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ABSTRACT

Query size estimation is crucial for many database system
components. In particular, query optimizers need efficient
and accurate query size estimation when deciding among
alternative query plans. In this paper we propose a novel
sampling technique based on the golden rule of sampling,
introduced by von Neumann in 1947, for estimating range
queries. The proposed technique randomly samples the fre-
quency domain using the cumulative frequency distribution
and yields good estimates without any a priori knowledge
of the actual underlying distribution of spatial objects. We
show experimentally that the proposed sampling technique
gives smaller approximation error than the Min-Skew his-
togram based and wavelet based approaches for both syn-
thetic and real datasets. Moreover, the proposed technique
can be easily extended for higher dimensional datasets.
Key words. random sampling, cumulative frequency dis-
tribution, query estimation, range query

1. INTRODUCTION

Query size estimation plays an important role in the query
optimizer of a database management system. Depending on
the size of the intermediate results, a particularly query ex-
ecution plan may be favored over another. A common ap-
proach in relational databases is to store, for each attribute,
summary information that can be used to estimate the re-
sulting size of a query. Random samples of tuples from the
base relation of database can be used for selectivity estima-
tion [7, 10]. The AQUA system [6] uses random samples of
tuples for general purpose query result estimation. The idea
is to create a down-sized copy of the original relation and
run the queries against the down-sized copy, which is signif-
icantly smaller than the original relation, to get an estimate
of the results. Recently Chaudhuri et al. [3] have developed
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a theoretical framework for explaining the difficulties in im-
plementing sampling as a primitive relational operator. We
refer to the above techniques as tuple sampling. Instead of
using a down-sized copy of the original relation for query
estimation, other stored information (e.g., histograms) that
summarizes the distribution of attribute values of a relation
can be used for query result estimation. Such approaches
further reduce the amount of auxiliary information main-
tained for estimation.

Data reduction techniques can be divided into two main
categories: parametric and non-parametric. The paramet-
ric data reduction techniques try to use parameters, which
are usually few, to describe the original data distributions.
Although the model fitting techniques can summarize data
distributions with a few descriptive parameters (e.g., the z
value in the standard normal distribution), in the cases that
the data distribution does not follow any known distribu-
tions, or their linear combination, the model fitting tech-
niques produce inferior results. The non-parametric tech-
niques use different approaches to summarize data distri-
butions. Most of the techniques in this category can be
viewed as variations of tree based summarization; e.g., in-
dex trees, variations of histograms, or cluster-based. The
idea is to divide the attribute domains into overlapping or
non-overlapping regions where each region can be summa-
rized separately with much less storage space.

One of the main problems of applying estimation tech-
niques in a database management system is the unknown
characteristic of the distribution of the data that will pop-
ulate a given DBMS. In fact, in order for such a technique
to be useful, the estimation technique should be effective
for different kinds of data distributions. This is because a
DBMS is used for a variety of applications resulting in a
wide spectrum of data that populates the database. In this
paper, we develop a new strategy to summarize the distri-
bution of attribute values, the golden estimator, based on a
simple observation (known as the golden rule of sampling)
made by von Neumann [5] for sampling cumulative probabil-
ity distributions. The proposed method uses samples based
on the frequency domain of the cumulative frequency distri-
bution. The surprising observation is that such an approach
results in samples that reflect the distribution without any a
priori knowledge. We first develop the golden estimator for
single attribute domains and then extend it to handle two di-
mensional domains which is important for spatial databases
(this approach could then be applied to higher dimensions
easily). We develop this approach in the discrete domain
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and conduct several experiments to compare it with other
state of the art approaches. We demonstrate that in most
cases, under the same space requirement, the golden esti-
mator gives more accurate estimation for the result size of
range queries.

This paper is organized as follows. In Section 2 we in-
troduce our terminology and develop the golden estimator
technique to estimate range queries in a single dimension
space. In Section 3, we first show that the golden estimator
is not applicable for spatial range query estimation without
modification. We then present an extension of the golden
estimator technique for multi-attribute domains that can be
applied to spatial range query estimation. Detailed exper-
iments and results are presented in Section 4. Section 5
concludes this paper.

2. THE GOLDEN ESTIMATOR FOR SIN-
GLE ATTRIBUTE DOMAINS

In this section, we develop the golden estimator for sin-
gle attribute domains. Our approach uses random sampling
over the distribution function of a relation instead of the tu-
ple level as in the tuple sampling techniques. We begin by
defining the range query estimation problem and then de-
scribe the golden rule of sampling [5], which is invariant to
the underlying data distribution. Unfortunately, this tech-
nique is applicable only in continuous domains. We therefore
adapt this approach for discrete domains.

2.1 Preliminaries

Given a relation R with an attribute A, we are interested
in estimating the size of a range query on attribute A. We
adopt the notation develop in [12, 11] where information
about the attribute domain is summarized and used in esti-
mating the size of the query. We assume the discrete domain
D of attribute A is {do,d1,d>,...,dn—1} which contains all
the possible values of A. A range query is specified using
a range predicate of the form ¢ < A < b, where a and b
are constant values in the discrete domain D. Sampling
is an efficient and frequently used technique for estimating
query size. Two general approaches for sampling are used
depending on whether the actual tuples or the domain are
sampled. In tuple sampling, the tuples in the relation are
sampled, and the resulting samples are taken as representa-
tives for the actual relation and hence can be used to esti-
mate sizes of queries. In domain sampling, the domain of
the attribute of interest is sampled using a frequency distri-
bution. The collected set of samples are represented by a
histogram, which can then be used to estimate query sizes.
In this paper we pursue the latter approach, namely, fre-
quency distribution sampling and show that, in general, it
outperforms tuple sampling in terms of accuracy of results.

We now define some of the basic terms used throughout
this paper. The frequency f; of value d; for attribute A is
the number of tuples ¢t € R with t.A = d;. If no tuples ¢ in
R have t.A = d;, then f; = 0; i.e., zero frequency. The fre-
quency distribution function (fdf) is an ordered set of value

pairs fdf = {(do, fo), (d1, f1), (dz, fz), aey (dN_1, fN_1)}. Given

the fdf, the size of a range query g(a < A < b) can be cal-
culated as the number of tuples t € R with a < t.A < b,
which is equal to E;’: o, fi- Much research has been devoted
to obtaining accurate values for the fdf [2, 12], however good
approximations usually require high storage, which becomes
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Figure 1: Example fdf and cdf

unrealistic to use the fdf to estimate query sizes. As a result,
most commercial systems maintain histograms for estimat-
ing query sizes and recently there have been several his-
togram based techniques that have been proposed [12]. In
these approaches, the histogram is derived either from the
actual fdf or, more realistically, based on a down-sized copy
(often obtained using tuple sampling) with lesser accuracy.

In this paper, we will use sample pairs (d;, f;) to approx-
imate the fdf (as with histogram derivations, we can either
use the actual fdf or a down-sized copy). Our approach is
based on the cumulative frequency distribution, which can
be easily obtained from the frequency distribution function.
The main challenge in query size estimation is to use a lim-
ited amount of storage to approximate the fdf. This approx-
imation is then used to estimate the number of tuples that
are in the range specified by the query.

2.2 Random Sampling in Databases

Random sampling is one of the most straightforward and
simple techniques used for estimating values in a given dis-
tribution. In general, random sampling techniques work as
follows. In the construction phase, random samples are se-
lected from the domain under study, in our case, for ex-
ample, the frequency distribution (fdf), and stored as value
pairs (d;, f) in a searchable structure (e.g., array, tree, etc.).
Note that unlike tuple sampling, where actual tuples are
sampled, in this approach the domain is sampled and hence
some values may be zero. We are trying to estimate the
entire distribution. In the query phase, when a range query
gla < X < b) is presented we search the stored samples
and compute the estimated result s’ from the samples cor-
responding to the range [a : b]. The absolute difference be-
tween the actual result size s and s', |s — §| is referred to as
the absolute error. The relative error E,.;, which evaluates



the error as related to the result size is defined as:
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Figure 1.(a) shows an example fdf. One naive approach
is to construct the fdf by randomly sampling the attribute
domain and when a query is issued, the sampled fdf value
pairs are used to estimate the result size. For example,
let the sample set taken be Srqr = {(2,0),(5,0),(8,5)},
which is randomly sampled from the fdf of the attribute
domain as shown in Figure 1.(a). Counsider a range query
q(2 < X < 7). Since two samples in this query fall in the
query range, namely (2,0) and (5,0), we can therefore use
these two samples to estimate the query result. If we as-
sume a uniform value distribution (since we do not assume
knowledge of the underlying distribution), we can assume
that neighboring attributes have similar frequencies. We
therefore estimate the frequencies of attribute values 3, 4,
6, and 7 are all zero because their neighboring attributes
2 and 5 have zero frequencies, which yields a query result
estimate of zero. As can be verified from Figure 1.(a), the
actual result to this query is 13. Hence the relative error
E,e; =|13 —0]/13 x 100 = 100%. In fact, several disadvan-
tages can be observed when using randomly sampled sets
from the fdf. First, as shown in Figure 1.(a), most of the
frequencies are of a very small value, zeros or ones in most
cases. The sample set is expected to have most of the value
pairs with zero frequencies and thus will not contribute to
the estimate. Second, to use the value pairs in the sample
set to estimate the missing neighboring values is inappro-
priate because the uniformity distribution assumption does
not hold in general; i.e., there may be no correlation among
frequencies of neighboring attributes.

As was observed by Matias et al. [11], a more appropriate
approach is to randomly sample the cumulative distribution
function (cdf) instead of the fdf. The cdf is the ordered
set of value pairs {{do, co), (d1, c1), (d2, c2), ..., {(dN—1,eN-1)}
where ¢; is the cumulative frequency of value d;, which is the
number of tuples t € Rwith t.A < d;;i.e., ¢ Z;.:I f;- For
a range query g(a < A < b), the cdf can be used to compute
the number of tuples as ¢, — ¢,. The intuition behind this
is that each sample of the cdf (d;,c;) contains the sum of
all frequencies of the fdf that is smaller than d;; i.e., even if
the random sample misses some attribute values with large
frequencies, the missing information can still be gathered in
a random sample with larger d;. Furthermore, since the cdf
is a monotonically increasing function, it is easier to have
better approximations than using the fdf. From a query
cost point of view, it is worth noting that the worst case
complexity of executing a range query using the cdf is O(1)
whereas using the fdf is O(n). This property was exploited
in the context of multidimensional data cubes by Ho et al. [8]
to ensure constant query cost.

To show how to apply randomly sampled cdf for range
query estimations, Figure 1.(b) shows the cdf for the under-
lying fdf of Figure 1.(a). Let us take the same three samples
as before but from the cdf, S.qr = {(2,2), (5,14), (8,20)}.
The estimated query result of ¢(2 < X < 7) is ¢7 — ¢4,
where ¢}, and ¢ are estimates of the actual values ca and
cr, respectively. Because the cdf with attribute value 2 is
contained in the sample set, ¢, can be determined exactly
as ¢h = c2 = 2. ¢y can be estimated in many ways. The
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simplest way to estimate the value of ¢ is to assign it to
the nearest sample point in the sample set Scqr, which is
cs = 20. The final estimation is now c; — ch =20 — 2 = 18.
The relative error is E,¢ = |13 — 18|/13 x 100 = 38.5%,
which is smaller then the previous estimate using the ran-
dom sample set of fdf. But choosing the nearest neighbor
point (d;,¢;) in the sample set to represent the query point
c} in some cases may not be accurate. In this example, to
estimate ¢7 we used the nearest neighbor cg = 20 in the
sample set S.qr but the actual c7 is 15 and thus the error is
5.

One can reduce the error of the estimation further by us-
ing a more elaborate method, namely, interpolation. For
example, to estimate c;, we take the two nearest neighbor
samples (diow, Clow) and {(dnigh, Chigh) from the sample set
Scas such that djo,, is the largest value smaller than or equal
to d; and dpign is the smallest value greater than or equal
to d;. To interpolate c;, we use

x dv. - dlow
Arigh — diow

(2)

C:; = Ciow + (Chigh - Clow)

In the above example, to estimate ¢, we take two samples
from Scdf (dlow,clow) = (5, 14) and (dhigh,chigh) = (8, 20).
Using Equation 2, ¢k = 14 + (20 — 14) x (7 —5)/(8 — 5) =
18. As a result, by using the interpolation method together
with the random sampling of the cdf, the E,.; reduces to
|13 — 16//13 x 100 = 23%.

Random sampling of the cdf gives better estimation than
sampling the fdf in the above example because sampling the
fdf has the potential of choosing sample sets that contain
less information if the distribution of the fdf value pairs is
sparse with respect to the attribute domain. Sampling the
cdf instead of the fdf can partially remedy this problem.
However, several problems still remain with regard to esti-
mation based on random sampling. For example, with the
above cdf sample set, query ¢(0 < X < 3) will result in
an estimated answer of zero because (d2,c2) is the nearest
sample to both dog and d3. The error can be greatly reduced
if the sample set contains the sample (3,14). The above
example illustrates one of the main problem with random
sampling, namely, that sampling is performed in a random
manner whereas the distribution of the underlying data may
not be uniform. Hence the sample set may not capture the
necessary information in terms of the underlying data distri-
bution. Also note that sampling on the cdf does not always
give better estimates than sampling on fdf. This is espe-
cially true when the underlying distribution has near uni-
form or clusters of uniform distributions. What is needed is
a method that samples the data in a manner that mirrors
the underlying distribution.

One approach to achieve this is to sample more values with
higher frequencies than values with lower frequencies; i.e.,
samples should not be taken randomly by attribute values
but according to their corresponding frequencies. However,
in general, such a sampling strategy is hard if the underlying
distribution is not known in advance. Alternatively, the
fdf values can be sorted by frequencies and then apply a
biased sampling; i.e., more samples are taken from the more
frequent values. In fact, Poosala et al. [9, 12] have shown
that in constructing histograms, the best results are attained
when values are sorted and histogram buckets are chosen
to favor more frequent values. In the following section we



describe a simple approach that captures the essence of the
underlying distribution without a priori knowledge of the
distribution and without the need for sorting.

2.3 The Golden Rule for Random Sampling

‘We now propose to adapt a very efficient sampling mech-
anism for capturing the relevant information, irrespective of
the underlying distributions. In a letter to Ulam in 1947,
von Neumann suggested a sampling rule often referred to as
“the golden rule of sampling” (Los Alamos Science, p.135,
June 1987, [5]). Since the rule is stated for continuous prob-
ability distributions, we now digress, and assume that the
distribution function is a continuous probability function,
and later show how to adapt the proposed technique to a
discrete domain. The initial development is based on [4].

1 T T T T T T T ————
TR -

) —
fles on F(x) o

08 |

06

probabilty

04

0.2

K
6000

0 L N
0 1000 2000 3000 4000 5000 7000 8000 9000 10000
x

Figure 2: Sampling using the inverse of the cdf

Consider a non-uniform probability distribution function
f(z). As discussed earlier, uniformly sampling such a distri-
bution will not yield a set of random samples that effectively
capture the essential information of f(z). For example, if
f(z) has a Zipf distribution, sampling may yield most sam-
ples that do not carry any information or have zero values.
By using some transformation of the fdf, it it possible to get
better random sample sets; i.e., more samples with higher
frequencies than samples with lower frequencies. Initially we
assume a continuous domain where a probability distribution
function (pdf) instead of a frequency distribution function
is used to describe the data distribution. Let us assume
that there exists a monotonically increasing transformation
function y(x), with dy/dz > 0 for all z. The transformation
must conserve the probability that random variable z’ oc-
curring in dz about x must be the same as the probability
of a random variable 3’ occurring in dy about y. More pre-
cisely, there must be a one-to-one relationship between x and
y and y must exist. From the definition of the probability
distribution function, f(x) and g(y) are

f(z)dx = prob(z < &' < z + dx) (3)
9(y)dy = prob(y < y' <y +dy) (4)
where g(y) is the probability distribution of the transforma-
tion y(z).
The transformation implies that these probabilities must
be equal, thus we have

f(z)dz = g(y)dy (5)
and we can solve g(y):
9(y) = f(=)/[dy/dx] (6)
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One of the most important transformations that satisfies
the above condition is the cumulative distribution function

(cdf):

vy =F@) = [ " fa)da! )

In this case, we have dy/dx = f(x) and more importantly,

9(y)=1,0<y<1 (8)

Equation 8 shows that the cdf is uniformly distributed
on [0,1], independently of the pdf f(z). This result has
significant impact on how we can sample from an arbitrary
pdf. Because the random variable z and the cdf F(z) are
one-to-one correspondent, we can sample z by first sampling
y = F(z) and then use the reverse function to invert F(x)
to , or z = F~'(y). And from Equation 8 we know the
cdf is uniformly distributed on [0,1]. Therefore, by using
a uniform random number generator U[0, 1] to generate a
sample ¢ from the cdf F(z) we can have a sample about z
by £ = F~!(¢). The golden rule of sampling [5] can therefore
be summarized as follows.

1. Given a pdf f(z), generate the cdf F'(z).

2. Generate a random number y between [0,cny—_1] (the
range of the cdf is between 0 and cy—1) then equate it

to the cdf; i.e., y = F(x).

3. Solve for z by inverting the cdf; i.e., z = F~(y).

Let us illustrate the essence of the above rule using a sim-
ple example. Consider a function f(z) as illustrated in Fig-
ure 2, which is not uniform. We generate the cdf, F(z), and
then take random uniformly distributed samples on the cdf
(i.e., uniformly sample the y axis). Since the cdf is uniformly
distributed, the sample values capture its distribution. Now
for each random sample, we calculate its inverse with re-
spect to F(x); i.e., F~'(x). As the figure illustrates the
values chosen essentially capture the non-uniformity of the
underlying function f(z). In particular, more samples end
up being taken in the parts of the f(x) that have more in-
formation.

2.4 Adapting the Golden Ruleto Discrete Do-
mains

Unfortunately the golden rule holds for a continuous prob-
ability distribution function, whereas databases in general
have discrete frequency distributions. The main problem
that arises, if we try to use the golden rule in our domain,
is that the cdf is not a 1-to-1 mapping. In fact, the cdf in
a discrete domain can be viewed as a monotonically non-
decreasing step function. Consider one such step as shown
in Figure 3. Several random samples in the frequency do-
main, e.g., ¢, ¢, ¢’ all correspond to the same value in the
attribute domain, namely d;y1. This arises due to the fact
that F(z) is not a 1-to-1 function with respect to f(z) in
a discrete domain. The main challenge now is to determine
the appropriate sample when we encounter such a situa-
tion. There are basically two possible sample pairs (d;, c;)
and (di+1,ci+1) as shown in Figure 3. If we choose (d;, c;),
we refer to that method as sampleLo. Alternatively, if we
choose (di+1,ci+1), we call it sampleHi.

We conducted a set of experiments [17] which shows that
neither sampleLo nor sampleHi produces good estimates if
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the query points fall between the sample at the sharp edge
and the next neighboring sample even with interpolation.
One simple modification of the sampling method is when
the first sample ¢ with d; < d < d;11 is taken, insert
(di, c;) into the sample set Sqqf as in sampleLo; if another
sample ¢’ occurs in the same range with d; < d” < dit1,
insert the other sample (diy1,ci+1) into the sample set Scqr
as in sampleH: (see Figure 3). The intuition is that if the
frequency f; of d; is large enough, there is a greater chance
that the cdf range from c¢; to ¢;+1 will be sampled more
than once. If that is the case, we should take both (d;,c;)
and (d;41,ci+1) in order to best approximate the original
cdf. However, if there is yet another sample ¢”’ such that
d; < d” < dit1, then since we have already taken both
{d;,ci) and (di+1,ci+1), no new information can be gained
by taking the same sample again, we simply discard ¢’ and
replace it by drawing another random sample. We refer to
this modified sampling method as the golden estimator.

PROCEDURE GoldenE stimator (noO fSampleNeeded, cdf)
BEGIN
sampleSet = NULL; (* keep samples *)
(* keep track of the number of samples taken *)
sampleCount = 0;
s = 0; (* random sample *)
xLo = 0; (* low attribute value *)
xHi = 0; (* high attribute value *)
WHILE sampleCount < noO fSampleNeeded
s = a random number between 0 and ¢,—1 in cdf;
zLo = Max(z;), where ¢; < 5,0<i<n-—1,
xHi = Min(z;), where ¢; > 5,0 <i<n—1;
IF (xLo,czr0) ¢ sampleSet THEN
add (xzLo, cz10) to sampleSet;
sampleCount + +;
ELSE
IF (xHi,comi) ¢ sampleSet THEN
add (zHi,cym;) to sampleSet;
sampleCount + +;
END; (* IF *)
END; (* IF *)
END; (* WHILE *)
RETURN sampleSet;
END; (* GoldenEstimator *)

Figure 4: Golden Estimator Sampling Algorithm

Figure 4 depicts the algorithm that is used for drawing
random samples based on the golden estimator method. The
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function has two input parameters: number of samples and
the cdf of the target attribute value tuples in a relation.
The main loop of the algorithm generates a random number
s between 0 and the maximum value of the cdf. We then
identify {(x;, ¢;) in the cdf such that x; is the largest value for
which s > ¢; and (@;41, ci+1) such that z; 41 is the smallest
value for which s < ¢;+1. Depending on the samples accu-
mulated so far, first (x;,c¢;) is included and if that already
exist and (x;41,cit1) is distinct then (ziy1,ci+1) is added to
the sample set. The algorithm terminates after the specified
number of samples are drawn.

PROCEDURE queryEstimate (a, b, sampleSet)
BEGIN
(* query = g(a < X < b) ¥)
ch,cp; (* estimates of ¢, and cp *)
dLo,dH73; (* low/high attribute value *)
cLo, cHi; (* low/high cumulative value *)
(* find nearest samples that lies on either side of a*)
cLo = Maz(c;),dLo = Max(d;),
where d; < a, (di, c;) € sampleSet;
cHi = Min(c¢;),dHi = Min(d;),
where d; > a, (d;,c;) € sampleSet;
(* interpolate ¢, using Eq 2 *)
¢, = clo+ (cHi — Clo) x (a — dLo)/(dHi — dLo);
(* similarly for b*)
cLo = Maz(c;),dLo = Max(d;),
where d; < b, (d;,c;) € sampleSet;
cHi = Min(c;),dHi = Min(d;),
where d; > b, (di, ¢;) € sampleSet;
¢, = clo+ (cHi— Clo) x (b — dLo)/(dHi — dLo);
RETURN ¢, — ¢,;
END; (* queryEstimate *)

Figure 5: The Golden Estimator Query Estimation
Algorithm

Figure 5 illustrates the algorithm that is used to estimate
the answer for a given range query [a : b] from the set of
random samples. As shown, for each end point a and b we
find the corresponding estimates for cdf as ¢, and cj. ¢} is
the interpolated value from the nearest random samples that
lie on either side of a in the random sample set. Similarly
for c,. The query result is estimated to be the difference
U ’
Cp — Cq.

3. THE GOLDEN ESTIMATOR FOR SPA-
TIAL DOMAINS

The golden estimator described in Section 2 is applica-
ble only for a single attribute domain. We now extend the
golden estimator for multi-attribute domains. For conve-
nient we concentrate on range queries for two attributes only.
This case is of particular importance in spatial databases.
Furthermore, simple extensions to more attributes are not
difficult.

3.1 Prdiminariesfor Multi-attributeDomains

Given a relation R with attributes X and Y, we are in-
terested in estimating the size of a range query on attribute
X and Y. We assume the discrete domains D, and D,
of spatial attributes X and Y are {zo, 1, z2,...,on—1} and
{yo,y1,¥2, ..., ym—1}, respectively. A range query is specified
using a range predicate of the form (a < X <b AND c¢<
Y < d), where a and b are constant values in the discrete



domain D, and ¢ and d are constant values in the discrete
domain Dy. The frequency f(s,) of value pair d(, , for
attributes X and Y is the number of tuples ¢t € R with
t.X =z and t.Y = y. If no tuples ¢t in R have t.X =
z and t.Y =y, then f,,) = 0; i.e., zero frequency. The
frequency distribution function (fdf) is a set of value pairs
fdf = {{d0,0), £0,00)s -+ {d(i,g)s Feini)ds -5 {dv,anyy v, m)) }-
The cumulative distribution function (cdf) is the ordered set

ofvalue pairs {(d(o}o), C(O,O)); ceny (d(i,j), C(i’j)), reay (d(N,M), C'(N,M)>}

where c(; ;y is the cumulative frequency of value d(; ;, which
is the number of tuples t € R with t.X <z and t.Y <y,

e, cu,j) = E;:() E;:() f(w,’y)'

In the following sections, we will use sample pairs (d(; ;), ¢ 5))

to approximate the fdf. Our approach is based on the cumu-
lative frequency distribution, which can be easily obtained
from the frequency distribution function. As before, the
main challenge in query size estimation is to use a limited
amount of storage to approximate the fdf. This approxima-
tion is then used to estimate the number of tuples that are
in the range specified by the query.

3.2 Naive Approach

In Section 2 we demonstrated how to use the cdf to sample
a single attribute data distribution. In this section we show
a direct extension of the golden estimator for multi-attribute
data distributions. For simplicity, we discuss an extension
of the golden estimator in two dimensions. Consider the two
dimensional cdf of a two dimensional fdf f(x1,z2).

1 To
y(z1,z2) = F(z1,22) = / / f(zy, zy)dzidzy  (9)

At first, we may think that the two dimensional cdf, as
defined in Equation 9, can be used as the two dimensional
transformation function F in a similar manner as the golden
estimator technique discussed in the previous section by re-
placing the [dy/dz] in Equation 6 with the Jacobian of F'.

2d Gaussian fdf —

frequency
150 -

Figure 6: 2-d Gaussian distribution

However, there are two problems with this approach. First,
in Equation 6, replacing [dy/dz] with the Jacobian of F will
not result in g(y) = 1,0 < y < 1, as in Equation 8. This
indicates that the values of the two dimensional cdf are not
uniformly distributed. Second, the two dimensional cdf in
Equation 9 is not a one-to-one mapping function of the fdf.
The above problems prevent the use of a uniform random
number generator U[0, 1] to generate a sample & from two
dimensional cdf F, then use the inverse function F~' to
convert to a sample in the two dimensional fdf. We con-
clude that the two dimensional cdf cannot be used by the
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Figure 7: 2-d sampling with the golden estimator
and row-major transformation

golden estimator technique to capture the underlying two
dimensional fdf without further modifications.

3.3 ExtendingtheGolden Estimator Technique
for Multiple Attributes

Although the results in the previous section seem to dis-
courage the application of the golden estimator in a two di-
mensional domain, we propose modifications to get around
the above problems by using an alternative transformation.
Our intuition is that, since the golden estimator works in
single attribute spaces, we can transform a two dimensional
space into a single attribute space, then apply the golden
estimator in the transformed one dimensional domain. The
question then arises is whether this approach will result in
a sample set that characterizes the frequency distribution of
the original spatial data. An important requirement is that
the transformation must be a one-to-one mapping. Fortu-
nately, it can be shown that there always exists a one-to-one
mapping from a multiple dimensional space to a one dimen-
sional space. This indicates that the golden estimator can
indeed be applied to two dimensional spaces.

We now focus our discussion on two dimensional discrete
spaces. First, we discuss how to find a proper transforma-
tion, which is a one-to-one mapping, from two dimensional
space to one dimensional space, and vice versa. There ex-
ist many space filling curves which transform from a multi-
dimensional space to a single dimensional space; e.g., the
row-wise enumeration (row-major ordering), the z-ordering,
Hilbert curve, Grey ordering, etc. Any of these space filling
curve functions can be applied as the multi-dimension to one
dimension transformation.

To apply the golden estimator in spatial database, we use
the following steps to generate sample sets that can capture
the original data distribution without a priori information.

1. For multi-dimensional dataset fdf?, we apply multi-
dimensional to one dimensional transformation Fa4_,14
on fdf? to get one dimensional fdf fdf'.

2. Generate the one dimensional cdf (i.e.; F(x)) cdf* from

faf'.



Take a uniformly distributed sample set Scldf from the

frequency domain of cdf’ (i.e.; uniformly sample the y
axis).

For each random sample in Scldf, we calculate its in-
verse with respect to F(z) (i.e., F~'(x)) and get sam-
ple set S}df. S}df captures the distribution of fdf'.

For each sample in set S}df, apply the inverse transfor-
mation F, ', on the one dimensional sample set S}df
to get multi-dimensional sample set S)%df with respect
to fdf>. S?df captures the distribution of fdf>.

For each sample in multi-dimensional sample set S}df,
compute the multi-dimensional cumulative frequency
of each sample and store it in the final cumulative fre-
quency sample set Sfdf for query estimation process-
ing.

We refer to the above technique as the multi-attribute golden
estimator technique. Note that in Step 3 and Step 4 we
use the same algorithm of the golden estimator without any
modifications.

‘We now present examples of how the multi-attribute golden
estimator technique works on the same synthetic spatial
dataset depicted in Figure6. Figure 7.(a) shows how the row-
major enumeration function fills a two dimensional space
with a one dimensional space-filling curve. Figure 7.(b)
shows the one dimensional fdf after applying the row-major
enumeration transformation function, on the fdf in Figure 6.
Each spike in Figure 7.(b) is actually a 1-d Gaussian distri-
bution curve created by slicing in the z direction of the 2-d
Gaussian distribution in Figure 6. Figure 7.(c) shows the
corresponding cdf of the fdf in Figure 7.(b) on which we
applied the golden estimator to collect the one dimensional
sample set. Figure 7.(d) shows the final two dimensional
sample set in the original fdf domain after applying the in-
verse transformation of the row-major enumeration. Note
how the sample set in Figure 7.(d) captures the original fdf
in Figure 6.

Although the above example clearly shows the feasibility
of the multi-attribute golden estimator on spatial domains,
it raises another question. Do different multi-dimension
to one dimension transformation functions F,qg—14 result
in different sample sets? Moreover, is there an optimal
Find—14 for the two dimensional golden estimator technique?
We conducted experiments using the Hilbert curve transfor-
mation [17] and showed that despite the significant differ-
ences in the transformed one dimensional cdf and fdf, the
Hilbert curve function and the row-major enumeration func-
tion produce almost identical two dimensional sample sets.
This result supports that, without loss of generality, any
of the space filling curve functions can be applied as the
multi-dimension to one dimension transformation function
Frd—14. This is due to the unique property of the golden es-
timator in a single attribute space, which can always capture
the one dimensional fdf' irrespective of the characteristics
of the fdf'. And since the inverse transformation function

"~ .4 is a one-to-one mapping function from the trans-
formed one dimensional space back to the original multi-
dimensional space, the resulting multi-dimensional sample
set Sty can always capture the the multi-dimensional fdf™
irrespective of the characteristics of the fdf™. Although
we experimentally argue that any of the space filling curve
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functions can be applied in the proposed technique, a for-
mal proof of the proposed theorem is still remains an open
problem.

4. PERFORMANCE EVALUATION

In this section we conduct experiments to compare the
performance of the Golden Estimator with current estima-
tion methods in single attribute and spatial domains.

4.1 PerformanceEvaluation of theGolden Es-
timator for Single Attribute Domains

We first conduct a set of experiments to compare the
performance of the golden estimator with other estimation
methods in a single attribute domain. We choose two of the
most recent and competitive methods namely the histogram
method MaxDiff(V,F) proposed by Poosala et al. [12] and
the wavelet based approach proposed by Matias et al. [11].
We also compare the performance with the tuple sampling
technique. In general, the tuple sampling techniques work
as follows: A random sample of tuples is taken from the
relation a priori or during the query processing phase. Let
sample set S be taken from the relation R. When a range
query @ is presented, if the subset ¢ of S satisfied @, the

selectivity is estimated as %.
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Figure 8: Relative error using different estimation
techniques

4.1.1 Experimental Setting

We consider a relation R with 10° tuples. The attribute
A, on which range queries are specified, is an integer with
range from 0 to 2'® —1. Since the Zipf distribution has been
shown to best describe data in the real world, we use the
Zipf distribution for most of the experiments. To ensure
that there is no correlation between attribute values and
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Figure 9: Experiment results of the ADL dataset

their frequencies, we randomly assign the Zipf frequencies
to the attribute values. We use the algorithm described in
[18] for generating the Zipf distribution.

In the experiments we explore the performance of the
different methods on query sets with different selectivities.
The selectivity sel of query g(a < X < b) is defined as
sel = (b—a)/N, which is the percentage of the query range
to the entire attribute domain. We varied the selectivity
experiment in steps of 0.01 from 0.01 to 0.8; i.e., an ex-
periment was conducted for selectivity 1%, 2%, ..., 80% of
the attribute domain. For each such selectivity, a query
set of 5000 random range queries was generated. The error
measure used to compare the different methods is the av-
erage relative error for the query set Q; i.e., if we assume
Q = {q17 g2, .- Qm}, then

Erel(Q) = W

A problem that has been observed [11, 12] with this equa-
tion is that when the actual result size is zero, the relative

(10)
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error E,.; becomes infinity. For computational reasons, in
such cases, we readjust E,; from infinity to 100%. Also
note that the E,. is not limited to 100% and can exceed
100%. This is typically the case when the actual result size
s is small as in Equation 1. In all figures, the relative error
is depicted on the y-axis using a logarithmic scale.
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Relative error with different storage

We used the independent replication method to conduct
our experiments. We repeated each experiment sufficient
times to obtain 90% confidence intervals, some of which are
shown in the figures included in this section.

4.1.2 Relative Accuracy of the Golden Estimator

The first experiment compares tuple sampling, the wavelet
method [16], the MaxDiff histogram method [12], and the
golden estimator using the same Zipf distribution; i.e., z =
0.1 (this represents a slightly skewed distribution where z =
0 refers to a uniform distribution). For each technique,
we compare the performance assuming the space require-
ment for each are identical. We use 100 random samples for
the random sampling technique, 100 wavelet coefficients for
the wavelet technique, 100 histogram bins for the MaxDiff
histogram technique, and 200 tuple samples for the tuple
sampling technique. Note that in an actual implementation
of the MaxDiff histogram, two or three numbers are actu-
ally needed for each bin to store information depending on
whether there is more than one attribute value in the same
bin. We choose to ignore such differences and assume that
only two numbers are needed for each bin and thus assigned
more bins to the MaxDiff method. Also note that for the
tuple sampling technique, the sample of tuples is stored as
an unordered set of domain values and thus can store up to
twice as many samples as compared to the golden estimator
technique.

Figure 8.(a) shows the estimation error with the 90% con-
fidence intervals. The graph clearly shows that the golden
estimator results in smaller errors than the three other meth-
ods under all query selectivities. Since the confidence inter-
vals shown are fairly tight, it also shows that taking the sam-
ple set randomly (which was done for independent replica-
tion) from the cdf has little effect on the estimation accuracy
of golden estimator.

Figure 8.(b) shows the estimation error of the different
methods when the underlying distribution is highly skewed.
‘We use the same experimental setting as the previous exper-
iment except the z value of the Zipf distribution is changed
from 0.1 to 2.0; i.e., more skewed distribution. As the result
shows the golden estimator has significantly less estimation
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Figure 11: Experiment results of the synthetic 2-d Gaussian distribution dataset

errors than all other methods even with highly skewed data.

The next dataset is a real dataset taken from the Alexan-
dria Digital Library (ADL) [14], which includes relatively
large datasets derived from spatial domain. The dataset
contains 2,339,771 digital spatial objects. Figure 9.(a) de-
picts the dataset with the centers of each spatial object pro-
jected on the longitude attribute with 1/100 degree preci-
sion; i.e., 36,000 cells along longitude direction with each
cell 1/100 degree. Note that the peaks in Figure 9.(a) gen-
erally fall in to the range between [40W:130W], which is
roughly the America. It means that a big portion of the
ADL collection is composed of spatial objects covering the
America. Figure 9.(b) depicts the CDF of Figure 9.(b). Fig-
ure 9.(c) shows the average relative errors with the same
experimental settings. This experiment establishes that the
golden estimator still outperforms all other methods with
real datasets.

The next experiment shows how different amounts of stor-
age space will affect the estimation errors. We fix the selec-
tivity to be 0.1 and z = 0.1. The storage space ranges
from 20 to 2000 numbers, which is 10 to 1000 random sam-
ples, 10 to 1000 wavelet coefficients, 10 to 1000 MaxDiff
histogram bins, or 20 to 2000 tuples for the tuple sampling
techniques, respectively. Figure 10 shows that the golden es-
timator outperforms all other three approaches for different
storage requirements. It also shows that both the wavelet
and the golden estimator benefit from the increase in stor-
age resulting in the reduction of overall relative error. The
MaxDiff histogram method, on the other hand, does not
exhibit the same degree of advantage with respect to the
increase in storage. We also study the performance of the
golden estimator on different data distributions and the ef-
fect of distribution skewedness. Due to limited space, the
experiment results are included in [17].
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4.2 PerformanceEvaluation of theGolden Es-
timator for Spatial Domains

In this section we conduct a set of experiments to com-
pare the performance of the golden estimator with other es-
timation methods in spatial domains. We choose two of the
most recent and competitive methods namely the Min-Skew
histogram method proposed by Acharya et al. [1] and the
wavelet based approach proposed by Matias et al. [11]. The
Min-Skew histogram technique is a non-parametric estima-
tion technique that partitions the space into non-overlapping
buckets with minimum sum of spatial-skews of all buckets.
However, our initial experiments show that the partition
process in the original Min-Skew histogram technique may
stop before it generates enough buckets as desired. In such
cases, the estimation accuracy of the Min-Skew histogram
technique suffers considerably from not having enough his-
togram buckets. The problem is because under some data
distributions no partition is possible for decreasing the total
weighted variance of buckets; i.e., every possible partitions
of buckets can only increase the the total weighted vari-
ance of buckets and the partition process stops [13]. To
overcome this problem, we define another weighted variance
which is based on the domain area of each bucket, not the
number of tuples in each bucket as suggested in [1], in our
experiments. The modified Min-Skew histogram technique
generates the desired number of buckets with minimum to-
tal weighted variance in all our experiments. By generating
more buckets, the modified Min-Skew histogram technique
reduces the estimation error of the original Min-Skew his-
togram technique. Hence we used the modified Min-Skew
histogram technique for comparison in all our experiments.
The wavelet technique is a parametric estimation technique
that employs the wavelet transform to extract the most de-
scriptive coefficients for the original data distributions. We
also compare the performance with the space random sam-
pling technique. In general, the space random sampling
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Figure 12: Experiment results of the ADL dataset

technique takes uniformly distributed samples from the cdf
according to spatial position.

In the experiments we explore the performance of the dif-
ferent methods on query sets with different settings. All the
queries in the query sets are 2-d prefiz queries (also know
as Type A query as defined in [16]). In short, a 2-d prefix
query ¢q on relation R with spatial attributes X and Y is
defined as

@ Yn
pe<m & y<n)=>_ > fuj

=20 j=Y0

(11)

where f(; ;) is the frequency of tuples as described in Sec-
tion 3.1. As we can see the prefix query is a special case of
2-d range type query (also know as Type B query as defined
in [16]), which is defined as

Tp Yd

gr(a<z<b & cgySd)=Z Zf(i,j)

1=Taq j=Yc

(12)

The reason for using prefix queries is that every range query
can be translated into a linear combination of prefix queries.
For example, a range query ¢,(a <z <b & ¢ <z <d) can
be evaluated by four prefix queries in constant time as shown
by Equation 13.

g(a<z<b&c<y<d)= g(z<b&y<d)
—q(z <b&y <o)
—gp(z < a&y<d)

+op(z <aky<c) (13)

The same approach can be used for 2-d delta query (referred
to Type C query as defined in [16]) by replacing the values b
and d in Equation 12 and 13 with a + A and ¢+ A, respec-
tively. Note that the selectivity queries used in Section 4.1
are Type C queries with constant selectivity; i.e., A. Simi-
larly, other types of range query (e.g.; Type D and Type E
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query in [16]) can also be evaluated by a linear combination
of prefix queries. Due to space limitation, and since all other
types of queries can be expressed in terms of prefix queries,
in this section, we restrict our experiment results to prefix
type queries for clarity.

Since we do not have a priori knowledge of the distribu-
tions of user queries, we use a form of biased query sets. The
position of each prefix query ¢ is biased with respect to the
distribution of the spatial objects in R, as discussed in [1].

The first set of experiments compare the wavelet method [16],

the modified Min-Skew histogram method, and the golden
estimator using synthetic datasets with different distribu-
tions. For each technique, we compare the performance as-
suming the space requirements for each are identical. For
example, if we use 100 random samples for the golden es-
timator technique then we use 100 wavelet coefficients for
the wavelet technique, 100 samples for space random sam-
pling technique, and 50 histogram bins for the modified Min-
Skew histogram technique. The reason for having only half
the number of histogram bins in the same storage space is
because each histogram bin needs to store two points to de-
termine the bin boundary plus other information to describe
the data distribution; e.g., mean frequency of each bin.
The domains of the synthetic datasets are the same, 100
by 100 in two dimensions. The number of objects in spatial
relation R is 400,000, with different spatial distributions.
The first synthetic data set follows the 2-d Gaussian distri-
bution (¢ = 50 and o = 10). The fdf and cdf of the 2-d
Gaussian distribution data set are depicted in Figure 11.(a)
and Figure 11.(b), respectively. Figure 11.(c) depicts the
sample set taken by the space random sampling technique
from the 2-d Gaussian distribution datasets. Note that the
sample sets are generated by a quasi-random number gen-
erator (to be more specific, Sobel sequence) and not by a
pseudo-random number generator. The intuition is from
the Monte Carlo method, which suggests that the quasi-
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Figure 13: Experiment results of the TIGER (NJ road segments) dataset

random number generator can generate sample sets with
low discrepancy (a quantitative measure for the deviation
from uniform distribution). But the differences between us-
ing quasi-random number generator and the pseudo-random
number generator is minimal in our study, which is in two di-
mensional spaces. Note that the sample sets are distributed
with respect to the corresponding fdf. Figure 11.(e) shows
the histogram buckets generated by the modified Min-Skew
histogram technique [1], which consists of 100 histogram
buckets. Figure 11.(f) shows the average relative error when
applying different estimation techniques with different stor-
age space requirements. The results show that the golden
estimator outperforms other estimation techniques by pro-
ducing the smallest average relative errors under any storage
space requirements with the 2-d Gaussian distribution.

The next data set is a real data set taken from the Alexan-
dria Digital Library (ADL) [14] as described earlier. We map
the centers of the map objects into a 360 by 180 grid for esti-
mating range queries. Figure 12.(a) and Figure 12.(b) depict
the fdf and cdf of the ADL dataset, respectively.

Figure 12.(c) and Figure 12.(d) show the sample sets, each
containing 600 sample points, taken by the space random
sampling and the golden estimator techniques, respectively.
Figure 12.(e) shows the histogram buckets generated by the
Min-Skew technique, which consists of 100 histogram buck-
ets, biased by the distribution of the ADL dataset. Fig-
ure 12.(f) shows the average relative error when applying
different estimation techniques on the ADL dataset with dif-
ferent storage space requirements. As was the case before,
the golden estimator has the least relative error compared
to all other approaches.

The last real dataset is the NJ Road dataset taken from
TIGER/Line Files [15] which represents the road segments
for the state of New Jersey. The dataset contains 524,486
road segment objects. We map the center of each road seg-
ment into a 100 by 100 grid for estimating range queries.
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Figure 13.(a) and Figure 13.(b) depict the fdf and cdf of
the TIGER, dataset, respectively. Figure 13.(c) and Fig-
ure 13.(d) show the sample sets, each containing 200 sample
points, taken by the space random sampling and the golden
estimator techniques, respectively. Figure 13.(e) shows the
histogram buckets generated by the Min-Skew technique
consisting 100 histogram buckets, biased by the distribu-
tion of the TIGER dataset. Figure 13.(f) shows the average
relative error when applying different estimation techniques
on the TIGER dataset with different storage space require-
ments. The above results conclude that the golden estimator
outperforms other estimation techniques for both synthetic
and real datasets.

5. DISCUSSION

We proposed the golden estimator technique which can be
used for summarizing data distributions in database. The
proposed technique is based on the golden rule of sampling,
proposed by von Neumann [5], to randomly sample the fre-
quency domain using the cumulative frequency distribution
and yields good estimates in single attribute domains. By
introducing space mapping functions, we show the proposed
technique can be applied to estimate range queries in spa-
tial domains as well. Unlike the histogram approach, the
proposed technique is based on random sampling and there-
fore is highly efficient both in terms of computational and
storage cost. As has been stated earlier, it is mandatory
for a summarization approach to work well with different
data distributions if it has to be integrated in general pur-
pose databases. We conducted extensive experiments to
establish the validity of the proposed technique by show-
ing that it is an effective technique for a large variety of
data distributions. We also demonstrated that the proposed
technique produces less estimation errors when compared
to other range query estimation techniques; i.e., MaxDiff
histogram technique [12], Min-Skew histogram technique [1]



and the wavelet based technique [16, 16]. It should be noted
that, however, the proposed technique has almost the same
level of complexity as histograms whereas the wavelet based
approach requires more complex computational machinery
and sophistication. Although in this paper we only show
that the proposed technique is suitable for range queries
over single attribute and spatial attribute (two dimensional)
domains, it can be easily extended for higher dimensional
datasets.
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