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ABSTRACT

A large number of index structures for high-dimensional
data have been proposed previously. In order to tune and
compare such index structures, it is vital to have efficient
cost prediction techniques for these structures. Previous
techniques either assume uniformity of the data or are not
applicable to high-dimensional data. We propose the use
of sampling to predict the number of accessed index pages
during a query execution. Sampling is independent of the
dimensionality and preserves clusters which is important for
representing skewed data. We present a general model for
estimating the index page layout using sampling and show
how to compensate for errors. We then give an implementa-
tion of our model under restricted memory assumptions and
show that it performs well even under these constraints. Er-
rors are minimal and the overall prediction time is up to two
orders of magnitude below the time for building and probing
the full index without sampling.

INTRODUCTION

A large number of index structures for high-dimensional
data have been proposed in previous years [3, 7, 15, 20,
35, 26, 14, 24, 8, 6, 33]. These index structures have differ-
ent characteristics and optimization strategies, making their
analysis difficult. The indexed high-dimensional datasets
are also difficult to analyze because of their non-trivial dis-
tribution in high dimensions. As a result of this complexity,
the development of models to predict the performance of in-
dex structures has been slow and difficult. Such models are
important because they allow us to analyze strengths and
weaknesses of index structures. Another application area is
the tuning of an index structure. A fast prediction model
would allow us to evaluate different parameters (like split-
ting strategy, dimensions stored in the index, or page sizes)
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without really having to build the index on disk. Once the
best parameter combination is determined, the full index
can be built.

More generally, the problem we try to solve can be de-
scribed as follows:

Given an indexing scheme, a query workload, and a
dataset, what is the average number of index page accesses
required to erecute the queries?

We will concentrate on data-partitioning indexing schemes
(especially the VAMSplit R*-tree [34]) and nearest neighbor
(NN) queries in this paper. However, our work can also be
applied to range queries and other indexing schemes.

We claim that performance prediction of high-dimensional
index structures has to take specific properties of the dataset
and the index structure into account. Previous approaches
model dataset and indexing scheme too simplistically (e.g.
by assuming data uniformity and squared index pages) and
as a result, fail in a high-dimensional setting. We believe
that sampling is the right approach when predicting high-
dimensional index structures. The prediction model we pre-
sent in this paper first samples the data, builds a miniature
index in memory, and then uses this index to predict the
performance of the original index structure. Since the in-
dex pages contain fewer points due to sampling, they shrink
slightly. We develop formulas to compensate for this shrink-
age.

Since we use a data sample, the real data distribution is
captured quite well. Since we build the miniature index with
the same algorithm used for the on-disk index, the indexing
scheme is captured quite well. However, the smaller the
main memory available, the smaller the sample has to be in
order to avoid costly I/O operations. At the same time, the
prediction accuracy decreases with decreasing sample size.

In the second part of the paper, we therefore show how
memory restrictions can be overcome by building the minia-
ture index in several phases. This can be seen as a compro-
mise between a low-quality but fast prediction of a memory-
based approach, and a high-quality but slow prediction of
a disk-based approach. We present two techniques for pre-
dicting the original index pages in phases. For each tech-
nique, we develop cost formulas to estimate the I/O cost
incurred for different memory sizes, dataset sizes, and di-
mensionalities. We show that both techniques are between
one and two orders of magnitude faster than measuring the
page accesses with a disk-based index. The experimental re-
sults show that our model provides high prediction accuracy
while at the same time reducing the prediction cost from
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hours to seconds. Our comparison with prediction tech-
niques based on the uniformity assumption and the fractal
dimensionality shows that these approaches are not suited
for high-dimensional data. To the best of our knowledge,
there is no other technique that gives useful performance
predictions for high-dimensional real datasets.

The paper is organized as follows. In Section 2 we present
some recent work on query cost prediction, and different
approaches of modeling the data. Section 3 discusses our
basic prediction model without memory restrictions. Sec-
tion 4 shows how restricted memory can be addressed and
Section 5 gives some experimental results based on real high-
dimensional datasets. Section 6 discusses some applications
that show the usefulness of our technique. We end with
some concluding remarks in Section 7.

2. RELATED WORK

This section discusses previous work in the area of per-
formance prediction of index structures. We will organize
this discussion according to the way the techniques model
the data. The first set of approaches assumes uniformity of
the data, the second set models the data using global pa-
rameters, the third set models the data more fine-grainedly
with local parameters, and the fourth set uses a data sample
as a model. We will see that these approaches progressively
model a larger number of data distributions more accurately.

2.1 Uniform Data M odels

Most of the work assuming uniformity concentrates on
R-tree-like index structures. The basic idea is to first es-
timate the average shape of an index page and the aver-
age query region, and then calculate the average number
of index pages intersected by the queries. The first known
analysis of R-trees was given by Faloutsos et al. [13] but
was restricted to one-dimensional data. In a later paper,
Kamel and Faloutsos [19] present a cost model using a con-
cept similar to Minkowski sums to predict the number of
disk accesses for two-dimensional data. Arya et al. [2] give
a detailed analysis of NN queries for bucketing and k-d-
tree index structures including boundary effects. However,
they assume that the number of data points grows expo-
nentially with the dimensionality which may not hold for
real datasets. Berchtold et al. [4] present a cost model for
1-NN queries in high-dimensional space. They estimate the
page layout by assuming that the space is recursively split
in the middle (due to the uniformity assumption) until the
right number of pages is reached. The query shape is esti-
mated by equating the probability that a neighboring point
is within the NN-sphere of the query point with the vol-
ume of this sphere. The page prediction is computed again
by using Minkowski sums. Weber et al. [33] give a similar
analysis and extend the model for k-NN queries and more
general page geometries.

The advantage of the above models is that they are simple,
require only very few parameters (like the page capacity),
and are relatively fast to compute. The disadvantage is that
the uniformity assumption does not hold for real and high-
dimensional data and leads to bad prediction results in these
cases. This shortcoming led to parametric models discussed
next.

2.2 Globally Parametric Models

These models try to account for the non-uniformity of the
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data by modeling it using a few global parameters, like the
fractal dimensionality. Faloutsos et al. [12] presented the
first cost model for R-trees based on the fractal dimension-
ality which is claimed to be the “inherent dimensionality” of
a dataset. This first model was restricted to range queries
but later work by Papadopoulos and Manolopoulos [28] ex-
tended it for 1-NN queries in R-trees. Korn et al. [22] give a
version for k-NN queries. Common to all these approaches
is that they estimate the average page geometry assuming
square pages (which may not hold in high dimensions) and
the average query shape in a similar way as the uniform
techniques. However, instead of considering the embedding
dimensionality of the dataset, they consider the fractal di-
mensionality which can be estimated by an O(NV log N) al-
gorithm.

The advantage of this technique is that it can model data
better than the simple uniformity assumption and that it is
moderately fast. A disadvantage is its restriction to lower
dimensions. Experiments on high-dimensional real datasets
showed that the fractal dimensionality tends to be close to
0, leading to an overestimation of the page accesses.

2.3 Locally Parametric Models

This group of techniques models a dataset by first splitting
it into regions and then describing each region with a few
parameters (e.g. its density). The regions can be created by
data or space partitioning. The work by Ciaccia et al. [10]
is an example of this technique for data partitioning. They
extend the M-tree nodes by statistics (the distance distribu-
tion) in order to predict the CPU and I/O cost of range and
NN queries. In case of space partitioning, this technique re-
sults essentially in histograms over the dataset. Theodoridis
and Sellis [31] give a model for predicting the performance
of range queries on R-trees. They generate a density surface
which is basically a two-dimensional histogram representing
the local densities of the dataset. Acharya et al. [1] show
how the prediction error of histograms can be reduced by
reducing the variance of densities within the histogram re-
gions. Korn et al. [21] demonstrate how discontinuities at
the histogram region edges can be avoided by using splines.
Finally, Jin et al. [18] extend the histogram approach for
spatial non-point data.

The advantage of these techniques is their increased accu-
racy in modeling data by considering local effects. However,
this comes at the price of a higher storage requirement. An-
other disadvantage of the histogram approaches is that they
are not applicable in high dimensions since either the num-
ber of histogram regions becomes too large, or these regions
contain too much empty space and become inaccurate.

2.4 Sampling-based Models

All techniques discussed so far showed problems when
modeling real data or when this data was high-dimensional.
A very simple but effective technique that can handle high-
dimensional non-uniform data is sampling. The basic idea is
to pick a subset of the real dataset, examine the index behav-
ior on this subset, and extrapolate from the subset behavior
to the behavior on the original dataset. Previous work based
on sampling focussed only on query estimation for relational
models. Lipton et al. [25] show how to estimate selectivity
by sampling using confidence intervals. Haas et al. [16] give
a similar analysis for join operations. The limitations of ran-
dom sampling for estimating the number of distinct values



in a column of a table are discussed by Charikar et al. [9].
We are not aware of any previous work utilizing sampling to
estimate the cost of query operations in spatial databases.

The advantage of sampling is that it is simple and in-
dependent of the dimensionality. Furthermore, it preserves
clusters, and so it can be used to model non-uniform data.
A disadvantage seems to be the high cost introduced by ac-
quiring a large data sample, or the low accuracy when a
small data sample is used.

The rest of this paper will show that it is possible to find
a compromise between these two extremes that leads to low
prediction costs at a high accuracy. We claim that sampling
is a very effective tool to predict the performance of index
structures for high-dimensional data.

3. SAMPLING-BASED
PREDICTION MODEL

In this section, we show how sampling can be used to
predict the cost of range and nearest neighbor queries. This
discussion assumes an unlimited amount of memory. The
next section will deal with the limited memory case.

3.1 TheBasic Modd

The basic idea of our model is to predict the leaf page ge-
ometry by building a miniature version of the index struc-
ture. This is achieved by first sampling the dataset, then
building the index structure (efficiently in memory) on the
sample, and finally predicting the query cost using the leaf
pages of this “mini-index” and the query workload. For the
sake of prediction accuracy, it is important to ensure that the
mini-index has the same overall structure as the full index.
This structure comprises the number of nodes at each level,
the fanout at each node, and the height of the tree. By us-
ing the same tree construction algorithm for the mini-index
and the full index, we can achieve this structural similarity.
Of course, this assumes knowledge of the index structure
examined. In the following, we focus on R-tree-like struc-
tures, more specifically VAMSplit R*-trees [34]. However,
the ideas presented could be applied to other structures as
well.

Since the mini-index is built on a subset of the dataset, we
have to reduce the page capacity accordingly. For example,
if we use as a sample 1/10 of the original data, each page of
the mini-index will contain on average 1/10 of the original
points. Or in other words, the page capacity is reduced by
the factor 1/10. Since R-trees organize points in minimal
bounding boxes, the reduced number of points per box will
cause the box to shrink. This shows that even though we
have structural similarity, the page layouts of the full index
and the mini-index are not necessarily equal.

Figure 1 depicts the connection between the original and
the sample page layout. Figure 1(a) shows the original data-
set; Figure 1(b) depicts the index structure constructed on
the original dataset; Figure 1(c) shows the sampled dataset;
Figure 1(d) depicts the mini-index constructed on the sam-
pled dataset. As seen in the example, the pages of the mini-
index shrink on account of sampling. Therefore, we have to
grow them all by a compensation factor to make the resulting
page layout similar to the original index. Once the minia-
ture index is established, we predict the expected I/O cost
by counting the number of intersections between expected
query regions and leaf pages of the mini-index.
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Figure 1: Connection between original and sample
page layout

Two questions arise from the preceding discussion: what is
the right compensation factor for growing pages of the mini-
index? How does the sample size affect the performance and
the prediction quality? We will answer these questions in the
following subsections.

3.2 Calculation of the Compensation Factor

To allow for a mathematical analysis, let us assume that
the points within the page are distributed uniformly'. Then
the problem we want to solve can be stated as follows:

Given a set of C uniformly distributed points in d
dimensions. Let B be the minimal bounding hyperrectangle
of these points.

How does the volume of B change when the number of
points is reduced from C to C - where 0 < { <17

The answer gives the following

THEOREM 1. Under uniformity assumption, the volume
of each indez leaf page changes by
)d

- C-¢—-1)(C+1)
5,0t = (€4 =D0+D
o™ = (Eere=y
where C is the page capacity, ¢ is the sampling fraction, and
d is the dimensionality of the dataset.

O
3.3 Effect of Sample Size

Determining the appropriate sampling ratio (or the sam-
ple size) for a given dataset can be difficult. Large samples
may not fit entirely into memory, and the resulting disk I/Os
will result in higher prediction costs. Too small samples, on
the other hand, will cause higher prediction errors. This can
be seen in Figure 2, where we ran 500 21-NN queries on the
COLOR64 dataset (cf. Table 1) and compared the actual
page accesses with the predicted page accesses for different
sample sizes. As expected, the prediction becomes more ac-
curate when compensating for the page shrinkage. However,
for sample sizes of less than 10%, the error becomes too large

PROOF. see [23].

!Note that this is very different from assuming uniformity
throughout the whole dataspace since each page is created
based on the (non-uniform) data sample. Only within a
page, we assume uniformity.



COLORG64 112,361 64-dimensional points representing color histograms computed from a commercial CD-ROM
(transformed using KLT).
TEXTUREA48 | 26,697 48-dimensional points representing texture feature vectors obtained from the Corel Image
Collection (transformed using KLT).
TEXTUREG6O | 275,465 60—)dimensi0nal points representing texture feature vectors of Landsat images (transformed
using KLT).
ISOLET617 7,800 617-dimensional points representing features such as spectral coefficients, contour features,
and sonorant features obtained by recording the 52 letters of the alphabet as spoken by 150 speakers.
STOCK360 6,500)360-dimensional points representing the price of 6,500 stocks over one year (transformed using
DFT).
Table 1: Datasets used in the experiments
74% 0 wlo compensation N number of data points
- ® W/ compensation M number of points that fit in memory
g B number of points per disk page
o height height of the on-disk index tree
8 Rupper height of the upper tree’
g Riower height of the lower trees
6% O upper sampling ratio for the upper tree
: : 8 1% Olower sampling ratio for the lower trees
10% 25% Samplesize  50% Cnae,data | maximum data page capacity (on-disk index)
Cmae, dir ma:;imum directory page capacity (on-disk in-
. . . . . dex
Figure 2: Relative error for different sample sizes Cofr.iuta | effective data page capacity (on-disk index)
ff, dir effective directory page capacity (on-disk in-
for even this technique to be useful. Another constraint on dex) . .
the sample size is due to the page occupancy of the mini- Bacek average seek and latency ftime of the disk
p pag pancy tafer transfer time for a single 8 KByte disk page

index. Since a page of the mini-index must hold at least one
point, the sample rate can never be smaller than 1/C, where
C is the page capacity of the full index.

Next, we present a compromise between the extremes of
building the whole mini-index in memory (which is fast but
induces a high error) and building the whole index on disk
(which is slow but has no error). We will show how the
mini-index can be built in phases, thereby allowing for a
fast prediction (up to two orders of magnitude faster than
building the index on disk), and at the same time ensuring
high accuracy (typically less than 5% relative error).

IMPLEMENTATION UNDER RE-
STRICTED MEMORY ASSUMPTIONS

In this section we show how the sampling technique of
the previous section can be implemented under restricted
memory assumptions. The basic idea is to make use of the
available memory in order to reduce the amount of disk I/O
during the prediction. This is achieved by building the mini-
index in a piecemeal fashion. We show how the technique
can be easily adjusted to reach different tradeoffs between
disk I/O and prediction accuracy.

The following sections discuss the new approach in greater
depth and give an analysis of its I/O cost. This discussion is
preceded by the description of a bulk-loading algorithm for
R-trees which serves as a basis for our comparisons. We will
refer to this approach as on-disk indez tree. Both approaches
have a main memory size of M data items available.

Throughout this discussion we will use the symbols listed
in Table 2.

4.1 TheOn-Disk Index Tree

The on-disk index tree is an index structure generated
by the bulk loading algorithm described by Berchtold et al.
[5]. This algorithm recursively partitions the dataspace to
generate the index tree pages level-wise. For each level, the

4.
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Table 2: Notation used in the paper

required fanout is determined and the data is partitioned
according to some splitting strategy. Each partition is then
further subpartitioned in the same fashion until the leaf level
is reached. The pseudo code of this algorithm can be found
in the full version of this paper [23] (for a more detailed
description, cf. [5]).

As a splitting strategy we chose the mazimum variance-
split. This results in a layout of pages similar to the VAM-
Split R*-tree [34]. We will use this on-disk index as a ba-
sis for comparing the I/O costs of the different approaches,
since it is always possible to simply build an index on disk
via bulk loading and then run some sample queries on it in
order to measure their cost. The I/O cost of this approach
comprises the cost for building the index and the cost for
running selected queries on it.

Let cost ByiidTreeLevel (level, start, end) denote the cost for
building a single index subtree with height level storing the
data points numbered start through end (this numbering
can be obtained from the location of the data points on
disk). The cost of the whole on-disk bulk loading algorithm
is then

(1)

We give a recursive definition of the latter cost function in
[23]. Note that the data partitioning is based on the find
algorithm introduced by Hoare [17]. The complexity of this
algorithm depends on the data distribution. In the worst
case, its complexity is O(N?), and in the best case it is
O(N). In our cost formula we therefore assume the best

€oStonDisk = COStBuildTreeLevel (height, 0, N).

*Note that an empty tree has height 0, and a tree consisting
of only one node has height 1. Leaf nodes are at level 1 and
the root node is at level height.
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Figure 3: Partitioning of the index tree

case which is in favor of the on-disk index. Our experiments
will show that the cost on real data is five to ten times
higher.

4.2 Predictingin Phases

Because of the high I/O cost for building the on-disk in-
dex, it is not a good choice for estimating the index per-
formance. In this section, we give a compromise between
our sampling approach in Section 3 (not accurate enough
under memory restrictions) and the on-disk approach (not
fast enough under memory restrictions). We use the same
bulkloading algorithm as the on-disk index but apply it to
a sample of the data. In order to increase the sample rate,
we build the index tree in several phases with each phase
using the whole memory. Therefore, we split the index tree
into two parts: an upper part and a lower part. The up-
per part is a single tree (denoted by upper tree) and the
lower part is a forest of subtrees (denoted by lower trees,
cf. Figure 3). The subtrees are constructed one-by-one in a
piecemeal fashion thereby allowing each subtree to use the
whole memory. Since the upper tree has much fewer leaf
pages than the whole tree, this results in a higher upper
tree leaf page occupancy. This occupancy depends on the
sampling rate and the height of the upper tree. Clearly,
we want to choose the largest possible sample that still fits
into memory. The sampling rate oupper for the upper tree is
therefore chosen to be

. M
Oupper = mln(F, 1).

Note also that a small upper tree leads to few but large
lower trees, whereas a large upper tree leads to many but
small lower trees. This becomes an important issue when
choosing the right value for hypper. We will return to this
issue in Section 4.5.

After obtaining the leaf pages of the upper tree, these are
grown by the compensation factor &(pts(height — hupper +
1), oupper) (cf. Section 3), where pts(h) denotes the number
of points in a subtree with root in height h. For example,
pts(height) = N and pts(1) = Cef data- These values can
be calculated by taking the fanout at each level of the tree
into account. More details can be found in the full version
of this paper [23].

In order to build the lower trees, we examined two ap-
proaches. The first approach, which we will call cutoff index
tree, predicts each lower subtree only by looking at the ge-
ometry of the grown leaves of the upper tree and assuming
uniformity, thus not causing additional I/O. The second ap-
proach, denoted by resampled indez tree, constructs each of
the lower trees one after the other in a piecemeal fashion us-
ing the same algorithm as for the upper tree. Since for this
approach, additional data points have to be inspected, ad-
ditional disk I/O is required. However, as we will see later,
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(b) After partitioning
into 4 parts

(c) After partitioning
each part into 4 parts

(a) Upper tree
leaf page geometry

Figure 4: Splitting of a page

this cost is well below the cost for building the entire index
on disk.

Once the lower trees have been estimated (using one of
the above two techniques), the number of intersections be-
tween the query regions and the lower tree leaf pages are
computed in order to calculate the average number of leaf
page accesses. The determination of the query regions (the
workload) depends on the type of query to be examined. In
the following, we will concentrate on density-biased k-NN
queries. For this type of queries, the k-NN spheres have
to be determined for some number of query points. Since
we consider biased queries, we have to place more queries
in regions of higher density. This can be achieved by first
randomly reading some query points from the dataset and
then performing a full scan of the data to compute the query
shapes (this scan is necessary for the first sampling step any-
way). Since we read the sample query points randomly from
the dataset, this results in a cost of

(2)

COStReadQueryPoints =q- (tseek + tzfer)7

where ¢ denotes the number of query points.

Alternatively, the search radii could be obtained from the
sample. First experiments on the COLOR64 dataset showed
that the search radius does not seem to be affected much by
the sample ratio. In our experiments, however, we used the
full dataset to compute the search radii.

In the following subsections, we discuss the two variants
for building the lower trees.

4.3 The Cutoff Index Tree

In order to estimate the structure of the lower trees, the
cutoff approach takes only the geometry of the upper tree
leaf pages and knowledge about the original bulk loading al-
gorithm into account. To construct the lower tree beginning
at a certain upper tree leaf page, we assume uniform data
distribution inside this page and perform the page splits the
original bulk loading algorithm would perform. Assume the
page geometry in Figure 4 (a). If the points within the page
are distributed uniformly, the dimension with the highest
variance will be the dimension with the largest page extent.
So, if we perform consecutive maximum variance splits, we
will get the new page layout depicted in Figure 4 (b) (as-
suming a fanout of 4). The same procedure is repeated for
the next levels until the leaf level is reached.

Note that we assume uniformity only within a page. More-
over, we know already the approximate upper tree leaf page
geometries from building the upper tree. Finally, we use the
fanout calculation and splitting strategy of the on-disk in-
dex to obtain the page layouts. In contrast, Berchtold et al.
[4] assume uniformity in the whole dataspace. Furthermore,
they cannot base their predictions on intermediate page ge-
ometries. Finally, they assume that a dimension is simply
split in the middle in order to obtain the leaf page layout.
Therefore, our approach results in more accurate page ge-
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Determine the tree topology;
Read q query points randomly from dataset;
Scan the whole dataset to determine the query spheres
and to read a sample of size M into memory;
Build the upper tree for the sample;
For each upper tree leaf page p
Build the lower tree starting at p by inspecting
p’s geometry;
Count the intersections between query spheres and
the leaves of the lower tree;
Report the average number of leaf page intersections
per query;
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Figure 5: The cutoff tree prediction algorithm

ometry predictions. However, as we will see in the exper-
iments, even when making all these assumptions, the pre-
diction accuracy deteriorates for high dimensional datasets.
This leads to the conclusion that a purely uniformity-based
prediction model is not useful in high-dimensional space.

In order to establish a cost formula for this approach, we
state the whole algorithm in pseudo code in Figure 5. Note
that only steps 2 and 3 introduce I/O cost. The scanning in
step 3 causes a cost of

N
E-‘ : tzfer-

Therefore, the overall cost of this approach is

costScanDataset = tseek + "

®3)

COStCutoff = COStReadQueryPoints + costscanDataset-

4.4 TheResampled Index Tree

The resampled index tree samples additional data points
for each upper tree leaf page and uses them to build the cor-
responding lower tree. The idea is to sample M points per
lower tree, resulting in a higher sampling rate than for the
upper tree. For example, if we have 50 upper tree leaf pages,
we would have only M /50 points per lower tree. If we would
increase the sample size 50 times, each lower tree would have
approximately M points. The effective sampling rate for the
lower trees is then 50-fold, resulting in more accurate predic-
tions. Once the resampling is done, we can build each lower
tree one at a time on M points (using the full memory for
each of them) and counting again the number of leaf page
intersections.

However, one problem remains: how can we resample the
additional points per page? Or more precisely: how can
we read the additional points and assign them to the lower
trees efficiently? Since the upper tree leaf pages were ob-
tained using a small sample, the page extents are expected
to be smaller than the original pages at the same level of the
tree®. This means that some of the newly sampled points
will not fall into any page. Additionally, a naive solution
would require as many dataset scans as there are upper tree
leaf pages which is obviously prohibitive.

The solution we present in the following requires each
point in the sample to be read twice and written once, and
is otherwise independent of the number of upper tree leaf
pages. Consider the example in Figure 6 (a). The solid
dots mark data points in the upper tree sample. The boxes

3This is true even after growing the pages with our compen-
sation factor § if the data is non-uniform.
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Figure 6: Growing pages by resampling

around these points are the upper tree leaf pages. Let us
assume we have three such upper tree leaf pages (only two
of which are shown here) and therefore want to increase the
sampling rate for each lower tree by a factor of 3. By sam-
pling the dataset with this new sampling rate, we read the
points marked by white dots. If a new point falls into an
existing box, it is included in it. Otherwise, we include this
point in the closest box according to the Euclidean distance
and adjust the box accordingly. The resulting box layouts
are depicted in Figure 6 (b). Since all sampling is performed
uniformly, we can expect each page to contain on average
three times as many points as before.

In the general case, we have k upper tree leaf pages4. To
obtain M points per lower tree, we have to sample k - M
points. The lower tree sampling rate is therefore

-M
Olower = mln( k—N 3 1)

By scanning the dataset once, we can determine each sample
point and — since we still have the upper tree leaf pages in
memory — the lower tree to which it is assigned. However,
since we cannot store all k- M points in memory, we store all
points assigned to one box in a consecutive area on disk in
order to reduce the number of random seeks. That means,
we need as many such consecutive areas as we have upper
tree leaf pages. In a second phase, we read one such consec-
utive area into memory at a time and construct the corre-
sponding lower tree the same way we constructed the upper
subtree. Since each consecutive area contains approximately
M points, we make full use of the available memory®.

In order to establish a cost formula for this approach, we
state the algorithm in pseudo code in Figure 7. Steps 2 and
3 cause the same cost as for the cutoff index tree. Step 6
is performed as follows (cf. Figure 8). We read N - 0iower
points from the original data file into memory. Since we
have a memory size of M, we read these sample points in
chunks of size M (step a). Therefore, the number of chunks
is [% -mgwer]. To read one chunk, we have to scan over

-| : ta:fe'r

B-Glower

M /G iower points, resulting in a cost of tseer + [

per chunk for the loading step.

For each chunk, the M points have to be distributed
among the k boxes. To reduce random seeks, the points
are sorted by the box they fall into and then all points of
one box are written to disk in one chunk of size M/k on av-
erage (step b). Since we have k such block writes and M/B

“In [23], we give a formula for determining the fanout at
each tree level.

SIf an area contains more than M points, we discard the
additional points in our current implementation.

(b) Upper tree leaf pages after growing



(1) Determine the tree topology;
(2) Read q query points randomly from dataset;
(3) Scan the whole dataset to determine the query spheres
(4) and to read a sample of size M into memory;
(5) Build the upper tree for the sample, let k be the
number of upper tree leaf pages;
(6) Scan the whole dataset to determine k*M data points
(¢)] and write each of them in one of k consecutive disk
areas depending on which box it falls into;
(8) For each upper tree leaf page p
9 Read the points from the corresponding disk area
into memory;
(10) Build the lower tree starting at p by inspecting
the resampled points;
(11) Count the intersections between query spheres and
the leaves of the lower tree;
(12) Report the average number of leaf page intersections
per query;

Figure 7: The resampled tree prediction algorithm

N points
o o oo o o ‘
\W original datafile
main memory

M points

(o |
(b) distributing k consecutive disk areas
(oo |

M/k points (average)

Figure 8: Read and write operations during the re-
sampling step

blocks are transfered from memory to disk, this distributing
step costs k - tseek + [ 22| - tafer-
The whole step 6 therefore costs

COStResampling = ’VH ‘U[owe'r‘-‘ :

(tsEEk + IVL] : tzfer + k : tseek + [%‘l . tzfe'r)- (4)

B-ojouwer

The loop in line 8 reads k chunks of size approximately M
into memory, resulting in a cost of

M
COSt BuildLower Subtrees = k- (tseek + E . tzfe'r‘)-

Building the lower tree in line 10 is done entirely in memory
with the bulk loading algorithm discussed in Section 4.1.
The overall cost of the resampled index tree is therefore

COStResampled = COStReadQueTyPoints +
costScanDataset +
COStResampling +

COStBuildLou)erSubtrees- (5)

4.5 The Choice of hupper

Constraints on the choice of hypper arise due to two rea-
sons: first, due to ensuring a minimum capacity of 2 for
the leaf level pages (in order to get a non-trivial page), and
second, due to prediction error considerations. We discuss

both issues in the following sections and show how the I/O
cost is affected by the choice of hupper-

45.1 Constraintsdueto Leaf Page Capacity

Each upper (or lower) tree contains M points. The taller
such a tree is, the less number of points are stored in the
leaf nodes (due to the constant branching factor). Since each
leaf page needs to store at least 2 points (otherwise it would
have no volume), this implies an upper bound on the height
of a tree. If the height of the upper tree is too small, the
lower trees are too large causing sparsely populated lower
tree leaf pages. On the other hand, if it is too large, the leaf
pages of the upper tree are too sparse.

4511 Lower Bound oNn hupper.

In order to ensure that a lower tree in the resampled index
stores at least 2 points in its leaf pages, we can equivalently
ensure that a tree of full height built on N - ojouer (= k- M)
points (this corresponds to the situation of the resampled
index), stores at least 2 points in its leaf pages. Therefore,
we get the following lower bound on the height of the upper
tree:

hmin,upper =

ZShSI}rzlc}iI;ht—l{h : capacity(height,2, N - 0iower, 0) > 2},
where capacity(h,level, items, 0) defines the number of data
points contained in a subtree starting at level level — 1 in a
tree of height h containing items data items. It is defined
in [23]. Note further that oiwe- depends on h.

In case of the cutoff index, only the upper tree is con-
structed using data points. Therefore, the height of the
lower trees is arbitrary and we have no lower bound on the
height of the upper tree.

4.5.1.2 Upper Bound 0N hpper -

In order to ensure that the capacity of the upper tree leaf
pages is at least 2, we can equivalently ensure that a tree of
full height built on N - oupper (= M) points stores at least
2 points in its pages in level height — hypper + 1. Therefore,
the upper bound on the height of the upper tree is

h:

hmam,upper = max
2<h<height—1

capacity(height, height — h 4+ 2, N - Gupper, 0) > 2}.

Depending on the number of data items, the dimension-
ality, and the memory size, these bounds may still leave
several values to choose from.

45.2 Constraintsdueto Prediction Error

If hupper is small, the lower trees contain many points, and
therefore oouwer has to be small as well in order to accom-
modate all points of one lower tree in memory. This in turn
leads to too small lower tree leaf pages and therefore to an
underestimation of the page accesses. On the other hand,
if hupper is large, there will be a large number of sparse up-
per tree leaf pages. Since the geometry of these leaf pages
will likely deviate a lot from the original pages, many points
distributed later based on distance will end up in “wrong”
pages. This leads to many overlaps between the upper tree



leaf pages, and therefore an overestimation of the page ac-
cesses. According to our experiments, the best choice for
hupper Seems to be when the unsampled size of the lower
trees becomes M.°

45.3 Effect of Ay 0N 1/0 Cost

The further up in the tree the resampling is performed
(smaller Aupper), the fewer lower trees have to be built, re-
sulting in lower disk I/O. For larger hupper, the disk I/O will
be higher. This can be seen from Equation 4, where the
amount of seeks is

With increasing Aupper, more points can be sampled for the
lower trees and therefore ojower increases. At the same time,
k increases leading to an overall increase of the amount of
seeks.

The amount of page transfers from Equation 4 is

N
H : Ulower-‘ : (1 + k)

N[
M lower B- Clower B )
which is roughly
N N
B B Tlower:

As explained above, with increasing hupper, the sampling ra-
t10 O lower inCreases, causing an overall increase in the amount
of page transfers.

Summarizing, for small hypper values, the I/O cost is small
but the prediction error is high due to ill-defined lower tree
leaf pages. When hypper increases, the I/O cost increases
but the prediction error decreases until it reaches a minimum
(approximately when the lower trees contain M points). Af-
ter this point, both the I/O cost and prediction error in-
crease. The latter is due to increasingly ill-defined upper
tree leaf pages.

46 1/O Cost of the Predictions

In this section, we will analytically compare the I/O cost
of all approaches presented in the previous sections for dif-
ferent dataset and memory sizes and data dimensionalities.
This analysis is based on the cost formulas developed ear-
lier. Later in Section 5, we will present experimental results
on real datasets that validate these analytical results. As
we will see there, the gap in I/O cost between the on-disk
algorithm and our prediction schemes is in fact much larger
than that predicted analytically.

For the theoretical analysis, we chose tseer = 10 ms and
tofer = 0.4 ms’. Figure 9 compares the /O cost of all
three approaches for different memory sizes M. We assume
a dataset with one million points in 60 dimensions. Note
that the y-axis is plotted on a log scale. For the resam-
pled approach, we chose hupper S0 that the unsampled size
of the lower trees is approximately M (cf. Section 4.5.2).
This explains the jumps in the graph. The I/O cost of the
cutoff approach is independent of the choice of hypper. As

5For smaller sizes, not the whole memory is used and the
prediction quality is lower. For larger sizes, sampling has to
be applied, leading again to a lower prediction quality.
"We assume a hard disk with an average seek (plus latency)
time of 10 ms, and a disk bandwidth of 20 MB/s giving an
average transfer time of 0.4 ms for 8 KByte pages.
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expected, in all cases the I/O cost decreases monotonically
with increasing memory size. However, the resampled ap-
proach is always one order of magnitude faster than the on-
disk approach and the cutoff approach is up to two orders
of magnitude faster.

The graph in Figure 10 compares the I/O cost for different
data dimensionalities. Here, we fixed the dataset size at one
million points and chose the memory size as M = %
since the number of points we can store in memory depends
inversely on the dimensionality. By using this formula, M
will be 10,000 again for 60 dimensions.

The I/O cost depends linearly on the dimensionality in
all three approaches. The jump at about 80 dimensions in
the resampled approach is again due to a different choice of
hupper t0 achieve a better prediction. If we kept the same up-
per tree height, the resampling approach would stay about
10 times faster than the on-disk approach at the cost of a
worse prediction quality. The cutoff approach is about 100
times faster for all dimensionalities.

A similar observation can be made when varying the data-
set size. The resampled approach is again one order of mag-
nitude faster than the on-disk approach and the cutoff ap-
proach is two orders of magnitude faster. Instead of hours,
the new approaches take minutes or seconds.

It is important to note that in the case of the on-disk in-
dex we take only the I/O cost for building the index into
account. The cost for running sample queries on the index
can add a significant amount of I/O as we will show in our



experiments. Furthermore, as mentioned earlier, we under-
estimate the cost for the on-disk approach since we assume
perfect splits during the data partitioning. This may not
hold for real data. Section 5 presents the measured I/O cost
and prediction accuracy for real datasets.

4.7 Other Index Structures

Our prediction technique is not restricted to the VAM-
Split R*-tree. It is in fact applicable to a large group of
index structures. This group comprises all index structures
that organize the data in fixed-capacity pages with a given
storage utilization. Prominent members of this group are
the R-tree [15] and its variants (R'-tree, R*-tree), the X-
tree [7], the SS-tree [35], the SR-tree [20], the M-tree [11],
the k-d-B-tree [29], and the grid file [27].

An example for an index structure not contained in this
group is the VA-file [32], since it does not organize points in
pages of fixed capacity.

5. EXPERIMENTAL RESULTS

In order to get an impression of the real running times
of our algorithms, we implemented all of them and counted
the actual number of seeks and data transfers. Our exper-
iments were conducted on the datasets listed in Table 1.
For each of them, we built an index on disk using the bulk
loading algorithm and ran 500 21-NN sample queries to cal-
culate the average number of leaf page accesses per query.
This is compared to our prediction techniques which also
use 500 sample queries. The following discussion focuses on
the TEXTUREG0 dataset but similar observations can be
made for the other datasets. Detailed results can be found
in [23].

The height of the index tree in the TEXTURE60 exam-
ple is 5. Table 3 lists the results for M = 10,000. The
results for M = 1,000 look very similar and we will omit
them due to space restrictions. The first column indicates
the prediction method used along with the parameters. The
relative error is measured based on the on-disk index as the
ground truth. Negative numbers are underestimations, pos-
itive numbers are overestimations. The page seeks and page
transfers columns list the total number of disk seeks (caused
by reading a page not adjacent to the previously read page)
and 8K-page transfers respectively. Note that the sum in
the on-disk costs stands for “building cost + query cost’.
The I/O cost is again obtained assuming a disk with a seek
time of 10 ms and a transfer rate of 20 MB/s.

5.1 Runtimeof the Predictions

As expected from our cost formulas, the cutoff approach
is the fastest, followed by the resampled approach. In this
setting, the resampled approach was between 25 and 318
times faster than the on-disk approach. For the cutoff in-
dex, the speedup is even higher: between 525 and 548 times
improvement. Another interesting observation is that the
ratio between the seeks and page transfers for the on-disk
queries is close to 1 meaning that nearly all page accesses
during queries were random.

5.2 Accuracy of the Predictions

In this section we examine the accuracy of the predictions
compared to the on-disk index. Table 3 lists the relative
errors as a signed number to indicate under and overesti-
mations. As discussed in Section 4.5 for the resampled ap-
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proach, we underestimate the number of page accesses for
small upper trees and overestimate it for large upper trees.
At the point when ojower becomes 1 (resp. when the lower
trees contain M points), the relative error is less than 5%
for both M = 1,000 and M = 10,000%. The cutoff approach
yielded relative errors below 25% at a much lower I/O cost.
As we will see, the consistency of the cutoff predictions is
much worse however.

In order to examine the consistency in prediction quality,
we use a correlation diagram which correlates predicted and
estimated number of page accesses for each of the 500 sample
queries. In the ideal case, all points would lie on the main
diagonal meaning that measurement and prediction match
perfectly every time. Figure 11 shows how well measure-
ment and prediction are correlated for the resampled ap-
proach with M = 10,000 and hupper = 3. The corresponding
diagram for the cutoff approach showed no correlation at all.
This demonstrates that the overall relative error alone is not
a good enough measure for the quality of a prediction. Fig-
ure 12 shows the resampled approach with M = 1,000 and
Rupper = 4. As we can see from this diagram, the amount of
correlation decreases slightly with decreasing memory.

Since we assume uniformity of the data when inflating

8The fact that there is any error at all when the lower sample
ratio approaches 100% can be explained by the upper sample
ratio which is still well below 100%.



| Method | Rel. error | Page seeks | Page transfers | I/O cost (in s) |
[ On-disk | 0% [ 61,798 + 350,152 | 500,232 + 351,500 | 4,460.193 |
Resampled (huypper = 2,
G upper = 0.0363, Tiower = 0.1089) —32% 688 18,528 14.291
Resampled (hypper = 3,
Oupper = 0.0363, Trower = 1) +3% 1,035 33,805 23.872
Resampled (hupper = 4,
Oupper = 0.0363, Tlower = 1) +17% 5,071 37,244 65.608
Cutoff (Aupper = 2, Tupper = 0.0363) —64% 501 8,705 8.492
Cutoff (Rupper = 3, Tupper = 0.0363) —27% 501 8,705 8.492
Cutoff (Bupper = 4, Oupper = 0.0363) —16% 501 8,705 8.492

Table 3: Relative error and I/O cost for M = 10,000 (TEXTUREG60 dataset)

the upper tree leaf pages and during the page splits in the
cutoff approach, we examined how well the predictions turn
out for uniform data. We generated a dataset of 100,000
uniformly distributed points in 8 dimensions® and ran the
same experiments as before (the index tree has a height of 3
in this example). The relative errors for the resampled and
the cutoff approach were between —0.5% and —3%, thus
confirming the assumption of our model.

5.3 Comparison with Other Models

In this section, we give a comparison between three differ-
ent prediction techniques. The first technique is the latest
work based on the uniformity assumption by Weber et al.
[33], the second technique is the latest work based on the
fractal dimensionality by Korn et al. [22], and the third
technique is the resampled index presented in this paper.
Since locally parametric techniques are either restricted to
other index structures (like the M-tree) or not applicable
to high dimensions, we cannot include this category in our
comparison. The same holds for sampling techniques which
have been restricted to the relational model so far.

Again, we ran 500 21-NN queries on the TEXTUREG0
dataset and a bulkloaded VAMSplit R*-tree with 8,641 leaf
pages as the basis of our comparison. The measured average
number of leaf page accesses was 681.

In case of the uniform model, Weber et al. [33] predict
that for 14 split dimensions, from dataset dimensionality 40
onwards all pages will be accessed. In the TEXTURE60
dataset, we have only 13 split dimensions (and therefore a
larger average page extent), so the point where all pages are
accessed will be reached even earlier. Therefore, we obtain
8,641 pages as the prediction from the uniform model. The
reason for this high overestimation is the wrong assumption
that pages are created by splitting the dataspace in the mid-
dle and the usage of the embedding rather than the inherent
data dimensionality.

In case of the fractal dimensionality, we first measured
the fractal dimension Dy and the correlation fractal dimen-
sion D> of the TEXTUREG60 dataset which is 0.093914 and
0.003623, respectively. Plugging these values into the for-
mulas developed in [22], we got a predicted number of page
accesses of 5,892. This value is lower than the uniform pre-
diction but still way above the measured number of page
accesses.

9Since the number of data points would have to grow ex-
ponentially with the dimensionality to keep the distribution
uniform, higher data dimensionalities are practically infea-
sible.
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[ Method [ Pages accessed | Rel. error |
Uniform 8,641 1,169%
Fractal 5,892 765%
Resampled 701 3%

Table 4: Prediction accuracy for different models

(TEXTUREGO dataset)

Only the resampling technique performed well in this high-
dimensional setting, resulting in a prediction of 701 pages.
Table 4 summarizes these results. Note that for our 360
and 617-dimensional datasets, the fractal dimensionality ap-
proach is not applicable anymore, since the number of points
is too small compared to the number of dimensions. Our ap-
proach, on the other hand, gave reasonable predictions even
for these datasets with a relative error between —8% and
+0.7%.

6. APPLICATIONS OF THE PREDICTION
MODEL

In this section, we show how our prediction model can be
used in order to improve the performance of index struc-
tures. Two parameters are important in this respect: the
index page size and the number of dimensions stored in the
index. The next two sections explain how our model aids
the determination of these parameters.

6.1 Determiningthe Optimal Page Size

The size of the index pages has a big impact on the overall
performance. If the pages are too small, more pages have to
be read resulting in more expensive seek operations. If the
pages are too large, more unnecessary points are loaded dur-
ing queries resulting in higher transfer costs. The optimum
lies somewhere in the middle.

Our model allows the determination of this optimum with-
in minutes rather than hours. Figure 13 shows the result for
the LANDSAT dataset. We compute the number of leaf
page accesses for 500 21-NN queries using our model and an
on-disk index. The I/O cost is then determined by assuming
a seek time of 10 ms and a transfer rate of 20 MB/s. All page
accesses are assumed to be random (which was confirmed to
be true for the on-disk index).

As can be seen, our model resembles the measured cost
very closely. Furthermore, it correctly predicts that the low-
est query cost is reached for a page size of 64 KBytes. Note
that this conclusion is reached within minutes instead of con-
structing the entire index structure for different page sizes
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which could take hours.

6.2 DeterminingtheOptimal Data Dimension-
ality

Instead of building an index structure on all dimensions,
it is possible to build the index structure on a reduced num-
ber of dimensions and store the remaining dimensions in a
so-called object server. Seidl et al. [30] give an optimal NN
search algorithm for this case. Their algorithm accesses in-
dex pages and object server pages in an interleaved way.
With a minor modification, our prediction scheme can be
used to predict both of these access types. The interested
reader is referred to [23] for more details. Here, we only
present the result for the index page prediction.

Figure 14 compares prediction and measurement of the
number of index page accesses for 21-NN queries and dif-
ferent dimensionalities (number of dimensions stored in the
index structure). The number of page accesses increases
with increasing dimensionality because the page capacity is
reduced. Both the measurement and the prediction show
this trend with the prediction resembling the measurement
very closely.

7. CONCLUSIONS

In this paper, we presented a new sampling-based tech-
nique for predicting the performance of index structures. To
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the best of our knowledge, this is the first approach that uses
sampling to predict the page accesses for high-dimensional
data.

Our technique has the following advantages:

e it is simple since it uses the same partitioning algo-
rithms as the original index structure only applied to
a subset of the data. This means that the bulk-loading
algorithm of a given index structure can be simply
reused to predict the page layout in memory. Nearly
no code has to be generated or changed.

It works for high-dimensional clustered data since sam-
pling is independent of the dimensionality and pre-
serves clusters.

It is reasonably fast. Compared to building the index
on disk, we achieved up to two orders of magnitude
speedup. This allows to use this technique for tuning
of index structures. Instead of spending days building
index structures with different parameters, our model
allows this evaluation to be done within minutes.

It is very accurate. This holds not only for the average
relative error (which was typically below 5%) but also
for the correlation between measurement and predic-
tion.
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