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Abstract

Random sampling is a standard technique for constructing
(approximate) histograms for query optimization. However,
any real implementation in commercial products requires
solving the hard problem of determining “How much sam-
pling is enough?” We address this critical question in the
context of equi-height histograms used in many commercial
products, including Microsoft SQL Server. We introduce a
conservative error metric capturing the intuition that for an
approximate histogram to have low error, the error must be
small in all regions of the histogram. We then present a
result establishing an optimal bound on the amount of sam-
pling required for pre-specified error bounds. We also de-
scribe an adaptive page sampling algorithm which achieves
greater efficiency by using all values in a sampled page but
adjusts the amount of sampling depending on clustering of
values in pages. Next, we establish that the problem of esti-
mating the number of distinct values is provably difficult, but
propose a new error metric which has a reliable estimator
and can still be exploited by query optimizers to influence
the choice of execution plans. The algorithm for histogram
construction was prototyped on Microsoft SQL Server 7.0
and we present experimental results showing that the adap-
tive algorithm accurately approximates the true histogram
over different data distributions.

1 Introduction

The emerging interest in decision support systems has re-
inforced the importance of processing complex queries effi-
ciently over large data warehouses. Efficient processing of
such queries requires not only a high-performance query pro-
cessing system, but also needs an optimizer that is able to
make a judicious choice of an execution plan. The ability
of an optimizer to make a good decision is critically influ-
enced by the availability of statistical information on tables
referenced in queries. Such statistical information is auto-
matically collected for columns of tables over which indexes
are constructed during the index generation phase. How-
ever, statistics only on indexed columns are not sufficient.
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In a database system, the ability to obtain statistical in-
formation efficiently and accurately on columns that do not
have indexes is of great importance. In addition to greatly
enhancing the accuracy of the optimizer’s estimates, such
statistical information is of great interest in tools that help
decide physical database design [7, 6].

In many commercial systems, including Microsoft SQL
Server, the optimizer relies on histograms on selected columns
to estimate selectivities of queries. In addition to histograms,
density as well as number of distinct values in the columns
are other statistical parameters of interest. Generating his-
tograms and other statistical measures over large data sets
is an expensive proposition. Therefore, random sampling of
the data has been considered as a technique to efficiently
construct approximate histograms. However, the ability to
successfully use random sampling also requires that we be
able to solve the problem of determining the degree of sam-
pling necessary for the desired accuracy. Several practical
considerations make this problem challenging:

e Need small error for all queries, with high probability,
e Data distribution is not known a priori.
¢ Columns have an unknown number of duplicate values.

o For reasonably large samples, sampling at the tuple
level is prohibitively expensive, but tuples within a
disk block may be correlated.

We present analytical results and extensive experimental
results on Microsoft SQL Server 7.0 that provide a basis for a
practical and accurate technique for constructing histograms
via random sampling. Our contributions are:

(a) We introduce a new error metric to measure the “lo-
cal” differences between the perfect histogram (obtained by
a full scan and sorting of the given column) and an approx-
imate histogram obtained via random sampling. The local
nature of the error metric helps us guard against unaccept-
ably large errors in estimation due to differences between
the approximate and the perfect histograms, unlike earlier
work based on more “global” error metrics.

(b) We establish an optimal bound on the amount of
sampling needed for a prespecified error bound without mak-
ing any assumptions about data distribution.

(c) We present a page-level sampling algorithm that adapts
to correlation among data tuples that reside on the same
page. This enables us to harness the efficiency inherent in
page level sampling without sacrificing accuracy should data
in blocks happen to be correlated.

(d) We discuss extensions for handling duplicate values.



(e) We show that the specific problem of estimating dis-
tinct values is provably difficult by establishing a limit on
the achievable accuracy of estimation in the worst-case. We
devise a simple estimator which we believe is optimal.

In this paper, we focus on equi-height (or, equi-depth)
histograms. We chose equi-height histograms for our analy-
sis since they are commonly used in many commercial opti-
mizers, including SQL Server. In the full paper [5], we also
discuss how the above analysis can be adapted to the related
family of compressed histograms. Extending our results to
the case of other histogram structures (15, 16] is one of our
ongoing research goals.

The rest of the paper is organized as follows. In the re-
mainder of this section, we briefly summarize past work in
the area. In Section 2, we introduce equi-height histograms
and describe our proposal for the error metric to measure
the accuracy of a histogram based on sampling; the power of
this approach is illustrated via an application of range query
output size estimation. An optimal bound on the amount
of sampling needed for a given error bound is presented in
Section 3. The adaptive sampling algorithm for block sam-
pling is discussed in Section 4. Section 5 discusses how the
error metric and the results have a natural generalization
when the data values have duplicates. The issue of distinct
values is discussed in Section 6. Section 7 describes exten-
sive experiments on Microsoft SQL Server that provides an
experimental analysis of the results presented in this paper;
in particular, we study the effect of correlation within disk
blocks on sampling requirements. We conclude this section
with a summary of our proposal for effective use of sampling
for approximating histograms and distinct values.

1.1 Related Work

Random sampling has been proposed and used in many dif-
ferent contexts in databases [23, 24]. In particular, a large
body of work [18, 19, 20, 13, 14, 12, 11, 17} has addressed
the problem of estimating result size for a given query using
random sampling. In contrast, the problem that we have
addressed requires us to estimate a histogram using random
sampling. Unlike result size of a specific query, a histogram
is a complex structure having many variables (bin bound-
aries) that need to be estimated. Furthermore, in most ear-
lier work, the recommended sampling bounds are based on
distribution-specific assumptions and heuristic analysis.

The use of random sampling for estimating histogram
was proposed by Piatetsky-Shapiro and Connell [27]. They
show that given a particular query, only a small sample size
is needed to estimate a histogram that is adequate for the
query with a high probability. In sharp contrast, the prob-
lem of approximating histograms require us to derive a his-
togram that is reasonably accurate for a large class of queries
(preferably all) with high probability. Although the main fo-
cus of the work in Gibbons, Matias, and Poosala [8] is on
the incremental maintenance of histograms, they do provide
a distribution-independent bound on the required amount
of sampling. However, our bounds are significantly stronger
and lends to ease of use. We will discuss the relationship
between this and our results in Section 3. As regards the
problem of estimating the number of distinct values, we have
sharpened the intuition obtained in earlier work [10, 26] by
providing a negative result which explains why distinct val-
ues cannot be approximated reliably. In addition, we present
a new estimator that is provably optimal and performs ex-
tremely well in our experiments.
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2 A New Error Metric for Equi-Height Histograms

In this section we review the definition of an equi-height
histogram and approximate histograms. We show that us-
ing the standard error metrics for approximate histograms
can be extremely misleading and could induce large errors
in query cost estimation for simple range querics. We then
introduce our new metric for measuring the error in an ap-
proximate histogram and show that it overcomes the prob-
lems with earlier metrics.

2.1 Equi-Height and Approximate Histograms

Suppose we have a relation with n tuples, containing an
attribute X defined over a domain D. The vaelue set V =
{v1,v2,...,v,} denotes the set of values for this attribute
X in the n tuples, i.e., v; € D is the valuc of X in the ith
tuple of the relation. We assume that D is totally ordered.

A k-histogram for a value set V is a partition of D into
k intervals defined by a sequence of separators s\, sz, ...,
Sk—1 € Z. This induces a partition of V into the k buckets

B1, By, ..., By suchthatforall j,1 < j <k, B; ={vi € V|
sj-1 < v; < 8;}, where we define s = —o0 and sy = +oo
for convenience. We denote by b; = |B,| the size of the

bucket B;. A k-histogram for V is said to be an equi-height
k-histogram if each bucket size, b;, is exactly n/k.

Note that an exact equi-height k-histogram may not even
exist, specifically when V' contains repeated values (i.e., is a
multiset). We will examine the issue of duplicate values in
greater detail a bit later (Section 5). For now, let us assume
that V does not contain any duplicated values and that a
“perfect” equi-height k-histogram for V exists.

A major emphasis of this paper is the computation of his-
tograms for large disk-resident databases by taking random
samples to avoid scanning the entire relation. We cannot ex-
pect to be able to compute a perfect equi-height histogram
from a random sample. Consequently, we focus on finding a
k-histogram that comes as close as possible to ensuring that
each of the k buckets is of size n/k, i.e., an approzimate
equi-height k-histogram. It becomes important to define a
notion of error to measure how well the perfect histogram is
approximated by the one that is computed from a sample.
We now turn to a discussion of such metrics.

2.2 A Critique of Standard Error Metrics

In the literature, the error in approximate histograms with
respect to perfect equi-height histograms is usually mea-
sured in terms of the average error Ayqq and variance error
Ayar, which are formally defined as follows:

Aavg: Z \bj%[, and Avar=

1<5<k

These error metrics measure the mean and the variance of
the absolute differences of the bucket sizes in the approxi-
mate and the perfect histograms.

To illustrate the problem with these error metrics, let us
consider the use of histograms with seemingly small average
and variance errors for estimating the output size for range
queries. Suppose that we have histograms where either the
average error or variance error is bounded by 6§ = fn/k,
where f measures the error as a fraction of the ideal bucket
size n/k. Consider a range query which specifies an interval
I = [z,y] in the domain D of an attribute X. The following



is a typical strategy’ for estimating the number of tuples in
which the attribute X has a value in the range I. Given the
range [z, y], we first locate the buckets B, and B; containing
the values ¢ and y, respectively. For a < b, we count the
total number of values in the buckets Bg4i, ..., By-1 and
add to these the interpolated number of values larger than
in B, and smaller than y in B,. The interpolation requires
some assumptions about the distribution of values inside a
bucket and is the main source of error in the estimation.
We can measure the estimation error for a query as either
the absolute or the relative difference from the correct out-
put size, but in the latter case we need to assume that the
output size is not too small to get any meaningful numbers.
In either case, Theorem 1 say that the average and variance
error bounds do not allow any reasonable guarantees on the
error for even the simple range queries; certainly, the esti-
mation errors are far worse than would have been the case
with a perfect histogram?®. The proof is in the full paper [5].

Theorem 1 Consider a range query with output size s =
tn/k for some t < 1. (All bounds below are tight.)

1. A perfect equi-height histograms cannot guarantee ab-
solute error o < 2,—} or relative error 8 < % for all
range queries.

2. A histogram with average error Agug = fn/k cannot

guarantee absolute error a < (1 + ff) 27" or relative

error 3 < (1 + '%—) % for all range queries.

3. A histogram with variance error Aygr = fn/k cannot
guarantee absolute error a < (1 + fv/ %1) 27" or rela-

tive error 3 < (1 + ——;t ) % for all range queries.

Example 1 Let us consider a numerical example based on
some typical numbers. Suppose that k = 1000 and f = 0.05
(i.e., the histograms have 5% error). Consider a range query
with output size s = 10n/k, i.e., t = 10. Then, the perfect
histogram gives absolute error o = 0.002 x n and relative
error 0.2 in estemating s. However, when using a histogram
with average error bounded by fn/k,

the estimation errors go up by a multiplicative factor of
13.5. For histograms with variance error bounded by fn/k,
the situation is slightly better in that the estimation error
goes up by a multiplicative factor of 2.8; however, increasing
the value of s will further increase the error in the latter
case.

2.3 The Max Error Metric

We propose a new error measure for approximate histograms.

Definition 1 The max error metric for a k-histogram is
defined as follows:

Amax = max
1<5<k

n
@—E+

A k-histogram with Amaz < 8 is said to be a §-deviant his-
togram, and satisfies the property that for all j, 1 < j <k,

<.

n
by — %

'We are assuming that no additional information is stored along
with the histogram other than the count of the number of values inside
each bucket; our discussion below will have to be suitably modified if
there is extra information available.

ZNote that even the perfect histogram cannot give zero estimation
error since it is only a summary of the data.
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We are mainly interested in the case § = fn/kfor 0 < f < 1.
It is important to realize that our notion of error for an ap-
proximate equi-height k-histogram is far stronger than the
measures of error considered earlier in the literature. We re-
quire that every bucket in the k-histogram has a size which
has a small absolute difference with respect to the bucket
sizes in an exact equi-height k-histogram. That is, the ap-
proximate histogram must accurately reflect the perfect his-
togram locally at all points. Further, our goal is to achieve a
small value of f; that is, § is not merely small relative to the
total data size n, but it is required to be a small fraction of
bucket size (n/k). Thus, for each bucket, we strive to keep
the error to a small fraction of the bucket size.

In contrast, the average and variance error metrics are
aggregates of errors in bucket sizes which only give a global
error over the histogram. Bounding these aggregates does
not rule out the possibility that some bucket had extremely
large error in its size, which is not the case with our metric.
We believe that the max error metric is far better than the
other two for query cost estimation since it attempts to more
tightly bound the error that will occur in cost estimation.
We will illustrate the power of this definition by applying it
to the problem of output size estimation for range queries.
First, we contrast the various notions of error.

Example 2 Suppose we have a histogram with k = 10 buck-
ets of the following sizes: 88, 101, 87, 88, 89, 180, 90, 88,
103, 86. Note that n = 1000 and thus the perfect histogram
has 10 buckets of size 100 each. Consider now the various
measures of error as applied to this situation: average error
Aavg = 16.8; variance error Ayer = 27.5; and, maz error
Amaz = 80.0. As the value of k increase, the gap between
the various notions of error can increase unboundedly.

Theorem 2 shows that if a k-histogram has max error
bounded by § (i.e., is §-deviant) then its average and vari-
ance error is also bounded by §. The converse is obviously
not true, implying that the maz error is the strongest notion
of error. The proof is in the full paper [5].

Theorem 2 If a k-histogram has maz error Amaz < § (or,
is §-deviant) then it must be the case that: Agyg < 6, and
Agygr < 6. However, the converse is not true in general.

We illustrate the power of the max error metric by apply-
ing it to the output size estimation for range queries. The-
orem 3 shows that bounding the histogram error in terms
of max error does indeed guarantee small estimation error
for range query sizes, in fact the error is fairly close to best
possible (that which is obtained by the perfect histogram).
The proof is in the full paper [5].

Theorem 3 Consider a range query with output size s

tn/k. An approzimate histogram with maz error Amagz =
2n

fn/k guarantees absolute error a < (14 f) 2% and relative

error B < (1+ f)2 for all possible range queries.

I

Example 2 (continued) Consider again the setting of Ez-
ample 2. The perfect histogram gives absolute error o =
0.002 x n and relative error 0.2 in estimating s, while his-
tograms with bounded average/variance errors had estima-
tion errors that were worse by multiplicative factors of 13.5
and 2.8, respectively. In contrast, the histogram with bounded
maz error has absolute error 0.0021 x n and relative error
0.21, which is off by a factor of 1.05 from the optimal.
While we have a more conservative and a stronger error
metric, it is not clear a priori that it is possible to efficiently
construct approximate histograms with small error using a



reasonable amount of sampling. Perhaps surprisingly, we
will show in the next section that not only is it possible to
achieve such a construction, but in fact we can provide far
stronger guarantees on the size of the max error than known
in earlier literature for the weaker notions of error.

3 Record-Level Sampling

We begin by our study of histogram construction by consid-
ering the model where we sample individual tuples/records
uniformly at random from a relation, without taking into
account the issue of disk blocking factors. This record-level
sampling model considered in this section is not realistic,
but yet a useful starting point as it sets limits on the qual-
ity of performarnce of the more realistic block-level sampling
strategy to be considered in the next section, and it also
allows us to develop tools that will later be helpful in our
work on block-level sampling,

While sampling-based construction of histograms is well-

studied in the database literature, we are not aware of any
ctrang recnlte enecifvine the inherent trade-off between the

strong results specifying the inherent trade-off betweer
amount of sampling performed and the resulting error in
the histogram (See Section 3.4). The main result of this sec-
tion is an essentially optimal bound on the trade-off between
these two and other related performance measures. We also
show that using a slightly larger amount of sampling allows
us to establish bounds on an even stronger error metric for
histograms that may prove useful in query cost estimation.
We evaluate the implications of our bounds and perform a
comparison with past work along these lines.

3.1 Sampling Methodology

It is convenient to assume that we perform random sam-
pling with replacement and we will adopt that approach. Of
course, in practice it might be a bit more efficient to perform
random sampling without replacement. As in most applica-
tions of random sampling, our results do carry over to the
latter style of sampling without any noticeable change in
the bounds obtained, but we defer the details to the full
paper [5]. For sampling without replacement, the analysis
involves a study of the hypergeometrlc distribution rather
than the simpler binomial distribution.®

We choose a random sample R C V, such that |R| =
7, by repeatedly picking a random value from V until we
have a total of r values, without regard for repeated val-
ues. Then, we compute an equi-height k-histogram for R.
Let s1,82,...,55—1 be a sequence of separators that define
the equi-height k-histogram for R computed in this fashion.
Finally, we compute a k-histogram for V' using exactly the
same sequence of separators. Let Bi,Bs,..., Br be the k
buckets induced in the histogram for V. The sizes of these
k buckets are random variables, and it is unlikely that they
are all equal. However, since the separators si,52,...,8k-1
induce an equi-height k-histogram for R, we expect that the
buckets By, Bs, ..., By are nearly equal.

3.2 Trading-Off Error and Sample Size

Now we bound the number of random samples required to
guarantee that the resulting k-histogram is §-deviant. We
give essentially optimal formulas describing the trade-off be-
tween the various parameters, notably the number of buck-
ets k, the error §, and the number of random samples 7.

3Refer to Motwani and Raghavan [21] for all basic defini-
tions/results on randomization used in this paper.
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Theorem 4 Let § < %. An equi-height k-histogram for a
random sample R of s'ch r from a value set V of size n gives
a 6-deviant k-histogram for V with probability ot least 1 — -y
(v > 0), provided that

4n In(2n/v)

4n?In(2n/7)
k82 '

>
62 rk

or, equivalently,

We defer the detailed proof to the full paper (5].

We delay a discussion of the implications of Theorem 4
until after the presentation of the stronger error bound in
Theorem 5 below. Note that the condition that § < % is not
restrictive since it is unlikely that there will be any mterest
in estimating the number of samples required for ensuring an
error that exceeds 100%; in any case, we can easily modify
our proofs to handle the more general case except that the
bounds will be marginally different.

A Stronger Error Metric. 'We now show that it is possible

to derive an even stronger bound on the extent to which the
The idea is to

approximate and perfect histograms differ.

require a bound of § on the difference in the precise location
of the separators for the buckets, rather than merely the
buckets sizes as in the max error metric in Theorem 4.

Definition 2 Let H and H™ be two k-histograms for V with
buckets B1, ..., By and BY, ..., By, respectively. Then, H
and H* are said to be 6-separated if for all j, 1 < j <k, 1t
is the case that the symmetric difference of the buckets B;
and B} 1is of size at most 6.

The following theorem shows that the amount of random
sampling needed to guarantee §-separation is not much more
than that required for ensuring §-deviation. We defer the
proof to the full paper [5].

Theorem 5 Let § < % and v > 0. An equi-height k-
histogram for a random sample R of size r from a value
set V of size n is 8-separated from the perfect k-histogram

for V with probability at least 1 — v, provided that

2
}—Zn—%gm or, equivalently, 6> E@_lir(zk/_'y)_

3.3 Evaluating the Bounds and Their Implications

Before exploring the implications of Theorems 4 and 5, we
make the bounds therein more transparent by expressing
them slightly differently by setting § = fn/k for some frac-
tion f < 1. The value f measures the relative deviation
from the optimal bucket size of n/k.

Corollary 1 Let§ = fx%,0< f <1, andy > 0. An equi-
height k-histogram for a mndom sample R of size r from a
value set V of size n gives a §-deviant k-histogram for V
with probability at least 1 — vy, provided that

2
O B )
T

Let us now evaluate the trade-off we give between the val-
ues of k, §, and r, especially as encapsulated in Corollary 1.
We focus on determining the sample size as a function of the
other parameters, but we can also use our results to estimate
the error for fixed values of the other parameters, or to es-
timate the number of buckets needed in the histogram as a
function of the other parameters. This multi-functionality is



a pleasant consequence of having such an explicit and formal
trade-off and should have considerable value in practice.

First of all, observe that the sample size required grows
linearly in & and inversely with the squared deviation, but
is essentially independent of n since the logarithmic depen-
dence is negligible. This important observation is rather
counter-intuitive at first. It implies that once the database
size is large enough there is great value in performing ran-
dom sampling, and that the random sampling cost remains
fixed as the size of the database increases beyond this thresh-
old. A similar comment applies to the dependence on v —
to get higher confidence that the random sample provides
the desired error bound requires little additional sampling.
For example, we can we can even choose ¥ = 2/n, thereby
changing the logarithmic term to Inn? and at most dou-
bling the sample size while ensuring that the probability of
exceeding the promised error bound is negligible.

Example 3 We illustrate the trade-off results, particularly
Corollary 1, via a numerical evaluations. Throughout, we
will assume that error probability is v = 0.01. Even for n as
large as 1Gig, we obtain that In2n/y is roughly 20.

e Determining Sample Size: For k = 500 and rel-
atwe error f = 0.2, we require sample size roughly
1Meg for essentially all reasonable values of n. On the
other hand, for k = 100 and relative error f = 0.1,
we require sample size roughly 800K for all reasonable
values of n. Such analysis allows a system to quickly
pick the sample size that is appropriate for the appli-
cation at hand, or to decide that it may not be cost
effective to use random sampling for desired histogram
size/error.

¢ Determining Histogram Size: Suppose we decide
that we wish to sample at most 1Meg from a data set
of size n equal to 20Meg and want deviation at most
0.25 x n/k (i.e.,, f = 0.25). What is the mazimum
size of o histogram that we can support? It is easy to
determine that we should not have k exceeding 800.

¢ Determining Histogram Error: Finally, suppose
we decide that we wish to sample 800K from a dataset
of size 25Meg to create o histogram with k = 200
buckets. How much error should we egpect in the his-
togram? The answer is that f is bounded by 14%.

3.4 Comparison to Previous Work

Perhaps the most similar earlier work is that of Gibbons,
Matias, and Poosala [8]. While the focus of their work is
on the incremental maintenance of approximate histograms
as tuples are added to or deleted from a relation, this is the
ouly piece of work in the literature that appears to provide
guarantees on error bounds for histograms that is in the
same spirit as ours.

Theorem 6 ([8]) Letk >3,c >4, and f = (clnZ k)—l/s.
Then, with probebility 1 — ~, for v = k'Ve 4 n7 Y3 an
approzimate histogram with error Ayar = f% is obtained
from a random sample of size v > ck1n® k, when n > k°.

While Theorem 6 was an important step in being the first
result providing a formal guarantee on histogram error, our
results are significantly stronger in many respects, besides
being multi-functional as shown in Example 3. We highlight
some of the main differences in next example.
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Example 4

1. Theorem 6 only considers the variance error, while our
notion of error is the much more conservative mazimum
error. In fact, as per Theorem 2, our results also si-
multaneously guarantee the same bound on the vari-
ance error and average error.

2. While our results are essentially independent of n, The-
orem 6 applies only to extremely large values of n which
are unlikely to occur in practice. Theorem 6 requires that
N > 73 where v > 4kiIn’k. For even a reasonably
small value of k = 100, this requires that n > 6 x 10
which is almost a tera-byte of data. For k = 1000, they
would require that n > 7 x 10'5.

3. Our results provide a smooth tradeoff between the key
parameters k, 7, and 7y, whereas their results only allow
one possible setting for each of these parameters. While
it is possible to obtain some kind of a trade-off from
Theorem 6 by warying the value of ¢, the bounds are
such that using o value of ¢ significantly greater than
4 1s totally itmpractical.

4. Our results allow the deviation error to be reduced ar-
bitrarily by smoothly increasing r or decreasing k, The-
orem 6 does not really permit a value of f below 0.35
for any practical choice of the other parameters. For
k = 100, it guarantees f = 0.48; increasing the value
of k doesn’t help since to obtain a value of f smaller
than 0.35 requires k > 100,000. This is because for
f = 0.1, Theorem 6 requires k > €% and n > €%,
and for k = 0.2 it needs k > % and n > ¢'*°. In con-
trast, we can easily guarantee f = 0.1, or even smaller,
for reasonable values of k.

. Perhaps most significantly, our results guarantee a much
smaller requirement of the size of the random sample
than can be inferred from Theorem 6. Setting the value
of v to the error probability of error given in Theo-
rem 6, we obtain the following comparison: suppose
we decide that k = 500 and f = 0.2, then we can guar-
antee that a sample of size 4Meg will suffice for all
reasonable values of n; in contrast, Theorem 6 cannot
possibly guarantee f = 0.1, and even for f as large as
0.48, it requires v ot least T7TMeg.

4 Block-Level Sampling

Record-level sampling is quite wasteful since scanning one
tuple off the disk is not much faster than scanning the entire
group of tuples that are stored in the same disk block. In
this section, we consider the issue of exploiting all the tuples
present in disk blocks that are scanned while performing
the random sampling, without falling prey to the bias that
can be introduced by correlations between the various values
stored inside a disk block. We present an adaptive algorithm
that adapts to the correlations in disk blocks and guarantees
near-optimal sampling for ensuring specified bounds on the
max error. We base this algorithm on the technique of cross-
validation in statistics, combined with a generalization of
Theorem 4 to the setting of cross-validation.

4.1 Challenges in Block-Level Sampling

The problem with using the entire block of tuples in the ran-
dom sample is that it is possible that there are strong corre-
lations between data values in the various tuples present in



a disk block. This could severely bias the approximate his-
togram being constructed. Consider the following different
scenarios of correlation between tuples in a block: a) the
tuples in each disk block are totally uncorrelated; b) the
tuples in each disk block are totally correlated, e.g., have
the same value in the attribute of interest, or the data is
sorted on the attribute of interest and then assigned to disk
blocks in that order; and, c) some fraction of the disk blocks
exhibit correlated behavior.

Let the number of tuples in each disk block be b. In
scenario (a), if we use all b tuples from a disk block when
choosing a random sample, there is no loss in terms of the
error in the histogram, and effectively we need to sample
only r/b disk blocks to get the effect of sampling r tuples
in record-level sampling. On the other hand, in scenario (b)
suppose that each disk block contains tuples which all have
the same value for the attribute of interest. Now, if we use
all these tuples in the random sample, our effective sampling
rate is one tuple per block; that is, we will need to scan as
many as 7 disk blocks (a total of rb tuples) to get the same
error in the histogram as we would obtain by using r tuples
in record-level sampling. Finally, in scenario (c), suppose
20% of the disk blocks contain correlated tuples, while the
remaining 80% contain a random collection of tuples. Now,
we would expect that our effective sampling rate is close to
80%, i.e., we will have to sample 1.25 x r/b disk blocks to
get the effect of r sampling random tuples.

However, even if we were to generalize of our bound in
Theorems 4 to block-level sampling, it is not clear how we
can effectively perform the optimal amount of sampling for
a given data distribution in disk blocks. The basic problem
is that the distribution of data in disk blocks is typically
not known a priori, and thus it is difficult to decide upon
the right number of disk blocks to sample to guarantee the
desired error bound for the approximate histogram.

4.2 Adaptive Sampling via Cross-Validation

A strategy for block-level sampling is to be adaptive by com-
puting the number of random samples on-the-fly, with ter-
mination being based on some stopping rule which guaran-
tees convergence to the desired error bound. Such strategies
have been considered earlier in the literature: adaptive sam-
pling by Lipton and Naughton [18], Lipton, Naughton, and
Schneider [19], and Lipton, Naughton, Schneider, and Se-

shadri [20]; double sampling by Hou, Ozsoyoglu, and Dogdu [12];

and, sequential sampling by Haas and Swami {11]. A com-
parative evaluation of these methods can be found in Ling
and Sun [17]. None of these methods is directly engineered
for constructing histograms; they were designed at query
cost estimation. All three methods compute a confidence
interval on the error based on past sampling and terminate
the sampling process when this interval is suitably small.
They all make some assumptions about the data distribu-
tion or the sample size to obtain a confidence interval.

In contrast, we propose a novel adaptive sampling strat-
egy based on the notion of cross-validation from statistics.
This does not require any assumption about the data dis-
tribution. The idea is to sample groups of disk blocks it-
eratively, sampling g; (specified later) blocks during the ith
iteration. We maintain a histogram based on all tuples in
all disk blocks sampled so far. During the ith iteration,
after choosing g; disk blocks at random, we determine the
deviation error when partitioning the values in the g; blocks
with the separators of the current histogram. The process
terminates if the deviation error is below a pre-computed
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threshold; otherwise, the histogram is updated to take into
account the data in the most recently sampled blocks. In
effect, we use the new sample to cross-validate the accuracy
of the histogram, and if validation fails then we use the new
sample to update the histogram. This update has the ele-
gant feature that it has the most effect on the buckets with
the largest error, thereby speeding up the rate of conver-
gence. Another key feature of our adaptive algorithm is that
it uses a random sample from the data to fest convergence
rather than making any a priori assumptions about the data
distribution to decide when convergence can be assumed. In
effect, our algorithm manages to use the data distribution
itself (via the random sampling) to test for convergence on
that very data distribution, without explicitly modeling the
distribution. We summarize the algorithm below.

Adaptive Sampling Algorithm:

1. Compute r and go
Theorem 4.

T from n k and b via
b y Iy B s

2. Pick a random sample R consisting of go disk blocks.
3. Using R, create an equi-height histogram Hy.
4. repeat

(a) i —1+1.

(b) Pick a new random sample R; with g; = 27" go

disk blocks, and compute the max error §; in par-
titioning R; using the separators of H;_;.

(c) Merge R; with R. Build a histogram H; from R.
5. until 51' S fgz/k

6. output current histogram H;.

Our analysis suggest that a reasonable choice of the g;
values is giy1 = Z;:o gj, with go = g = 7/b; thus, go = g,
g1 =g, 92 =29, g3 =4g, ..., gi = 2" 'g. Suppose we can
establish that sampling g; blocks in the ith iteration is suf-
ficient to determine the deviation error in the histogram at
that stage with respect to the actual data distribution. (This
is justified in Section 4.3 below.) We initially sample g = r/b
disk blocks; if the data is uniformly distributed without any
correlation, this sample will suffice to guarantee the desired
deviation error. The second stage using another g = r/b
random disk blocks will allow us to determine whether the
deviation error is below the desired value, implying that we
would have performed a near-optimal amount of sampling.
In general, if the data distribution is such that we need to
sample a total of zr/b disk blocks (z < b), then we achieve
convergence at the iteration where g; first exceeds g, which
again implies that we perform near-optimal amount of sam-
pling. In any case, we are guaranteed to sample at most
twice as many blocks as necessary for any given effective rate
of sampling, in contrast to the naive strategy of sampling r
disk blocks which is off by a factor b in the worse-case.

There are many twists on this basic strategy. For exam-
ple, we could use only one randomly chosen tuple from each
of the g disk blocks for purposes of cross-validation. It is
also possible to be even more aggressive in adapting to the
error in the histogram: we could adapt the choice of ¢ at
each stage of the iteration to speed up convergence without
over-sampling by using larger values of g when the error is
large relative to the total number of samples chosen up to



that point. A detailed exploration of these ideas, as well as
a comprehensive analysis is deferred to the full paper [5].
4.3 Analysis of Adaptive Algorithm

The analysis of our adaptive algorithm needs some notation.
Definition 3 Given a histogram H and ¢ set S C V, let S

be the number of values from S that lie in the jth bucket of
H. Define the relative deviation of H with respect to S as

s = max
1<;<k

s1- ).

That is, és is the deviation we would get for H if we were
to use the boundaries of H to define a histogram for S.

The following theorem, a generalization of Theorem 4,
lays the theoretical foundation for our adaptive strategy.
We defer the proof to the full paper [5].

Theorem 7

1. Let H be a k-histogram for V with deviation § = 2fn/k,
for f < 1/2. Let S be a sample of size s from V', where

52 4—kjhl,1/7A
2 IZ

Then, the probability that 6s < fs/k is at most .

2. Let H be a k-histogram for V with deviation § = fn/2k.
Let S be a random sample of size s from V|, where

16k In k /v
z R

Then, the probability that §s > fs/k is at most ~.

Note that this theorem only considers deviation above the
norin, but a similar theorem can be proved for the case of
deviation below the norm {5]. Let us examine in detail the
implications. The first part of the theorem says that given
a histogram with max error > 2fn/k, a sample of size s is
likely to have max error exceeding fs/k when it is parti-
tioned according to this histogram. Conversely, the second
part says that given a histogram with max error < fn/2k, a
random sample of size s is unlikely to have max error > fs/k
when partitioned according to this histogram. Thus, using
As as a test, we can easily distinguish between the cases
where the histogram has excessive error and negligible er-
ror. Thus, using a cross-validation based on S, we would
never terminate the sampling too soon nor would be carry
on sampling too long. The size of s needed to guarantee
these properties is no larger than the sample size required
to generate a histogram with max error < fn/k.

Applying the argument to the iterations of the adaptive
algorithm, with S = R, and H;_. at stage ¢, we obtain a
justification for our adaptive algorithm. We emphasize that
this is merely a justification and not a proof, since at the ini-
tial stages we may not sample enough for cross-validation to
work as desired. However, experiments (Section 7) indicate
that this algorithm performs well in practice.

5 Handling Duplicate Values

In Section 2, we assumed that the set V does not contain
duplicate values and our subsequent development was based
on this assumption. However, in most applications it is the
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case that there are duplicates and sometimes of high mul-
tiplicity. In particular, when a value appears more often
than n/k times, adjacent separator values may be same, i.c.,
Sj—1 = 8; = v, implying that all items in B; have the same
value v. Moreover, there may be additional elements with
the value » in preceding or succeeding buckets. While this
may appear to be a minor technical point, it is really a tricky
problem; for example, it is not even clear a priori how we
should measure the error in the histogram or in fact what is
the reference point for the error measurement. Specifically,
since it is impossible to distinguish the duplicate values that
appear in distinct bins, the problem of measuring b; for the
max error metric (Definition 1) is ill-defined. This problem
directly impacts the cross-validation step of our adaptive
sampling algorithm since we are no longer able to measure
crror for each bucket of the current histogram H;.

One standard approach for dealing with this issue is to
employ compressed histograms. Such histograms separate
the representation of values of multiplicity higher than n/k
from the rest of the values. We will consider this in detail
in the full version [5] of the paper. Here we focus on a dif-
ferent approach based on generalizing the max error metric
itself in the presence of duplicate values. Suppose that the
separators obtained from the sample are s;, ..., sg-1. Let
the sequence of distinct values in this sequence be d;, ...,
dy,, for m < k. Let the fraction of the sampled values that
arc less than or equal to d; be

denoted by f;, for 1 < j < m. Similarly, let p; be the
fraction of data values that are less than or equal to d;,
for 1 < j < m. We define the fractional max error f',
generalizing f in Definition 1:

Definition 4 Given a histogram with possibly duplicated sep-

arator values, the maz error metric is defined to be: ' =

max™ , l(fj+l#f?.)_ipi,+l_pﬂ
J fiv1—1f;

In the context of adaptive sampling, the values f; and
pj arc obtained from the accumnulated sample R and R; re-
spectively. When all values are distinct, fjp1 — fj = 1/k
and p;41 — p; reduces to b;j/n, and f' reduces to f as in
Definition 1. However, when all values are not distinct, the
factor f;j11 — f; measures the fraction of the data in the jth
distinct range of the “current” histogram, whereas p;4+1 —p;
measures the observed fraction in the recently drawn sample.
The denominator scales the error by the number of values in
the jth distinct range. In the full paper, we discuss how the
analytical results extend to this generalized error metric [5].

6 Estimating the Number of Distinct Values

Counsider the problem of estimating the number of distinct
values, say d, in V. Estimating the number of distinct values
is an important subproblem in query optimization, e.g., for
estimating projection size or in estimating relative error in
join-selectivity estimation formulas used in System R [28].
We are interested in the issue of devising a good estimator
for d based on a random sample from V.

In the statistics literature, the problem of estimating the
number of distinct values (called the problem of estimating
the number of species) has received a great deal of atten-
tion [1]. Recent work in the database literature includés the
results of Naughton and Seshadri [22], and Haas, Naughton,
Seshadri, and Stokes [10]. As observed by the latter, we ob-
tain fairly poor performance when using the standard sta-
tistical estimators for the number of distinct values, e.g., the
estimators due to Goodman [9], Chao [4], and Burnham and



Overton [2, 3] which have been used earlier in the database
context in the work of Hou, Ozsoyoglu, and Taneja [13, 14]
and Ozsoyoglu ct al {25]. As Haas et al {10] remark, distinct
value estimation is a hard and relatively unsolved problem,
and few analytic results are available.

In this section, we first establish that no estimator for d
can guarantee a small error. This explains the difficulty that
past researchers have faced in trying to devise a good esti-
mator for d using a random sample, so as to ensure a small
error and low variance. Then, we propose a new estimator
which we argue is optimal with respect to our negative re-
sult, and in practice is competitive with the ones studied
carlier in the literature. We also propose a hybrid variant
of our estimator which is expected to perform even better
in practice. We also argue that the classical notion of er-
ror for an estimator of d is much stronger than necessary
in database applications, and we propose a weaker notion
which suffices for most practical purposes.

6.1 The Inherent Difficulty of Distinct Value Estimation
We use a variant of the standard notion of estimator error.

Definition 5 The crror of an estimator c?ofd s defined as:

-~ d/d  ifd>d
onty={ B4 22

Equivalently, the estimator d has error at most « if and only

if d/a < d < ad. The error is the ratio of the estimator and
the number of distinct values d, where the ratio is inverted
if necessary to ensure that the error is always more than 1.

As pointed out by Olken [23], all known estimators give
exceedingly large errors on at least some of datasets. We
show that large error is unavoidable even for relatively large
samples regardless of the estimator used. That is, there does
not exist an estimator which can guarantee reasonable error
with any reasonable probability unless the sample size is
very close to the size of the database itself. Another way
of viewing the following result is that it implies that any
estimator must necessarily have extremely high variance if
it is to guarantee reasonable expected error.

Theorem 8 Consider any estimator d for the number of
distinct values d based on a random sample of size v from a
relation with n tuples. Then, for any v > e™ ", there exists
a choice of the relation such that with probability at least v,

ermr((}\) >4/ ﬂnrl—/l

Consider the results of Haas et al [10] who obtained av-
erage error 1.33 and maximum error 2.86 (over a total of
24 high-skew distributions) using a random sample of size
r = 0.2n. Setting v = 0.5, we obtain that there exists a
scenario where the error is at least 1.86. Our results are in
fairly close accordance with real experiments both in terms
of average error and the variance, even though we are giv-
ing worst-case error bounds and the experimental that may
have had special structure that aids the estimator.

6.2 New Estimator and Error Metric

We complement the above negative result with a proposal
for a new estimator which is simple and intuitive, and which
can be argued to have near-optimal error. Suppose that
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we pick a random sample of size r from a relation with n
tuples. Let f;, for 1 < j <7, denote the number of distinct
values which occur exactly j times in the sample; clearly,
> i—y fi =r. Our estimator is:

€=\/§f1++z:fj,

where ff = max{fi,1}. We give only a brief justification
for this estimator, deferring a more detailed justification to
the full paper [5]. Consider values whose frequency in the
data is significantly more than n/r. We expect these values
to occur more than once in the sample and therefore they
are accounted for in the latter summation. The bad case
involves values whose frequency in the data is anywhere be-
tween 1 and n/r. We expect each of these to occur at most
once in the sample. Thus, each value contributing to fi
“represents” a set of n/r values in which the number of dis-
tinct values could be anywhere between 1 and n/r. The first
part of the estimator attempts to balance between the two
extreme situations.

Theorem 8 limits our ability to determine the number
of distinct values to any high degree of precision without
scanning essentially the entire relation. On the other hand,
estimators can be used with very high accuracy to determine
whether d 1s significantly smaller than n or not. Such deter-
mination is useful in a number of optimization tasks, e.g.,
relative reduction in the size of a relation due to duplicate
elimination. Formally, the error metric rel-error(e) = ‘i%
measures the estimation error for the number of distinct val-
ues d relative to n. In Section 7, we demonstrate that our
proposed estimator e has a very low rel-error(e). The follow-
ing numeric example illustrates the point. Let n = 100, 000,
d = 500, and e = 5000; now, the estimator e is off by a fac-
tor 10 with respect to d. However, using e to estimate d we
would reach the correct conclusion that d is much smaller
than n; observe that rel-error(e) = 0.045 indicating this fact.
Thus, wherever the optimizer can exploit d/n instead of re-
quiring an estimation of absolute d, it stands a better chance
of realizing accurate estimation through sampling.

7 Experimental Evaluation

In this section, we present experimental results on Microsoft
SQL Server 7.0. In the following, we refer to the algorithm
presented in Section 4 as the CVB (for Cross-Validation
based Block sampling) algorithm. Specifically, the results
of this section demonstrate that:

a) Although the results in Section 3 assume true random

-sampling, the predicted relationship among number of his-

togram bins, sampling size and the error in approximation
holds for block level sampling.

b) The CVB algorithm adjusts to varying data distributions
gracefully. In particular, we studied:

e Practical convergence limits of the CVB algorithm for
data with varying skew, from uniform distribution to
highly skewed distribution.

e Effect of partial clustering of data on disk, i.e., the
effect of clustering together a fraction of the tuples
with the same data value.

o Effect of varying number of data records in a page.

¢) The accuracy of our new estimator for number of distinct
values as data distribution is varied (from “few” to “many”
distinct values).



7.1 Implementation and Experimental Setup

The SQL Server optimizer uses equi-height histograms. As
mentioned in Section 2, such histograms are characterized
by their separators (step boundaries). In addition to his-
tograms, the SQL Server also collects information on den-
sity [27]. However, because the estimation of the density
was extremely accurate whenever the CVB algorithm con-
verges, we defer a discussion of density estimation to the full
version of the paper [5].

Implementation: The experiments were conducted on an
Intel Pentium 200MHz processor with 64 MB RAM. The
database was stored on external Seagate ST3437IN disk
drives. The CVB algorithm was implemented on Microsoft
SQL Server 7.0. Unlike the earlier releases of SQL Server,
SQL Server 7.0 makes it possible to exploit random sampling
at the level of disk pages by specifying the percentage of file
to be sampled. However, in order to implement CVB, we
needed to modify the block-level server algorithm to make
it adaptive. Two key extensions are:

1. For an incremental sample, sort the sample and com-
pute the max error metric (Section 2). The algorithm
terminates if this error is below a threshold.

2. Otherwise, the incremental sample is merged with the
past samples using a merge algorithm.

While the theoretical results in the proposed algorithm rec-
ommends doubling of each successive incremental sample
size from the point of view of an effective cross-validation, we
experimented with a variety of stepping functions to trade-
off the efficiency of step (2) with the risk of oversampling.
The details of experimentation with step sizes is deferred
to the full version of the paper [5]. For the purposes of
experiments in this section, the adaptive algorithm uses the
following sizes for the successive random samples: 5isgrt(n),
for ¢ = 1,2,..., for accumulated samples. We also adapted
the algorithm to produce approximate histograms when the

accumulated sample size is \/En)/i, fori=5,...,1.
Additional implementation for our experiments included:
(1) Recording each step value of the histogram. (2) Record-
ing, for each step value of the histogram, the number of rows
in the sample that were less than or equal to the step value.
(3) Counting and recording the number of distinct values
in the sample. (4) Recording the density value, which is a
measure of the average number of duplicates in the data.
(Density 0.0 implies that all values in the column are dis-
tinct, while density 1.0 implies that all values in the column
are identical). (5) SQL Server uses one disk page to store a
histogram for a column. For an integer column this trans-
lates to 600 bins. We modified the histogram data structure
so that the number of bins could be varied.
Data Generation: We generated data using the Zipf dis-
tributions [29]. The skewness parameter Z was varied. Al-
though we studied several different values of Z varying from
0 to 4, we present results only for three values of Z — 0,
2, and 4. The distribution is uniform for Z = 0 and highly
skewed for Z = 4, i.e., there are few values that occur very
frequently. We varied the number of records in the table
(N) from 5 million to 20 million. In all experiments but one
(where we vary N), we present results for N = 107. The
record sizes were varied from 16 bytes to 128 bytes. Such
a variation made it possible to experiment with different
blocking factors (i.e., number of records in a page). Finally,
we experimented with two different layouts. In the first case,
the data was clustered using tuple-ids which were generated

444

at random. This allowed random placement on disk. How-
ever, in order to also consider layouts where layout is clus-
tered or correlated, we generated a partially clustered data
set as follows. Consider any Zipfian distribution. Assume
that the distribution requires that for a value ¢, there should
be n; tuples. We created partially clustered data by generat-
ing for every distinct values 0.8 x n; of tuples with randomly
generated distinct tuple-ids, but assigning the same tuple-id
to 0.2 x n¢ of tuples. Subsequently, when we clustered the
relation on tuple-id, we ensured that 20% of the duplicates
were placed sequentially on the table. The full paper [5] will
discuss extensive variations in layouts that were considered.

7.2 Experimental Results

Varying the number of records: In our first experiment
we studied the effect of varying the number of records in the
table on the required sampling rate. We fixed the max error
t0 0.1 and Z = 2, and varied the number of records between
5, 10, 15, and 20 million. Figure 3 shows that as the number
of records in the table increases, a proportionately smaller
percentage of rows need to be sampled to reduce the error
below a given threshold. This behavior is consistent with
our theoretical result in Section 3 which predicts that the
required sampling rate drops at a rate of log(n)/n. Figure 4
shows that the number of disk blocks that need to be sampled
to achieve a given error threshold remains almost constant
as the number of records in the table is increased. This
is also conforms to the expected behavior since Section 3
predicts that this dependence is proportional to log(n).
Effect of data distribution on error: In our second ex-
periment, we studied the variation in the error metric as the
sample size was increased for three different Zipfian distri-
butions when the data layout was random. The number of
bins was held constant at 600. We observe from Figure 5
that for all the three distributions, the convergence point
is almost the same. Qur result in Section 3 predicts that
convergence is independent of the data distribution and the
experimental results confirm this prediction.

Effect of bin size on sampling rate: Our third experi-
ment studies the effect of bin size on the required sampling
rate. For this experiment, we held the max error and the
data distribution constant and varied the number of bins.
Figure 6 shows the sampling rate required to achieve a max
error of 0.2 as the number of bins is varied from 50 to 600.
We observe from the graph that the required sampling rate
increases in a linear fashion with the number of bins which
matches our theoretical prediction.

Effect of clustering on sampling rate: In our next ex-
periment, we kept the distribution constant and studied the
variation in error metric with the sampling rate for the ran-
dom and the partially-clustered layouts. As can be seen
from Figure 7, when the data is partially sorted, a higher
rate of sampling is required to achieve the same max error as
in the random case. This indicates that the adaptive nature
of the algorithm is able to correctly detect correlation and
therefore samples more.

Effect of record size on sampling rate: We varied the
number of records per block while fixing the number of
records to one million. For a max error of 0.1, we found
that as predicted, the required amount of sampling grows
linearly with the record size. This can be seen in Figure 8.
Effectiveness in predicting distinct values: In our fi--
nal experiment, we studied the effectiveness of our metric in
predicting the number of distinct values in the data. We ran
this experiment for two different data distributions, with N
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fixed at 10 million. In the first distribution Z = 2, and the
number of distinct values in the table were 6101. In the
second experiment the data distribution was uniform with
the additional constraint that each distinct value occurred
100 times. Thus the number of distinct values in the data
was 100,000. We refer to this as the Unif/Dup distribution.
Figures 9, and 10 compare the actual number of distinct val-
ues (numDVReal) with the number of distinct values in the
sample (numDVSamp) and the number of distinct values
estimated by our metric (numDVEst) for the two distribu-
tions respectively. Figures 11 and 12 show the variation in
the distinct value estimation error with the sampling rate.
We note that prediction is far more accurate for the Zipfian
distribution compared to the Unif/Dup distribution since
Zipf has fewer distinct values that are easily detected by a
relatively small sample. However, in both cases, especially
in case of the Unif/Dup distribution, the estimation error
for the proposed metric is small.
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