some situations, it may be convenient or cost-
effective to obtain observations not one at a time, but
in batches. For example, when the query size estima-
tion procedure is implemented at the application level
and the random sampling mechanism is implemented
at the data manager level, it may be too expensive to
transmit observations across the data manager interface
one at a time. In [4, Sec. 4] we give a modification of
Algorithm S2 that permits observations to be obtained
in batches and establish asymptotic properties for this
modified algorithm similar to those in Theorem 1.

5. UNDERCOVERAGE

The coverage of Algorithm S2 is the true probabil-
ity that the algorithm estimates the size a of the query
result to within +emug. Theorem 1 asserts that this
coverage is equal to the specified value p in the limit
as € — 0. In practice, the coverage is often somewhat
less than p for fixed € > 0. This undercoverage problem
is common to all sequential estimation procedures and
to many other estimation problems; cf {2,11]. In this
section we describe several techniques that can reduce
undercoverage while preserving asymptotic efficiency.

Following [1], one approach is to replace the con-
stant 2z, in (4.1) by a term 2,5 such that z,», > 2z
and zpn | 2z, as n — 00. Another approach is to stop
sampling only when the termination condition is satis-
fied for the Ith time, where | > 2. The idea in both
cases is to decrease the probability that Algorithm §2
terminates too early. In [4, Sec. 5], we show that these
modifications preserve the desirable asymptotic proper-
ties of Algorithm S2,



A standard choice for zp,5 is tp,n = Fyr ((1+p)/2),
where F, ., is the Student’s t-distribution with n degrees
of freedom; cf [2]. It is well known (see Peiser [18])
that t,n > 2, and ¢, | zp as n — 00, as required.
To facilitate computation, ¢, , can be approximated as
tpn N 2p+(23+2,)/4n. The error in this approximation
is O(n™?); see [18]. A more sophisticated choice for Zpn
is based on a “second order pivotal transformation,”
but it is not clear whether the benefits of this approach
outweigh the additional costs; see [4, Sec. 5].

We emphasize that the above techniques preserve
asymptotic efficiency, but result in an increased sample
size for fixed € > 0. As indicated by our experimental
results (Section 7.1), this increase is usually small.

8. STRATIFIED SAMPLING

In this section, we consider a modification of Algo-
rithm S2 in which the set of partitions of a query result
is divided into a small number of subsets, or “strata,”
and random observations are obtained from each stra-
tum. When the partitions within a stratum have similar
sizes, a random observation from the stratum contains a
great deal of information about the sizes of all the par-
titions in the stratum. It is therefore plausible that the
cost of obtaining an estimate with a given level of pre-
cision is less than the cost incurred by Algorithm S2.
Moreover, in a parallel processing system, the strata
may be chosen to coincide with physical or logical par-
titions of the data, so that sampling from the different
strata can proceed in parallel.

As before, let m be the number of partitions of the
query result. We divide the set of m partitions into k (>
1) disjoint strata, numbered 1 through k, with s = mfk
partitions in each stratum. Without loss of generality,
assume that stratum 1 contains partitions 1,2,...,s,
stratum 2 contains partitions s + 1,s + 2,...,2s, and
so forth. Denote by u(i) the average partition size in
stratum 1, by (%) the variance of the partition sizes in
stratum 3, and by (i) the average sampling cost of the
partitions in stratum i:

N R
B(i) = 3 Ea(i—l)a+j:
i=1

o?(i) = % Y (B-1yets — 1),

i=1

and
L 1l
v(8) = 3 D 9G-1yeti
Jj=1

for 1 < ¢ < k. To avoid trivialities, we assume through-
out that 6?(i) > 0 for some 1 < i < k. Recall that uand
o? are the average and variance of all m partition sizes
and v is the average sampling cost of all m partitions.

Observe that v = k™25, y(3), p = k™1 X0, p(i),
and

ot =50+ 1 3 (u) - w7, (6.1)

where 5% = k=1 Y5_, 0%(3). Equation (6.1) is an “anal-
ysis of variance” formula that decomposes the variabil-
ity of the partition sizes into a component that corre-
sponds to the variability within a stratum and a com-
ponent that corresponds to the variability among the
strata.

At each sampling step, we select one partition ran-
domly and uniformly from each stratum. Let K;(£) be
the number of the partition selected from stratum i at
the jth sampling step. Formally, { K;(i): 1 <i< k and
j > 1} is a collection of mutually independent random
variables such that P{ K;(i) =(i—1)s+1} = 1/s for
1<i<sandl < i<k Let X;(z) be the size of
the partition selected from stratum 7 at the jth sam-
pling step, and let G;(3) be the associated sampling cost:
X;(é) = ax;(;) and G;j(i) = gk,(i).- As discussed in [4,
Sec. 7], the appropriate stopping time for this procedure
is

N(e)=inf{n>1: V, >0 and
emax(k™ Y5 Su(i), nd) > 2, (nkV,)V/? },

where V, is an unbiased, strongly consistent estimator
of 5% based on the random observations { X;(i): 1 <
j<mnand1<i<k} (see [4, Eq. (6.7)]), and S.(3) =
Z;‘zl X;(2). The corresponding estimate Y (¢) of « is

k ,
~ m SI\'I (¢) (7')
Y(G) = - ——T,
PN
Using a numerically stable 1-pass procedure to compute
V., we obtain the following analogue of Algorithm S2.

Algorithm S3

1. (Initialization) For 1 < ¢ < k, obtain a random
observation z; from stratum 1, set s; = z;, and set
w; =0. Set n =1; .

2. If wy+wy+---+wg > 0and emax(k~1 Y, 5;,nd)
> 2, (k"1 5, nw;/(n — 1))/, then stop and re-
turn the estimate g(¢) = (m/k) Ef=1(s.- /n);

3. For 1 £z < k, obtain a random observation #; from
stratum ¢ and increment w; by (s; — nz;)?(n(n +

-1
)75
4. For 1 < i< k, increment s; by z;;
5. increment n by 1 and go to step 2.

The sampling cost C(e) for this procedure is C(e) =
E;;(;) ¥ 1 G;(3). A modification of the proof of The-
orem 1 shows that Algorithm S3 terminates with prob-
ability 1 and the expected final sample size is finite.

Moreover, Algorithm S3 estimates o to within +emug
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with probability & p when ¢ is small. Finally, the ex-
pected sampling cost when ¢ is small is

252
P

P 2,0
E[C(e)] ~ 2

It can be shown that this sampling cost coincides with
the minimum fixed size cost for stratified sampling when
p and &2 are known, so that Algorithm S3 is asymptot-
ically efficient in a sense analogous to that of Section 2.
Observe that ¢ < o by (6.1), so that the asymptotic
expected sampling cost of Algorithm S3 is less than or
equal to that of Algorithm S2; cf (4.2). Whenever the
average partition size is not the same for each stratum,
the expected sampling cost of Algorithm S3 is strictly
less than the expected sampling cost of Algorithm S2.

In a parallel processing system, it may be possible
to obtain observations from the k strata simultaneously.
Suppose that the time required to update the variance
estimates and determine whether the stopping condition
is satisfied is negligible compared to the time required
to obtain the random observations. If we interpret the
cost parameter g; as the time required to select and
compute the size of partition i, then the response time
R(€) of Algorithm S3 is approximately

. N(e)
Rle)=Y_ Jmax G;(3).
j=1777

An argument similar to the proof of Theorem 1 shows
that R(e) is a.s. finite and that

E[R(e)] ~ ﬁ

ta B[ max G1(3)]

1<i<k

when € is small. Since Algorithm S2 does not admit
parallelization, the response time R(¢) for Algorithm S2
is approximately R(e) = E;vz(;) G, where Gj is the time
required to obtain the jth observation. By Theorem 1,

2202 2202 k
E ~ 4 — q
[R(e)] ke2p? k ke2pl E [E Gl(z)}

i=1

when ¢ is small. Since > < o2 and the maximum of
a collection of positive numbers is less than the sum, it
follows that the asymptotic expected response time of
Algorithm S3 is strictly less than that of Algorithm S2.
When g1 = g2 = +- = gm = g, so that the time to
obtain an observation is a deterministic constant g, then
E[R(e)] < E[R(e)] /k.

As with Algorithm S2, we can use the techniques in
Section 5 to reduce undercoverage. We can also modify
Algorithm S3 so that, for each stratum, observations
are obtained in batches of size r; cf the discussion at
the end of Section 4.
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For fixed (small) values of ¢ > 0, preliminary ex-
periments indicated that the only instances of serious
undercoverage occur when the stratum variances a?(1),
...,0% (k) differ by large amounts. Such large differences
occur, for example, when one or two strata each contain
several partitions of unusually large size. The difficulty
is that more observations should be obtained from a
stratum with highly variable partition sizes than from
a stratum with homogeneous partition sizes, but Algo-
rithm S3 obtains the same number of observations from
each stratum. Consequently, after a small number of
sampling steps, Algorithm S3 can produce a serious un-
derestimate of the combined variance 52 and terminate
too soon. One approach to this problem is to estimate
the variability of the stratum variances 0%(1),...,0%(k)
after Algorithm S3 terminates. If the estimate indicates
that there are “large” differences between the stratum
variances, we obtain additional observations from each
stratum such that (asymptotically) the total expected
sampling cost does not exceed that of Algorithm S2. In
[4, Sec. 6] we give a procedure for determining the num-
ber of extra observations to obtain from each stratum.
The procedure maximizes the final coverage, subject to
the constraint that the expected final sampling cost is
asymptotically less than that of Algorithm 52.

7. EXPERIMENTAL RESULTS

In this section, we describe experiments in which
Algorithm S2, Algorithm S3, double sampling (DS),
and the LNS algorithm are used to estimate the size
of a query that corresponds to an equijoin R < R'. We
focus on factors that influence the performance of Algo-
rithm S3, and on the relative performance of the various
algorithms. (We concentrate on equijoin queries since
the size of such queries usually is hard to estimate. In
future work, we plan to investigate the performance of
the estimation procedures for other queries such as pro-
jection/selection queries.) Unless otherwise indicated,
the (relative) precision criteria used in the experiments
is given by € = 0.10 and d = 0, and the specified cov-
erage is 95% (p = 0.95). All algorithms use the same
partitioning scheme, in which there is a partition corre-
sponding to each tuple in R. That is, we obtain a ran-
dom observation by selecting at random a tuple from R
and computing the number of tuples in R’ that join with
the selected tuple. (Recall that an alternative partition-
ing scheme has one partition corresponding to each ele-
ment of the Cartesian product Rx R'. With the relative
precision criterion, the required sample size is extremely
high for this alternative scheme. For example, each of
the queries considered in this section requires over 23
observations.)

Relations R and R’ each contain n = 100,000 tu-
ples and v = 1000 distinct join key values (numbered
from 1 to 1000). We consider 30 queries that correspond



to different frequency distributions of the join key val-
ues. For each relation, the possible distributions are as
follows.

1. Uniform (U). Each of the v distinct join key values
appears approximately n/v times in the relation.
Zipf (Z). The ith most frequent join key value ap-
pears approximately n(c/i) times, where ¢
(.. 1/ j)_l. This distribution corresponds to
high “data skew.” See Knuth [10, p. 398] for a
discussion of the Zipf and related distributions.

. Semi-Zipf (SZ). The ith most frequent join key
value appears approximately n(c/i%%) times, where
c = (X, j°5)"'. This distribution corre-
sponds to moderate “data skew.”

. Normal (N1,N5,N10). Roughly 100(2&(vi/nj) —
1)% of the v join key values appear 7 times or less,
where @ is the cumulative distribution function for
the standard normal distribution and 7 = 1, 5, or
10. That is, the approximate distribution of the
join key frequencies is the (appropriately scaled)
positive half of a normal distribution with mean 0
and variance j(n/v); cf [14, Sec. 5].

2

For each query, Table 1 indicates the distribution for re-
lations R and R’, respectively. Displayed next to each
query is the required sample size n* for the optimal
fixed size sampling procedure when the desired preci-
sion and coverage is given by ¢ = 0.10, d = 0, and
p = 0.95; see (2.2). We induce a positive correlation
between the frequency of a join key value in relation R
and the frequency of the join key value in relation R/,
using the following scheme of Wolf, Dias, and Yu [22].
The distinct join key values in R are renumbered in de-
scending order of frequency. The join key values in R’
are then renumbered as follows. The most frequent join
key value in R’ is assigned a number I; selected ran-
domly and uniformly from the set {1,2,...,¢}, where
¢ is a fixed integer between 1 and v. The nth most
frequent join key value (2 < n < v) is assigned a num-
ber I, selected randomly and uniformly from the set
{,2,...,min(lc+n—-1,v)} ~ {I1,I2,...,In-1}. For
¢ = 1, the nth most frequent join key value in R is also
the nth most frequent value in R'; for ¢ = v, there is no
relationship between the frequency of a join key value
in relation R and the frequency of the join key value in
relation R'. Following [22], we use a value of ¢ = 0.01v
for each query.

To obtain simulation estimates of the coverage and
expected sample size for a given estimation procedure
when applied to a given query, we perform 2000 inde-
pendent replications. We estimate the coverage by the
fraction of replications for which the estimate of the size
of the query result is within +emug of the true value
«. Similarly, we estimate the expected sample size by
the average of the sample sizes over the 2000 replica-
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Table 1. Join key frequency distributions for 30
queries. The minimum sample size n* is computed from

(2.2) with p = 0.95, ¢ = 0.10, and d = 0.

RI
Y/ z N1 N5 N10

U | Qo1/372 Q02/9703 Q03/135 QO04/1237 Q05/2404

SZ | Qo6/599 QO7/4902 Q08/124 QU9/602 Q10/969

z | Qi1/350 Qi2/1454 Q13/61  Q14/171 Q15/238

R N1 | Q16/428 Q17/6265 Q18/96  Q19/660 Q20/1241
N5 | Q21/304 Q22/2600 Q23/29  Q24/140 Q25/317
N10 | Q26/247 Q27/1738 Q28/20 Q29/75  Q30/155

tions. With this number of replications, each estimate
is within +1% of its true value with probability 0.99.
Thus, a difference in coverage of 2% is statistically sig-
nificant.

7.1. Performance of Algorithm S3

In this section we summarize the effect of the un-
dercoverage corrections, number of strata, and precision
criterion € on the performance of Algorithm S3. De-
tailed results can be found in [4, Sec. 7].

When the parameter z, is replaced by %y in the
stopping condition and the stopping condition must be
satisfied | = 2 times, the experiments indicate that the
undercoverage corrections typically increase coverage by
about 2% while increasing the sample size by about
15%. The largest increases in sample size are about
30%, but these occur for queries with small sample sizes
to begin with. The undercoverage corrections have less
of an effect on the coverage and sample size of Algo-
rithm S2; see [4].

Even when partitions are assigned to strata at ran-
dom, the coverage of Algorithm S3 shows a slight in-
crease as the number of strata increases; see [4, Sec. 7.2].
The reason for this effect is that the number of obser-
vations at each step increases as the number of strata
increases. Algorithm S3 is therefore less likely to ter-
minate too early because of a poor variance estimate.
Moreover, the variability within each stratum decreases
in general as the number of strata increases, because
there are fewer partitions per strata. Our experiments
indicate that a value of k = 20 strata works well in
practice.

Algorithm S3 (with undercoverage corrections and
k = 20 strata) achieves good coverage for all 30 queries
when € < 0.10; that is, the coverage is never more than
1-2% below the specified value p and is often higher than
p. For most queries, the coverage is also adequate for



values of € up to € = 0.40. These results are consistent
with [11]. When relation R' is highly skewed (Zipf)
and relation R has relatively little skew, as in queries
Q02, Q07, and Q17, coverage deteriorates for e > 0.10,
with actual coverages as low as 72% when the specified
coverage is 95%. The estimation problem is hard for
this type of query, and Algorithm S3 obtains too few
observations.

7.2. Comparison of Algorithms

In this section, we compare the performance of the
double sampling (DS) algorithm, the LNS algorithm,
and Algorithms S2 and S3. We consider two variants
of the LNS method. The first variant (OLNS) is essen-
tially the version proposed in [14] and uses the stopping
time N(2,) described in Section 3, where a is the size of
the largest partition. (In practice, a is often unknown,
and an upper bound on the size of the largest partition
must be used instead.) The second variant (LNS) is the
“corrected” version of the LNS algorithm proposed in
[7], in which a pilot sample is used to estimate the stop-
ping parameter t*, as described in Section 3. A pilot
sample of 200 observations is used for both the double
sampling and LNS algorithms. For Algorithm S3, ei-
ther partitions are assigned to strata at random (S3-A),
or partitions are assigned to strata in order of increas-
ing size (S3-B) so that the sizes of the partitions within
each stratum are as homogeneous as possible. Thus,
S3-A and S3-B represent “worst case” and “best case”
scenarios, respectively, for Algorithm S3. The under-
coverage corrections of Section 5 with z,, = tp,» and
l = 2 are incorporated into both Algorithms $2 and
S3. Moreover, when there are large differences between
the stratum variances 62(1),...,0%(k), we obtain addi-
tional observations after Algorithm S3 terminates, in a
manner similar to that described in [4, Sec. 6)].

Figure 1 graphically summarizes the experimental
results; details are given in [4]. In Figure 1, there is one
data point for each of the six algorithms. The abscissa
of a data point is the average of the coverage estimates
for the thirty queries, and the ordinate is the relative
sample size required for the thirty queries. The rela-
tive sample size is computed by summing the estimated
expected sample sizes for all thirty queries and then di-
viding by the sum of the thirty minimum sample sizes
from Table 1. It is desirable for an algorithm to have
a data point that lies in the lower right corner, since
this location corresponds to high coverage and small re-
quired sample size.

Observe that the average coverage of Algorithm
OLNS is much higher than the specified value of 95%,
and the corresponding sample sizes are extremely high
relative to n*. As discussed in Section 3, the maximum
partition size can be a very crude upper bound on the
quantity 02/p. As a result, Algorithm OLNS obtains
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Figure 1. Comparison of algorithms. Average

estimated coverage (%) and relative sample size for thirty
queries with p = 0.95, € = 0.10, and d = 0.

many more observations than are necessary to achieve
the desired coverage; cf [7]. In general, Algorithm 52
and double sampling are comparable to each other both
in coverage and sample size. Algorithm S3 (with par-
titions assigned to strata at random) requires a sample
size comparable to Algorithm S2 and double sampling,
but has slightly better coverage. The LNS algorithm is
less robust than the other algorithms and is prone to
undercoverage when the relation R’ is skewed and rela-
tion R is less skewed. When partitions are assigned to
strata according to partition size (S3-B), Algorithm S3
achieves generally better coverage than the other algo-
rithms and requires many fewer observations in a large
number of cases. (As indicated in [4], there are several
cases in which Algorithm S3 requires more observations,
but in each case the number of additional observations
is small.) This indicates that Algorithm S3 is the pre-
ferred choice since, at worst, it performs slightly better
than the other algorithms, and can perform much better
when the partition sizes are homogeneous within each
stratum.

8. SUMMARY AND CONCLUSIONS

Algorithm S2 is a fully sequential procedure for
estimation of the size of a query result. The idea is
to decompose the query result into partitions and ob-
serve the sizes of randomly selected partitions one at a
time. Sampling terminates according to a stopping rule
that depends on the random observations obtained so
far. Unlike previous sequential estimation procedures
for queries, the stopping rule in Algorithm S2 requires
no a priori assumptions about data characteristics. The
rule also ensures that Algorithm S2 is asymptotically ef-
ficient.

We obtain an improvement in performance by di-
viding the sct of partitions into strata of equal size, and
selecting one partition from each stratum at each step
of the sampling phase. Theoretical results and numer-
ical experiments indicate that, at worst, the expected
sampling cost of resulting procedure (Algorithm S3) is



comparable to previous procedures, and the coverage
is slightly higher. At best, numerical experiments in-
dicate that the sampling cost is as low as 50% of the
cost of previous procedures and the coverage is signifi-
cantly higher. When there are large differences between
the stratum variances, Algorithm S3 can be modified to
obtain additional observations in an optimal manner in
order to improve coverage while ensuring that the ex-
pected sampling cost remains less than or equal to that
of existing procedures. Finally, we obtain a further in-
crease in coverage with only a modest increase in the
sample size by replacing the constant z, that appears
in the stopping rule by a sequence 2, and requiring
that the stopping rule be satisfied more than once.
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