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Abstract

In this note we propose optimization strategies for the

B+-tree deletion algorithm. The optimizations are fo-

cused on even order B+-trees and on the reduction of

the number of block accesses.
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1 Introduction

In [Jan95] Jan Jannink proposes a B+�tree deletion

algorithm implementation. This implementation is a

reaction to the lack of real implementation schemes in

literature. Jannink's deletion algorithm is based on

Wirth's deletion algorithm for B-trees [Wir76].

However, the algorithm described in [Jan95] does

not always preserve all B+�tree properties proposed

by Knuth [Knu73] and causes an excess of block ac-

cesses, so we propose optimization strategies for the

algorithm.

2 About B+
�tree Properties

In the last two decades a large number of publica-

tions covering data structures have appeared [Knu73,

AHU87, Wir76, Com79, SB87, Mil87, EN94, Woo93].

Although most of these cover B+�trees, only a few of

them contain a complete de�nition.

A B+�tree is a leaf tree version of a B-tree and

the internal nodes satisfy the B-tree properties. In

all de�nitions, the root should contain at least one

key. For the B-tree two slightly di�erent de�nitions

are used frequently. These two de�nitions di�er in

the way the maximum number of children of a node,

also denoted by order p of a B-tree, is de�ned. Wirth

[Wir76], Comer [Com79] and Aho et al. [AHU87] re-

strict p to odd values. Although others do not restrict

p, the even case is rarely discussed. As we point out

further on, an odd p guarantees a 50% �lling degree,

while an even p does not. We de�ne �lling degree as

number of keys in a node

maximum number of keys in a node

For the external nodes, which are speci�c to the

B+�tree, the de�nitions di�er more. They all require

the location of the leaf nodes to be at equal distance

from the root. Aho et al. [AHU87], Wood [Woo93],

Comer [Com79] and Smith & Barnes [SB87] do not

put a lower bound on the number of data items in the

leaf nodes of a B+�tree. This lack of lower bound

on the number of keys in the leaf nodes may result

in an underpopulation of the nodes. Miller [Mil87]

even gives di�erent upper bounds for the leaf nodes

than the internal nodes, but again lower bounds are

not discussed. Jannink [Jan95] has chosen to put the

same lower bound on the leaf nodes as de�ned for the

internal nodes. We use a stricter lower bound based

on Knuth [Knu73], which guarantees at least a 50%

�lling degree of the leaf nodes for all values of p.

Knuth was the �rst to mention this variation of

B-trees. Although he does not give a de�nition of

B+�trees, he writes [Knu73](p. 477), "... Under this

interpretation the leaf nodes grow and split just as the

branch nodes do, except that a record is never passed

up from a leaf to the next level. Thus the leaves are

always at least half �lled to capacity". By these

sentences he means that the lower bound on the num-

ber of keys in a leaf node with maximum p� 1 keys is�
p�1

2

�
while for an internal node this is

�
p�1

2

�
. If p is

odd, internal nodes have the same lower bound as leaf

nodes. However, if p is even, the lower bound on the

number of keys in the leaf nodes is one higher than for

the internal nodes.

We use the following de�nition of a B+�tree which

is based on Elmasri and Navathe [EN94]:

De�nition 1 Let p denote the maximum number of

children of an internal node, Pi a tree pointer, Ki a

key and Pri a data pointer.

1. The structure of an internal node of a B+�tree of

order p is as follows:



(a) Each internal node is of the form

< P1;K1; P2;K2; :::; Pq�1;Kq�1; Pq >

where q � p.

(b) An internal node with q tree pointers, q � p,

has q � 1 keys.

(c) Within each internal node, K1 < K2 < ::: <

Kq�1.

(d) For all keys X in Pi's subtree, we have

Ki�1 < X � Ki for 1 < i < q, X � K1

for i = 1 and Kq�1 < X for i = q.

(e) Each internal node, except the root, has at

least
�
p�1

2

�
keys. The root has at least 1 key.

2. The structure of a leaf node of a B+�tree of order

p is as follows:

(a) Each leaf node is of the form

<< K1; P r1 >;< K2; P r2 >; :::

; < Kq�1; P rq�1 >;Pnext >

where q � p and Pnext points to the next

leaf node of the B+�tree.

(b) A leaf node with q � 1 data pointers, q � p,

has q � 1 keys.

(c) Within each leaf node, K1 < K2 < ::: <

Kq�1.

(d) Each leaf node in a tree with at least 1 in-

ternal node, has at least
�
p�1

2

�
keys.

3. All leaf nodes are at the same level and together

they contain all the stored keys.

Observe the two parts in a B+�tree, (1) the set of

internal nodes which represents an ordinary B�tree

(Def. 1, part 1) and (2) a linked list of leaf nodes

(Def. 1, part 2), and that the minimal number of keys

in the leaf nodes di�ers from the minimal number in

the internal nodes (Def. 1, part 1e & part 2d) when p

is even.

If p is odd all nodes are at least half �lled. However,

if p is even, the lower bound on the number of keys in

the internal nodes is p�2

2
and p

2
in the leaf nodes. This

means that the �lling degree fdi of the internal nodes

is:

fdi �

p�2

2

p� 1
=

1

2
�

1

2(p� 1)

The �lling degree fdl of the leaf nodes is:

fdl �

p

2

p� 1
=

1

2
+

1

2(p� 1)

Noteworthily, in a B+�tree of order 4, a 2-4+-tree, the

leaf nodes have a guaranteed 2

3
�lling degree.

Since the number of leaf nodes at least equals the

number of internal nodes, the average �lling degree of

the whole tree fdt in the worst case is:

fdt � fdi + fdl =
1

2

If p is even the leaves in Jannink's approach may

contain one item less than allowed in de�nition 1.

Thus fdi = fdl , which may result in a �lling degree

that is less than 50% .

3 Deletion Policies

Jannink's deletion algorithm [Jan95] is intended to be

as general as possible. Because deletion policies for

B+�trees mostly depend on the environment the im-

plementation is used in, we propose optimizations for

the algorithm. These optimizations are mainly focused

on the way under
owing nodes are handled.

While we typically consider siblings, that is, neigh-

bour nodes with the same parent, Jannink considers

both neighbours as actors in the restructuring process.

If one of the neighbours has more keys than the lower

bound requires, keys are shifted, otherwise the under-


owing node is merged with a sibling. This way of

under
ow handling re
ects the generality of Jannink's

algorithm.

If the neighbours of an under
owing node are sib-

lings, they can be reached easily. However, in some

cases a neighbour can be reached only by traversing a

di�erent search path. The worst case occurs when the

discriminator between the two neighbours is the root

(�gure 1 (a)). In this case an extra traversal of a path

from the root to a leaf is needed. To accelerate the

access to a neighbour, Jannink uses a top-down strat-

egy. For every node he traverses towards a leaf, the

neighbours can be accessed immediately. This means

that during each deletion action, extra nodes should

be visited to determine the neighbours. In the worst

case Jannink's algorithm traverses almost 3 times a

path from the root to a leaf (�gure 1 (b)). Since the

maximum height hmax of a B+�tree with n keys is

hmax � 1 + logp

2

��
n

p

2

��
� logp

2

(n)

this results in 1 + 3 (hmax� 1) node visits. The win-

dow in �gure 1 (b) shows the nodes visited.

Depending on the environment, we propose follow-

ing optimization strategies.

A general optimization strategy considers local ac-

tions ahead of non-local actions. It adapts the re-

structuring using a non-sibling only if multiple node

deletions can be avoided. This optimization was in-

troduced by Jannink as a result of the tuning of his

implementation.



Additionally, in a disk based environment, the top

down calculation of neighbour node addresses should

be exchanged for a calculation on request. In this way

extra block accesses are only caused by an under
ow.

We propose that in a disk based concurrent environ-

ment, restructuring should be done as locally as pos-

sible. If we change Jannink's algorithm in such a way

that one sibling is visited if a node under
ows, then

node locking in the search path back to the root con-

currently a�ects a parent and two children. If the vis-

ited sibling contains the minimal number of keys, the

under
owing node is merged with it in such a way that

the right node is deleted, otherwise keys are shifted to-

wards the node that under
ows.

In the worst case 1 + 2 (hmax � 1) node visits are

needed to accomplish the task. The window in �g-

ure 1 (c) highlights the visited nodes. This means that

even then the number of node visits is reduced by 30%.

In the best case the restructuring causes one node visit

extra against two in the general implementation.

Observe that this optimizationmay cause more node

deletions, but that the search path is shortened.

In general this minimal-reads optimization should

be weighed against the bene�t of a reduced number of

node deletions.
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Figure 1: A worst case deletion in a 2� 3+ � tree (a),

Jannink's algorithm (b), our algorithm (c)

4 Conclusion

Jannink's deletion algorithm can be optimized easily

to handle even order B+�trees and to reduce the block

accesses signi�cantly by

� setting the lower bound on the number of keys in

leaf nodes to
�
p�1

2

�
for order-p B+�trees, and

� selecting only one sibling for shifting or merging

in case of an under
ow.

B+�tree algorithms including the �rst optimization

are available by anonymous ftp from db.stanford.edu in

directory ftp/pub/jannink/btree/, or over the web at

http://www-db.stanford.edu:80/pub/jannink/btree/.
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