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ABSTRACT

Approximatingthe joint datadistribution of a multi-dimensionaldataset
througha compaciandaccuratehistogramsynopsiss a fundamentaprob-
lem arisingin numerougracticalscenariosincluding queryoptimization
andapproximateueryanswering Existingsolutionseitherrely onsimplis-
tic independencassumption®r try to directly approximatethe full joint
datadistribution over the completeset of attributes. Unfortunately both
approachearedoomedo fail for high-dimensionatlatasetswith comple
correlationpatternsbetweenattritutes. In this paper we proposea novel
approachto histogram-basedynopseghat emplgs the solid foundation
of statisticalinteractionmodelsto explicitly identify and exploit the sta-
tistical characteristicef the data. Abstractly our key ideais to breakthe
synopsisgnto (1) astatisticalinteractionrmodelthataccuratelycapturesig-
nificantcorrelationandindependencpatternsn data,and(2) a collection
of histogramon low-dimensionamamginalsthat, basedon the model,can
provide accurateapproximation®f the overall joint datadistribution. Ex-
tensve experimentakesultswith severalreal-life datasetsverify the effec-
tivenesf our approachAn importantaspecof our generalmodel-based
methodologys thatit canbeusedto enhancehe performancef othersyn-
opsistechniqueghat are basedon data-spaceartitioning (e.g., wavelets)
by providing aneffective tool to dealwith the “dimensionalitycurse”.

1. INTRODUCTION

Capturingthe joint datadistribution of multi-dimensionaldata
setsthroughcompactndaccuratesynopses afundamentaprob-
lem arisingin avariety of practicalscenariosincludingqueryopti-
mization queryprofiling, andappioximatequeryanswering Cost-
basedquery optimizersemplg/ suchsynopsego obtainaccurate
estimatesof intermediateresult sizesthat are, in turn, neededo
evaluatethequality of differentexecutionplans[11, 18]. Similarly,
queryprofilersandapproximategueryprocessorsequirecompact
datasynopsesn orderto provide userswith fast,usefulfeedback
on their original query [3, 19]. Suchquery feedback(typically,
in the form of an approximateanswej allows OLAP and data-
mining usersto identify the truly interestingregionsof a dataset
and, thus, focus their explorationsquickly and effectively, with-
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out consuminginordinateamountsof valuablesystemresources.
Further userscandeterminehow well-posed/semantically-correct
their query is, allowing them to make an informed decisionon
whetherthey would like to investmoretime andresourceso exe-
cuteit to completion.

Histograms[13, 19] constitutea very generalclassof synop-
sis structureghat offer several advantagesijncluding (1) they are
typically built off-line andstoredin the DBMS catalog thusincur-
ring almostno run-timeoverhead(2) they arenon-paametrig i.e.,
they do not requirethe datato fit ary particularprobability distri-
bution, and (3) for mostreal-world datadistributions, there exist
compacthistogramghat producelow-error approximations.As a
consequencdjistogram-basetechniquedor approximatingone-
dimensionablatadistributionshave beenextensvely studiedin the
researcHiterature[13, 19]. Further one-dimensionahistograms
have nov beenadoptedby several commercialdatabasesystems
(e.g.,DB2, Informix, Oracle,Microsoft,andSybase)eplacingthe
naive andrarelyvalid uniformityassumptiorf13].

Accurateapproximation$or multi-dimensionatlatadistributions,
posea problemthatis muchharderthanits well-understoocne-
dimensionatounterpartA simplisticapproachtypically emplo/ed
in thebulk of todays commerciabystemsis to useone-dimensional
histogram®onthe mamginal distributionsin conjunctiorwith afull-
independencassumptionwhich basicallystatesthat all dataat-
tributesare mutually uncorrelatedand, thus, joint attribute distri-
butionscanbeobtainedasproductsof one-dimensionahaginals.
Unfortunately experiencewith real-life dataproves that the full-
independencmodelis almostalwaysinvalid andcanleadto gross
approximatiorerrorsin practice[9, 18]. As a consequencanore
recentwork hasproposedlgorithmsfor building multi-dimensional
histogramsynopseshattry to directly approximatethe joint data
distribution of a multi-attribute dataset[11, 18]. Theseearlierre-
sultshave demonstratethatreasonablgimpleconstructiorproce-
durescangive compactmulti-dimensionahistogramghat outper
form full-independencepproximationsy several ordersof mag-
nitudefor low to mediumdatadimensionalitiege.g.,2 to 5 dimen-
sions}.

It isawell-knownfact,however, thathistogram-baseapproaches
suffer from the infamous*“cur se of dimensionality’ thatis, his-
togramsbecomeproblematiovhentrying to approximatehe joint
distributions of the high-dimensionatlatasetsthat are typical of
moderndecision-supporpplications Thereasoris that,asthedi-
mensionalityof the dataincreaseshoththe storage overhead(i.e.,
numberf buckets)andtheconstructiorcostof histogramghatcan
achieve reasonablerrorratesincreasen anexplosive mannei3].
Consequentlyasthe dimensionalityof the joint datadistribution

!pueto spaceconstraintsyve omit a detaileddiscussiorof relatedwork; it
canbefoundin thefull versionof this paper7].



reachesor exceeds6—7 dimensionshe histogramapproximation
errorsstartbecomingntolerablyhigh[11].

Our Contrib utions. Existingwork onmulti-dimensionahistogram
synopseshas essentiallyconsideredonly the two extremesof a
rich spectrumof possibilities, both of which are unrealisticand
doomedo fail for thetypically high-dimensionatlatasetsof mod-
erndecision-suppowdpplicationsThefactthatthefull-independence
assumptionis almostnever satisfiedin relationaldatabaseprac-
tice andcanleadto extremelypoorapproximationsasbeenwell
documentedsee for example,[9, 18]). Ontheotherhand,build-
ing multi-dimensionabynopse®n the full-dimensionalspaceof a
multi-attribute tableimplicitly assumes “fully-correlatedmodel”
of theattribute spaceandis guaranteedb fail in high-dimensional
spacesThework in this paperis motivatedby theobsenrationthat,
in mostpracticalapplicationscenariossucha“fully-correlatedmodel”
is alsoanunrealisticassumptionTypically, real-life datatablesare
characterizethy comple correlationpatternsyhereacertainsub-
setof correlatedattributes A canbe (unconditionally)independent
of anotherattribute subsetB (partial independengeor, alterna-
tively, A canbe(conditionally)independentf B givenathird sub-
setof attributesC (conditionalindependenge As a simpleexam-
ple, considettheattributesof anEnpl oyee relation.Eventhough
it is naturalfor the sal ary attribute to be “strongly” correlated
with theage attribute(with higher/laver salariegypically goingto
older/youngeemplg/ees) thereis no reasorto believe thateither
of theseattributeswouldbecorrelatedvith anemplg/eeshei ght
orwei ght attributes(whicharethemselescorrelated) Also, note
that, althoughthe sal ar y andage attributesare pairwisecorre-
lated, the two may becomelargely independengiven a third at-
tributelike, for example,anemplo/ee’s YPE (i.e., “yearsof prac-
tical experience”).Similar comple correlationpatternsaboundin
real-life data.

Motivatedby the abore obsenrations,in this paper we propose
DEPENDENCY-BASED (DB) histogramsanovel approacho build-
ing histogramsynopsedor high-dimensionadata that usesthe
solid foundationof statisticalinteraction models[1, 4, 20] to ex-
plore the spectrumof possibilitiesbetweenthe existing “fully-in-
dependentand*“fully-correlated” approachesAbstractly our key
technicalideais to breakthe synopsisof a high-dimensionatiata
setinto two basiccomponentsy(1) a statisticalinteractionmodel
thatexplicitly identifiesthe (possibly)complex correlationandin-
dependenceatternsin the data; and, (2) a collection of lower
dimensionahistogramsbuilt basecbnthemodel,thatcanbeused
to accuratelyapproximatehe overall joint datadistribution. To the
bestof our knawledge,our work is thefirst to demonstrate¢he ef-
fectivenessandfeasibility of statisticalinteractionmodelsasatool
for dealingwith the “curse of of dimensionality”in the construc-
tion of histogramsynopsegor high-dimensionatiata. The salient
technicalcontritutionsof our work aresummarizedsfollows.

e DB-Histogram Construction. ConstructingaccurateDB-his-
togramsynopsesaisestheissueof (1) inferring a conciseinterac-
tion modelfrom the underlyingdatadistribution, and(2) building
aneffective collectionof histogramntherelevantmaiginals(dic-
tatedby the model). We proposeusingthe broadclassof decom-
posableinteractionmodels[20] for DB histogramssinceit offers
severalimportantadvantagesincludinginterpretabilityandclosed-
form modelestimatesWe discus<ffective forward-selectiorpro-
ceduredor building a concisedecomposablenodelfor the input
datadistribution. Our mostefficient model-selectioralgorithmis,
in fact, a novel contritution of our work that is likely to be of
interestto the statisticalcommunity[8]. The constructionof the
mamginal histogramsdictatedby the model discoveredraisesthe
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importantissueof intelligently allocatingthe storagebudgetavail-
ablefor the synopsisamongthe variousmaiginals. We proposean
optimal dynamic-programminglgorithmfor this problemaswell
as a cheapergreedyheuristicbasedon the conceptof mamginal
gainsthatis, in fact, optimal whenthe histogramerror functions
follow a diminishing-returngaw [10].

e DB-Histogram Usage. Efficiently estimatingthe selectvity of
arangequerypredicateover (a subsebf) the dataattributesusing
DB histogramgequiresnew techniqueshateffectively utilize the
modelstructurein conjunctionwith the maginal histograms.We
proposenovel usagealgorithmsfor our DB-histogramsynopses
that exploit the junction treerepresentationf the modelto effec-
tively minimize the numberof histogramoperationgnvolved. An
interestingside-efect of ourwork liesin theintroductionof anew
hierarchicalrepresentatioftermedsplit treeg for the well-known
classof MHIST histogramg18] thatis considerablynorespaceef-
ficientthanthe oneoriginally proposecdy Poosalaandloannidis.
We presenhovel algorithmsfor performingthebasicMHIST oper
ationsnecessaryor our selectvity-estimationprocedurehatwork
solely on our space-dicient, split-treerepresentatioffor both the
input(s)andoutputof the operation.

e Experimental Validation. We have conductedan extensve ex-
perimentalstudy with several real-life datasetsto determinethe
effectivenesour methodologycomparedo earliertechniquesin-
cluding samplingand full-dimensionalMHIST histograms. Our
resultsdemonstratéhat DB histogramga) yield approximatean-
swersof superiorquality comparedo existing approachesnd(b)
have the ability to provide fairly accurate,concisesynopsedor
real-life datawith asmary as12 dimensions.

An importantaspecbf ourgeneraldependencbasedapproach
is thatit canbe extendedto all data-reductionechniqueghatare
basedon data-spaceartitioning, suchaswaveletg3]. Typically,
all suchtechniguessuffer from the dimensionalitycurse,which
rendershemineffective in mediumto high datadimensionalities.
Building and maintaininga statisticalinteractionmodel can help
identify significantattribute correlationpatternsand,consequently
theinterestingower-dimensionasubspacethatshouldbeapprox-
imatedindependentlyin a DEPENDENCY-BASED synopsis. We
believe that our interactionmodel-basednethodologyprovides a
viable andeffective approactfor dealingwith data-dimensionality
issuesthat opensinterestingnew avenuesfor innovative research
in datareduction(e.g., incrementalmaintenancer approximate
gueryingof DEPENDENCY-BASED Synopses).

2. PROBLEM FORMULATION

2.1 Multi-Dimensional Histogram Synopses

Joint Data Distrib utions: Definitions and Notation. Consider
arelationaltable R comprisingn real-or integervaluedattributes
X, ..., X,. (Thedefinitionsandmethodologycanbeextendedo

non-numericahttributesby first mappingtheir domainvaluesinto

floating-pointnumbers.) The informationin R canbe accurately
capturecasann-dimensionahrray (tensor) whosej* dimension
is indexed by the valuesof attribute X; (j = 1,... ,n) andwhose
cells containthe count (or, frequency of tuplesin R having the

correspondingombinationof attribute values.

More formally, let D;,..., D, denotethe value domainsof
attributes X1, ... , X, respectrely. Without loss of generality
we assumehat eachdomainD; is indexed by the setof integers
{1,2,---,|D;l|}, where|D;| denoteghe numberof distinctele-
mentsin D;. Givenacombinatiorof attributevalues(ii, . .. ,in)
(1 < ix < |Dj|), thejoint frequencyf (i1, . .. ,in) of the com-



binationis exactly the numberof tuplesin the relationthat con-
tain the value i;, in attribute Xy, for all k. The n-dimensional,
|D1|x|D2|x- - -x|Dy| arraywith entriesf (i1, . . . ,i,) represents
thejoint data (or, frequency}listributionof { X4, ... , X, } [18].
Often, we areinterestedn the joint distribution of only a sub-
setof the attributes S C {Xi,...,X,}; this is the case,for
example,whena query optimizer needsto estimatethe selectv-
ity of a rangequery with rangeselectionsspecifiedonly on at-
tributesbelongingto a subsetS of {X1,... ,X,}. In probabil-
ity terms,suchscenariosequirethe mamginal datadistribution on
attributes S € {Xi,...,X»}. Any suchmamginal can be ob-
tainedby projectingthe joint datadistribution arrayontotherele-
vantsubseof attributes.Assumingwithoutlossof generalitythat
S = {Xi,...,Xs} (s < n), themamginal datadistribution of S
is definedas fs(i1,... ,1s) = E%H’_“‘in f(it, ... ,ip) for all
valuecombinationg(iy, . .. ,is); thatis, we computethe maiginal
frequenciesover S (denotedby fs) by aggre@atingthe joint fre-
queng countsover thedomainsof all “projected-avay” attributes.
We alsouse E(fs) to denoteShanors entopy measue [20] for
the joint frequeny distribution over S. Letting N = |R| denote
thenumberof datatuples,theentrofy E(fs) canbeexpresseds:

E(fs) = — Y Prot(iy,---,i)]-logProt(is,- - )]

(’il,' - "L‘s)

1 .
= logN N Z fs(i1,- ..

(i1, 4ia)

Histogram Synopses.Building compactsynopsestructureshat
approximatea joint frequeng distribution with reasonableccu-
rag in limited spaceis critical for numerousapplicationsjnclud-
ing query optimizationand profiling [19]. Histogram-basedsyn-
opsesfor approximatingone-dimensionatiatadistributions have
beerextensvely studiedn theresearchiterature[13, 19], andhave
beenadoptedby several commercialdatabaseystems.Briefly, a
histogramon anattribute X is typically constructedby partitioning
the frequeng distribution of X into 8 > 1 buckets of consecu-
tive attribute valuesandemplgying a uniformity assumptiorio ap-
proximatethe frequenciegndvaluespresenin eachbucket. One-
dimensionalhistogramscan also be usedto approximate(multi-
dimensionaljoint datadistributionsthroughthefull-independence
assumptiorfor the attributesof interest. Given a collectionof at-
tributes{ X1, ... , X, }, full independencessentiallyequireshat
all attributes have mutually independenfrequeng distributions.
(Mathematicatonditionsfor mutualindependenceanbefoundin
ary standardstatisticstextbook; see for example[1].) Mutualin-
dependencen turn,impliesthatary joint attributedistributioncan
be obtainedasa productof the one-dimensionahaginal distribu-
tionsof theindividual attributes;thus forary S = {Xi,... , X5},
fs(ir,... ,is) = [I;—; fx, (ix). Unfortunately experiencewith
real-life datasetsoffers overwhelmingevidencethatthe full-inde-
pendencassumptioris almostalwaysinvalid andcanleadto gross
approximatiorerrorsin practice[18].
Ratherthanrelyingonheuristicindependencassumptionsnulti-
dimensionahistagrams[18] try to directly approximatethe joint
distributionof { X1, ... , X, } by stratgically partitioningthedata
spacento n-dimensionabucketsin away thatcaptureghe varia-
tion in datafrequencieandvalues.Similarto theone-dimensional
case,uniformity assumptiongre madeto approximatethe distri-
bution of frequenciesandvalueswithin eachbucket [18]. Finding
optimal histogrambucketizationsis a hard optimizationproblem
thatis typically A/P-completesvenfor two dimensiong16]. Var-
ious greedyheuristicsfor multi-dimensionahistogramconstruc-
tion have beenproposed11, 18] andshawvn to performreasonably
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,1s) - log fs (i1, ... ,is).

well for low to mediumdatadimensionalitiege.g.,n=2-5). Like
most techniqueghat rely on spacepartitioning, however, multi-
dimensionahistogramslsofall victim to the“curseof dimension-
ality”, which renderghemineffective above 6—7dimensiong11].

2.2 Statistical Interaction Models: A Primer

For several decadesstatisticianshave looked into the problem
of constructingaccuratdanteraction modelsfor multi-variatecon-
tingeny tables(i.e., tablesof counts),wherethe elementsof an
underlyingpopulationareclassifiedaccordingto a numberof dif-
ferent categyories (or, dimensions)1, 6]. Traditionally the goal
of suchstatisticalmulti-variateanalysisis to discover and under
stand“strong” associationpatternsin the dataand find a struc-
tural model of variableinteractionsthat accuratelyand concisely
describeshesedatapatterns.

Log-linear Models. Log-linear modelscomprisea broadclassof

statisticalinteractionmodelsfor contingeng tablesthathasbeen
extensiely studiedin the statisticalliterature. The foundationsor

the theoryandmethodsof log-linearmodelswerelaid backin the
early 1970s,culminatingin a seriesof seminalbooksand mono-
graphson the subject{1]. Considerann-dimensionaktontingenyg

tableonn catgorieswith entriesf (i1, . .. ,i,). (Thedirectcorre-
spondencéetweercontingenyg tablesandjoint datadistributions
shouldbeolvious; bothjuststorethe counts/frequenciesf distinct
valuecombinationdor thedatadimensions.Briefly, themostgen-
eral(or, saturated log-linearmodelfor thetableexpresseshelog-

arithmof then-dimensionatell countsf (i1, . .. ,%,) asasumma-
tion of effectswhosedimensionalityrangesfrom 0 upto n. More

formally, the saturatedog-linearmodelfor f is expresseds

log f(it, .. yin) = u + > ui(iy) + Y ujk(ij,ix)
J J#k

+ ... + U1’___,n(i1,... ,in), (1)

wherethe v summandsapturethe interactionsbetweerthe vari-
ablesdenotedby their subscriptswith thetermsin the parentheses
indexing the specificpositionof thatinteraction(in thesameorder
of variables). Thus, u1,2(j, k) denotesthe interactioneffect be-
tweenvalues;j andk of variables/dimensions and2 respectiely.
Abstractly an s-dimensionainteractioneffect captureghe devia-
tions of the meansof log-frequenciest that level of aggregation
from the meansat “coarser”aggreationlevels. For example,the
one-dimensionatffectsu; (alsoknowvn asmaineffectg represent
the deviations of the meansof log-frequencieslongdimensionj
from the overall meanu. Note thatlinearity in the logarithmsof
the countscorrespond$o multiplicativerelationshipsetweerthe
actualfrequencieswhich meanghatlog-linearmodelsoften have
very niceinterpretationsn termsof theindependencpropertiesn
theunderlyingsetof variables.

The saturatedog-linear model depictedin Equation(1) is the
most generalmodelfor n dimensions|in the sensethat it spec-
ifies enoughinteractionparameterso accuratelycaptureany n-
variatecontingeng table. (In that sensethe saturatednodelcor
respondgo a modelof “fully-correlated” datadimensions.)Sim-
plerlog-linearmodelsreducethe numberof parameterdy speci-
fying certaininteractioneffectsto be zero,which cantypically be
interpretedasa form of “independencebetweerthe correspond-
ing dimensions As an example,considerthelog-linearmodelfor
a 3-dimensionatable over { X, X», X3} in which w1 2(4, j) =
U1,3(i,k) = ’U/2,3(j, k‘) = U1,2,3(i,j, k‘) = 0 for all i, 5, k; that
is, log f(%,j, k) = u + u1(?) + u2(j) + us(k). It is fairly sim-
pleto verify that,for dataconformingto this model,theunderlying
frequencies (3, j, k) canbederivedbasedn theone-dimensional



mawginals as (i, j, k) = fx;(8) - fx,(4) - fx,(k)/N> for all
i,j, k, whereN = Ei,j,k f(, 3, k) is the sumof all frequencies
(i.e., the numberof all datapoints)in thetable. (Throughoutthe
paperwe usefM () to denotefrequencyestimatedasedn model
M, oftenomitting the subscripwwhenthe modelusedis obvious.)
Thus,ourexamplelog-linearmodelis exactlyequivalentto thefull-
independencenodelfor 3 dimensions.Intuitively, this is exactly
what we would expect, given that this model setsall interaction
effectsbetweerary two or threedimensiongo zero.

In generalalog-linearmodelinvolvesspecifyingcertaininter
actioneffectsto vanishandletting theremaininginteractiondear
bitrary andunknavn. The practiceandtheoryof log-linearmodels
typically revolves arounda smallerclassof models,termedhier-
archical modelsthatarecharacterizedby the following key prop-
erty: forany S C {1,...,n}, if us is specifiedto vanishthen,
foranyT O S, ur is also specifiedto vanish A simple no-
tation usedfor describinghierarchicallog-linearmodelsis to list
their maximalvariableinteractioncomponentgalsoknowvn asthe
modelgenertors [15]) in squarebraclets. For instancethe satu-
rated3-dimensionalog-linearmodelcanbe denotedas[123] and
the full-independencenodelis simply [1][2][3]. More interesting
correlation/independengatternsanalsobe capturedwith hierar
chicalmodels.

e Partial Independence Thatis, two disjoint subsetsof the
datadimensionsare (unconditionally)independenbf each
other For example,the model M = [1][23] specifiesthat
dimension1 is independenbf the dimensionpair {2, 3}.
Frequeng estimatedor this modelarederiveddirectly from
the one-andtwo—dirpensionamalginalsfor variablesl and
{2: 3} respect'lely: fM (i: j: k) = fX1 (i)'f{XQ,Xg} (.7: k)/N'
for all 4, 7, k (again,IV denoteghefrequeny total).

e ConditionalIndependenceThatis, two disjoint subsetsof
the datadimensionsareindependengiventhe value(s)for a
third subset.For example,the model M = [12][13] states
that dimension2 and 3 are independengiven a value for
dimensionl. Frequeng estimatesreagaindirectly derived
from therelevanttwo-dimensionaiawginalsas: fa (i, j, k) =
f{X1,X2}(i’j) : f{X1,X3}(i’ k')/le (2) for all i, J, k.

We shouldstresshowever, thatnotall hierarchicalog-linearmod-
elsadmitinterpretationsn termsof correlation/independengat-
ternsamongdimensionsA simpleexampleis themodel[12][23][13]
which, in fact,is the smallestnon-interpretabléierarchicamodel.
Besidesnot admitting a “statistical interpretation”,an important
practical problemwith suchmodelsis that they also do not ad-
mit closed-formestimatedasedn maginal datadistributions. In-

stead,frequenyg estimatesmustbe obtainedthroughan iterative

numericalprocedure&known aslterative ProportionalFitting (IPF)

that, briefly, triesto discover a “maximum entropy” collectionof

frequencieghatalsosatisfieghe constrainton the mamginalsim-

posedby the specificmodel[1, 4].

DecomposabléModels: Chordal Graphsand Junction Trees. As
a consequencef theseproblemswith generallog-linearmodels,
statistician®ftenfocuson restrictedsubclassesf modelsthatare

easierto interpretand/oruse. An importantsuchsubclasss the

classof decomposablenodels Abstractly the classof decompos-
ablemodelscompriseghe subsebf log-linearmodelsthat satisfy

thefollowing two importantproperties.

1. Interpretability: Decomposablenodelscanbe describedn
termsof correlation/independencelationshipdetweerthe
relevant variables. Furthermore decomposablenodelscan
alwaysberepresentedraphicallyasa Markov network[20]
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fromwhichtheunderlyingcorrelation/independencelation-
shipscanbedirectly inferred.

2. Direct frequencyestimates: The frequeng estimatedor a
decomposablenodel canalways be obtaineddirectly from
the mamginals correspondingo the model generatorsas a
closed,“product-form” expression. That is, decomposable
modelsobviate the needfor iterative numericaltechniques
likeIPF

Our examplefull independencg1][2][3]), partialindependence
([1][23]), andconditionalindependencé€[12][13]) modelsarede-
composablewith the closed-formfrequeny estimatesf(i,j, k)
as definedabove for eachindividual case. Figure 1(a) givesthe
Markov networks correspondingo thesethreemodels,wherethe
nodescorrespondo the modelvariablesand edgesrepresenthe
existenceof an interactionbetweenvariables. Note that the gen-
eratorsof the model correspondlirectly to the cliques(i.e., max-
imal completesubgraphs)pf its Markov network representation.
Thekey probabilisticpropertyof a Markov network (knowvn asthe
global Markov property[20]) is thatif two nodesetsA and B are
sepaated by a third nodesetC, then A and B are conditionally
independengiven C. (For a more thoroughintroductionto the
theoryandpracticeof Markov networks, theinterestedeadeiis re-
ferredto [20].) It is easyto seethatthe numberandcompleity of
possibledecomposablmodelsgrows explosively with the number
of variabled6, 15, 17]. Figure1(b) shavs a somevhatmorecom-
plex exampleof a 5-dimensionatiecomposablmodel M, namely
M = [123][124][15]. Fromthe Markov graph,it is easyto read,
for example, that variables{3, 4} are conditionallyindependent
given variables{1, 2} and, similarly, that variable5 is indepen-
dentof {2, 3,4} givenvariablel. Thefrequeng estimatesor M
canbesimply dervedas fa (4, j, k, L, m) = frx,,x,, x5} (i 4, k) -
Fixy,x0, %43 (3, 1) Frxy, x53 (8, m) /[ fx, (9) frx,,x01 (4, 5)]. Our
work reliesheaily onthegraph-theoretipropertiesof the Markov
network representationf amodelM; thereforeweuseM torefer
to boththeinteractiormodelandits Markov graphin theremainder
of this paper

{X1 X2 Xq}

X4 ‘
X1 X1, X1
a= [1][2]8]  [1][23] [12][13] X3

ar= [123][124][15]  {xy%s}
(a) (b) ()

Figure 1: Mark ov networks for (a) thr eesimple 3-dimensional
decomposablemodels,and (b) a more complex 5-dimensional
decomposablemodel. (c) A junction treefor the 5-dimensional
examplemodel.

An interestingpropertyof decomposablinteractionmodelsis
thatthey correspondexactly to the classof chordal (or, triangu-
lated Markov network graphs.A chordalgraphhasthe property
that ary cycle of lengthfour or more hasa shortcut(chord) be-
tweenary two non-consecute nodes. Thus, for example, the
model [12][23][34][14] is not decomposablesinceit corresponds
to anon-chordaMarkov graph(a4-cycle).

A compactndparticularlyusefulrepresentatioof chordalgraphs
is provided by junctiontrees(alsoknown ascliquetrees [2, 14].
Briefly, givena chordalgraph.M, ajunctiontree J(M) is atree
structuredefinedoverthecliques(i.e., generatorsdf M character
ized by the following clique-intesectionproperty “For eachpair
C; andCj of cliquesin M, the setC; N C; is containedin ev-
ery clique on the path connectingC; andC; in J(M).” Given



a connectedgraph,a junction tree exists if andonly if the graph
is cherdal[2]; thus, a junction tree offers a completecharacter
ization of a chordal graphand the correspondingdecomposable
model. Figure 1(c) depictsa junction tree for the model M =
[123][124][15]. An importantpropertyof the junction-treerepre-
sentationfor a decomposablenodel M that the frequeng esti-
matesfor M are always equalto the ratio of the productof the
maminal frequencie®n all themodelcliquesdivided by the prod-
uct of the mamginal frequencie®n the intersectionf cliquesthat
areimmediatelyadjacentin the junctiontree[15]. As an exam-
ple,it is simpleto verify thatthejunctiontreeshavn in Figure1(c)
directly givestheformulamentioneckarlierin this sectionfor fM.

2.3 Problem Statement

Giventhe aforementionegbroblemswith the full-independence
assumptiomndcorventionalmulti-dimensionahistogramswe pro-
posea novel approachthat emplgys the solid foundationof inter
actionmodelsto explicitly identify andexploit statisticalpatterns
in the dataduring the constructionand usageof histogramsyn-
opses.Ourkey technicalidealiesin breakingthe synopsisnto (1)
a statisticalinteractionmodelthataccuratelycapturegheindepen-
dence/correlatiopatternsn the data,and(2) a collectionof (low-
dimensional)histogramson maiginals that, basedon the model,
canapproximatehe overall joint datadistribution. More formally,
in this paperwe definethe notionof a DEPENDENCY-BASED his-
togramsynopsisasfollows.

DEFINITION 2.1. ADEPENDENCY-BASED (DB) histagramfor
a collectionof attributes{ X1, ... , X,, } isdefinedasa pair H =
< M,C >, whee: (1) M is an accumate decomposablenodel
for the joint data distribution of {X1,...,X,}; and,(2)C is a
collection of (low-dimensionalhistogramsthat appoximatethe
maminal distributionsfor ead geneator (i.e., clique) of M. (We
referto thesehistagramsastheclique histogramsf .) il

Decomposablers. General Interaction Models. Definition 2.1
restrictsheclasof statisticainteractiormodelsfor DEPENDENCY-
BASED histogramso thatof decomposablmodels.Therearesev-
eralreasondor this. First, eventhoughthe spaceof decomposable
modelsis smallerthatthat of generalhierarchicalog-linearmod-
els, it is still large enoughto include a multitude of modelsthat
capturecomple (interpretable)nteractionpatternamongthedata
dimensions.For example,in lessthanor equalto 5 dimensions,
thereare7, 580 hierarchicaland1, 233 decomposablenodels[6].
(Also notethat, for any model,therealwaysexistsa moregeneral
modelthatis decomposablesincethe saturatednodelis trivially
decomposable.Becondasalreadymentionedabore, decompos-
able modelshave the benefitsof interpretability and closed-form
frequencyestimatesModelsthatareinterpretablén termsof par
tial and conditionalindependenceanprovide usefulinsightsinto
the intrinsic propertiesand correlationsin the data,even for pur-
posestherthansynopsisconstructiorn(e.g.,datamining). Closed-
form modelestimatesreohviously desirablesincethey avoid ex-
pensve iterative procedures$ik e IPF. IPF-basedstimationis espe-
cially badwhenestimatesn certainmaginalsarerequired,since
the only way to estimatethe mamginalsis to go throughthe full
joint distribution (e.g.,giventhe model[12][23][34][45][15], com-
puting the mamginal on { X1, X4} requiresIPF to rekuild the full
5-dimensionafrequeny distribution). This is not the casefor de-
composablanodelswhere,aswe will see,suchmaginal compu-
tations can be carefully optimized basedon the model structure
(Section3.3). Finally, besidesthe olvious computationabene-
fits in their usage (dueto the closed-formestimates)decompos-
ablemodelshave propertiesthat canalsosubstantiallyreducethe
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computationakffort involved in their constructionfrom the joint
distribution data. Thesepropertiesarethoroughlyexploitedin our
model-selectiomlgorithms(Section3.1).

Quantifying Model Accuracy: “Goodness-of-fit” Testing Our
goal is to discover interactionmodelsthat accuratelycapturethe
correlationpatternsin the joint datadistribution. Thus, we need
a measurehat quantifiesthe “distance” of the setfrequenyg es-
timatesbasedon a given interactionmodel M to the true setof
frequenciesn the joint distribution. Following standardstatisti-
cal practice[4, 6, 15], we emplg/ the usualdistancemeasureor
probability distributions,namelythe Kullbadk-Leiblerinformation
divergence(alsoknown as“discriminationinformation” or “cross-
entropy”), definedas

(i15m0-5in)

. Flia, ... in)
1in) -log Fa(in, ... yin)

TheinformationdivergenceD( f, fM) canessentiallypeinterpreted
asthe differenceof the informationcontainedin f andthatcon-
tainedin fu; aboutf. The quantity D(f, f¢) is always non-
negative andvanishesf andonly if fo¢ coincideswith f; thatis,
if andonly if the model M exactly captureghe joint datadistri-
bution. Furthermorejnformation divergenceis equvalentto the
likelihoodratio teststatisticfor the null hypothesisHy: “Model
M generatedf” [4], andis directly correlatedto the chi-squae
% distanceof thetwo distributions;in fact, it is well known that
D(f, fm) = %xz(f, fam), sothatminimizingdivergencds equiv-
alentto minimizing x? distancg15].

Problem Statement: DEPENDENCY-BASED Histogram Construc-
tion and Usage. Motivatedfrom theinadequaciesf earliersolu-
tionsandthe succes®f statisticalinteractionmodelsin the analy-
sis of contingeng tables,this paperproposes novel approacto
building multi-dimensionatatasynopsegroundecn theconcept
of DB histograms.More formally, the problemwe attackin this
papercanbe statedasfollows.

¢ Given: A relationaltable R onn attributes{ Xy, ..
spacebudgetB for constructinga synopsion R.

o Need: Efficientalgorithmsfor: (1) building anaccumateandcon-
ciseDB histogrant{ =< M, C > on R thatusesatmostB units
of space;and, (2) effectively utilizing # for providing quick ap-
proximateanswerdo selectvity-estimationqueriesover the joint
datadistribution andary oneof its mamginals.

The accumcy of a DB histogram# =< M,C > obviously
dependson the accurag of eachof its components. Our algo-
rithmsquantifytheaccurag of theinteractionmodel M usingthe
standarcKullback-Leiblerinformationdivergencemeasureasde-
scribedabove. The accuray of the clique histogramsan C canbe
quantifiedusingary of thestandardjuality measurefor histogram
synopsege.g.,total variance)18, 19].

Theconcisenessf theinteractiormodel M is anotheimportant
practicalrequiremenfor our DB histogramsynopsis.The obser
vation hereis thata morecomplex modelwill alwaysfit thegiven
databetter;for example,the saturatednodel canalways provide
anexactfit but is not alwaysthe correctinteractionmodelfor our
purposes.Essentiallywe areinterestedn the mostparsimonious
modelthatcapturesll thesignificantcorrelationsandindependen-
ciesin the data,so thatthesepatternsare explicitly accountedor
during the constructionof the synopsis. Our DB-histogramcon-
structionalgorithmsusetwo distinct strat@iesto control the con-
cisenessf theinducedmodel M.

e Enforcedimensionalitypoundon mamginals. The ideahereis to
imposeanupperboundk,., onthedimensionalityof eachgener

., Xn}anda




atorin M. This boundlimits the compleity of the modelby ex-

plicitly restrictingthe dimensionalityof eachmaiginal distribution
thatwe needto approximatehroughacliquehistogramin 7. Such
aboundcanbesetheuristically basedon pragmaticconstrainton
theeffectivenes®f histogramapproximationsfor example sinceit

is well-knowvn thattheaccurag of histogram-baseslynopsesirops
rapidly above 3—4dimensiong11], avalueof k..., = 3 maybea
reasonablehoicefor restrictingmodelcompleity while notcom-
promisingthe accurag of the DB histogram.(A moreprincipled
approaclwould beto setthevalueof k..., basednintrinsicchar

acteristicsof the datadistribution, suchasits fractal dimensior9]

that,in asensemeasurefs “distance”from full independenceye
intendto exploresuchmethodsn futurework.)

¢ Enforce statisticalsignificancethresholds This methodis based
on the useof significancelevelsto enforcea lower boundon the
statisticakignificanceatwhich additionalcompleity is introduced
into the model. Abstractly whatthis meanss thatwhendeciding
betweena “simple” model M, anda morecomplex model Mo,
M is preferredonly if the differencein the quality of the esti-
mates(i.e., the “goodness-of-fit")is suficiently high to be statisti-
cally significant. Thegoal, of coursejs to ensurehatthe selected
modelcaptureonly thetruly significantpatterndn the datawhile
ignoringdetailsthatcanbeattributedto statisticahoise(i.e.,avoid-
ing “overfitting” thedata).

3. DEPENDENCY-BASED HISTOGRAMS

3.1 Model Selection

Apart from certainspecialcasesthe generalproblemof infer-
ring an “optimal” statisticalmodel (decomposabl@r otherwise)
for agivendatasetis avery hardsearctproblemthatcanbesolved
exactly only by exhaustve searci17]. Thus,statisticiangypically
resortto computationally-dfcient heuristicsearchstratgiesthat,
althoughsuboptimaloften performwell in practice. The statisti-
cal literatureoffers two broadgreedy-searcparadigmghat form
the basisof theseheuristics,namelyforward selectionand badk-
ward elimination [4]. Briefly, forward selectionstartsout with
a very simple model (e.g., full independencednd incrementally
addsmorecompleity by includingin the model,at eachstep,the
variableinteraction(s)}hatresultin the highestincreasen model
accurag. Backward elimination, on the other hand, begins with
themostcomple, saturatednteractionmodel(correspondingo a
completeMarkov graph)anditeratively reducests compleity by
removing, at eachstep,the variableinteraction(syesultingin the
smallestdecreasé modelaccurag.

When restrictingthe searchspaceof the model-selectiorpro-
cessto decomposablenodels(aswe doin this work), specialcare
needdo betakento ensurehatonly suchmodelsareconsideredby
thesearchstratgy. Backward-eliminatiorstratgiesfor decompos-
ablemodelsarewell establishedhn the statisticalliterature.Unfor-
tunately suchbackward-eliminationschemeshave the disadwan-
tagethat they typically require evaluatinga large numberof in-
termediatemodels,especiallywhenthe numberof attributes(i.e.,
the dimensionalityof the data)involved is high [15]. Backward-
eliminationstratgiesare,in fact, particularlybadfor building DB
histogramsince,asalreadymentionedabore, histogramsynopses
areonly effective for relatively low dimensionalitiesimplying that
most of the interactionedgesin the completemodel graphmay
needto be checledandremored.

Basedon the aborve discussionwe have chosento emply a
forward-selectiorstratgyy for our DB-histogramconstructional-
gorithms. Unfortunately efficient forward selectionschemedor
decomposablenodelsarenot aswell understoodr researcheth
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the statisticalliterature[8, 15]. In our work, we proposetwo dis-
tinct forward-selectiolgorithmsfor building decomposablmod-
elsfor DB histograms.Our first algorithmis basedon a “naive”

stratgy thatoperatedy introducingarbitraryedgegbasecdntheir
benefit)andrunningrepeateathordalityteststo ensure¢hedecom-
posability of the model. Our second more efficient algorithmis

basedon a novel edge-selectiostratgy thatguaranteeshatonly

edgeghatretainthedecomposabilitpropertyareintroducedo the
currentmodelin, essentiallyconstantime-peredge. Notethatthis
forward-selectiorschemes a novel contritution of our work that
is very likely to be of interestto the statistical-modelinggommu-
nity [8]. Dueto spaceconstraintandto keepthe discussiormore
focusednthehistogramingssuesthedetaileddevelopmenbf our
model-selectiomlgorithmsfor DB histogramsanbefoundin the
full versionof this paper{7]. In thefull paperwe alsodiscusscer

tain importantpropertiesof decomposableteractionmodelsand
describehow our algorithmsexploit themto optimizethe compu-
tationaleffort (i.e.,numberof entrofy calculationsjnvolvedin the
forward-selectiomprocesg7].

3.2 Building the Clique-Histogram Collection

Themodel-selectiomprocesgprovidesuswith a concisedecom-
posablenteractionmodel M thataccuratelycaptureghe correla-
tionsin thedata. The next stepin building the DB-histogramsyn-
opsisis the constructionof the clique-histgram collectionC. As
their namereveals,our clique histogramsarebuilt onthe mamginal
frequeny distributions definedby the cliques/generatorsf M,
which, by the model-selectiomprocessare guaranteedo capture
the most significantcorrelationpatternsin the data. Histogram
synopsedor the cligue maginalscanthenbeused,in conjunction
with thedecomposablmodel,to effectively approximatehe over-
all joint datadistribution f aswell asanyothermarginal, by taking
adwantageof theclosed-fornmodelestimatesndthejunctiontree
representationf themodel(Section3.3).

Two key issuesarisein theconstructiorof thecliquehistograms.
First, we needto decideon the type of (multidimensional)his-
togramsthatwill be usedto capturethe cligue maiginals. Second,
giventhatourendgoalis to maximizesomeoverall accurag mea-
surein the DB-histogramapproximationwithin a specifiedspace
budgetof B, we have to devisemethoddor intelligently allocating
the B storageunits amongthe different clique histogramsbeing
built. We elaboratdurtheron thesetwo issuesn whatfollows.

Clique-Histogram Types. Themaingoalof ourwork is to demon-
stratethe importanceandviability of statisticalinteractionmodel-
ing techniquegor building high-dimensionadlatasynopsesndnot
to introducea new family of histogramstructuresandconstruction
algorithms. Thus, our DB-histogramconstructionalgorithmsuse
variantsof known histogramingtechniquego capturethe clique
maminal distributionsfor a givendecomposablmodel M.

e MHIST Histogramsareastraightforvardadaptatiorof thestate-
of-the-art MHIST-2 techniqueproposedby Poosalaand loanni-
dis [18]. Abstractly thekey ideabehindMHIST-2 is to producea
hierarchicabpartitioningof the dataspaceby recursvely partition-
ing the bucket thatis in mostneedof partitioning until the space
budget(i.e., numberof availablebuckets)is exhausted.

e Grid Histograms arebasecbn a simplegeneralizatiorof p x ¢
rectangulaarray partitionings(e.g.,[16]) to higherdimensionali-
ties. We usea simplegreedyalgorithmfor building grid histograms
that,ateachstep partitionstheentiredatadistribution alongthedi-
mensiorthatis in mostneedof partitioningwhile makingsurethat
theallottednumberof bucketsis notexceeded.

For both histogramtypes, the “need of partitioning” is deter



minedbasednthehistogranpartitioningconstaint, e.g.,V-optimal
or MaxDiff [19]. As anexample,a MaxDiff constraintmeanghat
the constructioralgorithmalwayssplits (thebucket or the datadis-
tribution) along the dimensionwith the largestdifferencein fre-
gueng betweentwo adjacent/aluesby placinga bucket boundary
betweerthesevalues[18].

SpaceAllocation. Giventhe limited storagebudgetavailablefor
our DB-histogramsynopsis,it is crucial to allocatespaceto the
distinctclique histogramsn C in anintelligentmanner Typically,
the endgoal is to minimize an overall error of the histogramap-
proximation,suchasthe normalizedmeansquareerroror thetotal
varianceover all histogrambuckets[19]. The problemis some-
whatcomplicatedby the factthatthe modelcliquescanbe of dif-
ferentaritiesand,asa consequencehe spacerequiredfor storing
a bucket canvary amongthe differenthistograms More formally,
let Cy, ..., C|¢| denotethe differentcliquesin M andlet 3;, s;
denotethe numberof bucketsallottedto the histogramfor clique
C; andthe spacerequirement®f eachsuchbucket, respectiely.
Also, given analgorithmfor building the*” clique histogram et
ERR;(3;) denotetheoverall errorof thathistogramin approximat-
ing the mamginal distribution over C; whenexactly 8; bucketsare
used. Our space-allocatioproblemfor the clique-histograncol-
lectioncannow bestatedasfollows:

IC|

Minimize Y°I° ERR(B;) , subjecto > Bis; < B.

i=1
This is essentiallya discreteresourceallocation problemwith a
sepanble objective function [12], which canbe solved optimally
in pseudo-polynomiatime using dynamic programming. More
specifically let F()(s) denotethe minimum achievable total er-
ror for thefirst ¢ clique histogramavhenat mosts unitsof storage
areused;thatis,

FOWM)= min {D> ERR(B) : Y fisi < b}.
i=1 i=1

(B1s---5Be) 4
Then,obviously, F(|C|)(B) givestheoptimalobjectve valueof our
cligue-histogranmspace-allocatiomproblem. The computationof

theoptimalspaceallotmentis donebasednthefollowing dynamic-
programmingormulation:

F0) = min { Fe™D(b—1) + ERR( EJ) }

with the boundaryconditionsF*) (b)) = ERR; ( [%J) forallb =

0, ..., B. Therunning-timecomplexity of ourdynamic-programming

solutionis O(|C|B?), assumingheerrorfunctionvaluesERR; for
individual histogramshave beenprecomputed.Note that for grid
histogramsachsplitintroducedby the constructioralgorithmcan
resultin a multitude of new buckets;thus,the ERR; functionsfor
grid will have a“piecewise constantform with the errordropping
only whenthe extra bucketsare suficient for a new split. MHIST
histogramspn the otherhand,have smoothererror curves, since
eachsplit introducesonly onenew bucket. We deferpresentation
of thefull detailsof ourdynamic-programminglgorithmfor space
allocationto thefull paper

A simplerandmoreefficient heuristicalgorithmfor our space-
allocationproblem(termedincr ementalGaing is depictedn Fig-
ure 2. Thekey ideain IncrementalGainsis to incrementallydis-
tribute the spacebudgetamongthe clique histogramsbasedon
maiginal gains[10]. Abstractly the IncrementalGainsalgorithm
worksin parallelwith thehistogranconstruction At eachstep,the
next split for eachcliquehistogram(asdictatedby theconstruction
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algorithm)is evaluatedn termsof (a) theimprovementhatthe ex-

trasplit bringsin termsof theoverall errorin the histogramapprox-
imation, and (b) the increasean the amountof spacerequiredfor

storingthenew bucket(s)introducedby the split. Amongall candi-
datesplits, IncrementalGainsselectghe split thatmaximizesthe
decreasén error perunit of requiredbucket spaceand,of course,
doesnot violate our storage-spaceonstraint. The running-time
compleity of the IncrementalGainsalgorithmis only O(|C| +

Blog|C|). Furthermoreit is a well-known result(e.g.,[10]) that
incrementalallocation basedon mamginal gainsis, in fact, opti-
mal if the componentsf the separableobjective function (i.e.,
the ERR;’s) are corvex; thatis, when the histogramerror func-
tions follow a law of diminishingreturnswith respecto allotted
space Suchanassumptiomayoftenbesatisfiedduringhistogram
constructiorand,thereforewe expectthatincr ementalGainswill

typically performwell in practice.

procedure IncrementalGaing { C;, ERR;,s; } (¢ = 1,...,|C|).B)
Input: Attributesets{C1, ... ,C|¢|}) correspondingo modelcliques;
total storagespacebudgetB; errormeasur&ERR; () andperbucket
storagaequirement; for theit? cliquehistogram.
Output: Feasiblebucketallocation< 81,. .. ,8¢c| > thatminimizes
the overall histogramapproximatiorerror
begin
. I* all histogramsstartasonebucket containingthe averagefrequeng */
< B1,-.- ,5‘C| >=<1,...,1>,used=3_,s;
foundOne=true
while (foundOne= true) do
foundOne= false
let n; betheextrabucketsrequiredfor addinganew split (as
dictatedby the constructioralgorithm)to the histogramfor
cliqueC;,i=1,...,|C|
let AERR; := ERR;(8; + ni) — ERRi(B;),i=1,...,[C|
sortall candidatesplitsin theorder< iy, ... ,4¢| > suchthat
for eachy: iIIEF:F,{j > nA,ERii“
i ti+1 %41
9. l:=1
10.  while (used+n;, - s, > B)dol:=1+1
11. if (I < n)then

opwNE

© N

12. addanew split to the histogranor clique C;,
13. Bi, == Bi; + ny;, used=used-n;, - s,

14. foundOne= true

15. end

16. end

end

Figure 2: The IncrementalGainsspace-allocatioralgorithm.

3.3 Using DEPENDENCY-BASED Histograms

Efficiently estimatingthe selectvity of a range-quenypredicate
over (a subsetof) the n dataattributesusing DB histogramsre-
quiresnovel usagdechniqueshateffectively utilize themodelstruc-
ture in conjunctionwith the clique histograms. In this section,
we proposealgorithmsfor estimatingquery-predicatselectvities
using DB histograms. Let H =< M,C > denotea DB his-
togramon attributes{ X1, ... , X, } andlet P bearange-selection
predicatedefined, without loss of generality over the attributes
Xi,...,Xm, wherem < n; thatis, P specifiesno rangesover
Xm+1,.-- ,Xn. Also,letCy, ..
in the constructediecomposablenodel M andletC = {H(Ch),
..., H(C\¢))}, whereH(C;) is the histogrambuilt for clique C;
t=1,...,|C].

Estimatingthe selectvity of P is accomplishedy using# to
computethe (approximate)maginal frequeng distribution over
the specifiedattributes X1, ... , X,,. We demonstratéhow this
computationcanbe carriedout efficiently by exploiting the junc-

., C|¢| denotehecliques/generators



tiontreerepresentationf ourdecomposablmodel M (Section?.2).
Givem the “product form” of the selectvity estimatedictatedby
M, we alsoneedeffective algorithmsfor computingthe product
andprojection(i.e., “marginalization”) of our histogram-basedp-
proximationsto the models clique maginals. We proposealgo-
rithmsfor thesehistogranmoperationsn thesecondartof thissec-
tion. (Our DB-histogrammplementatioralsoincorporateseveral
practicaloptimizationsadiscussiortanbefoundin thefull paper)

3.3.1 ComputingArbitrary Marginal Distributions

As we alreadypointedoutin Section2, oneof the mainadwan-
tagesof usinga decomposablateractionmodel M in H is thatit
allows for direct, closed-formestimatedor the joint datadistribu-
tion f thatwewantto approximateTheseestimate$iave aproduct
formthatcanbedirectly readoff thejunctiontreerepresentationf
M [2, 14], denoteddy J(M). Recallfrom Section2.2 that.J (M)
is atreeoverthecliquesof M thatsatisfieghe clique-intesection
property, thatis, for eachpair C; andCj, of cliques thesetC; N Cy,
is containedn every clique on the pathconnectingC; andCj, in
J(M). Anotherimportantpropertyof thejunctiontreestructures
the sepaation property. “For eachedge(C;, C;) in J(M) theset
Si; = C1 N C; separateg’; — S;; andC; — S;; in M.” Based
on this property and the interpretationof separatiorin terms of
conditionalindependencin decomposablmodels giventheedge
(C1,C>) in J(M) we canestimatehejoint frequeny distribution
of C1 U C, usingtheformulafc,ue, = fo, - foo / feinc, . Simi-
larly, theform of theestimategor theoveralljoint frequenyg distri-
bution canbereadoff J(M) baseddnthefollowing formula[15]:

. H\CI

f .
H(C,-,Cj)EJ(M) meCj

@

The above resultdirectly provides us with a nave methodfor
computingthe maminal frequeng distribution over X1, ... , X,,
and, therefore,estimatingthe selectvity of P: simply build the
junctiontree J(M), thenuseEquation(2) to reconstructhe full
joint frequeng distribution f basedon the clique histogramsand,
finally, projectf ontotheattributesof interestX,, ... , X,n. (Note
that,givenachordalgraphG = (V, E), ajunctiontreerepresenta-
tion of G canbecomputedrery quickly in O(|V |+ |E|) time[14].)
However, computingthe full frequeng distribution is obviously
an overkill since,in mostpracticalscenariosthe rangepredicate
P specifiesselectionsover only a small subsetof attributes(i.e.,
m << n). We now proposea moreefficientalgorithmthatmakes
more effective useof thejunctiontreerepresentatioto minimize
thecomputatiorrequiredfor obtainingarbitrarymarginals.

OuralgorithmviewsthejunctiontreeJ (M) asarootedtreewith
an arbitrarily-choserroot node(clique). Also, with eachnodeC;
in J(M) we associat¢heunionof thecliquescorrespondingo all
thedescendentsf thenodein J(M), includingitself. Thisunion,
denotedby cover (C;), canolviously be computedin a single
bottom-uptraversalof the tree. The completeoutline of our recur
sive maiginal-computatioralgorithm(termedComputeMarginal)
is shawn in Figure3. Theinput agumentsof ComputeMarginal
are (1) a node C; of the (rooted)junction tree J(M), and (2)
a set of attributes Sg for which a histogramof their joint fre-
queng distributionis requiredfrom the (sub)tregootedat C;. Our
descriptionusesthe functionspr oj ect andpr oduct ; briefly,
proj ect (H(C), S) returnsthe projectionof histogramH (C')
overC ontothesubsebf attributesS C C, whereagr oduct (H(
H(C})) returnsthehistogramH (C; UC;) over C; UCj thatresults
from multiplying H(C;) andH(Cj;) usingthe separatiorformula
for obtainingfrequenciesi,.e.,fciucj = fc; -fcj/fcmcj. (The
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Cy),

relevantalgorithmsaredescribedn Section3.3.2) Briefly, Com-
puteMarginal first checkswhetherthe clique C; is a supersebf
the specifiedattributesSg since,in thatcasewe cangetthe his-
togramfor Sg by simply projectingout the unnecessargttributes
from H(C;) (Stepl). If C; cannottomputetherequiredfrequeny
distribution by itself thenwe keepthe portionof Sqg whosedistri-
bution canbe determinedrom C; (C; N Sg) andrecursvely use
the childrenof C; to computethe relevant maginals for the re-
mainingattributes(Sg — C;). In the simpler case(Steps4—10),
thereexists a single child C; of C; that covers all remainingat-
tributes. Then, we canthensimply passall remainingattributes
to that child but, of course,we alsohave to ensurethat we aug-
mentthis setwith all attributesin the separatoiS;; = C; N Cj,
sothattheresultingfrequeny distributionscanbe properlymulti-
plied outbasednthetrees separatioproperty(Steps7—9).In the
more comple case(Steps11-19),noneof the childrencancom-
pute the distribution of S¢ — C; by itself, so we mustbreakup
So — C; into multiple partssuchthateachpartcanbe handledby a
singlechild node.Theresultingmaiginalsareagainmultiplied out
basedntheseparatiopropertyto obtainthe overallfrequeng es-
timatesfor Sg (Steps14—16). Theinitial invocationof algorithm
ComputeMarginal setsC; equalto the root nodeof J(M) and
So ={X1,..., Xn}.

procedure ComputeMarginal( C;, Sq )

Input: Node/cliqueC; in the (rooted)junctiontree J(M); collectionof
attributesSg whose(approximatejoint frequeny distributionis
requiredfrom the (sub)treerootedat nodeC;.

Output: Histogramgiving theapproximatdrequeny districution of Sg.

begin

1. if Sg C C; then return proj ect (H(C;), Sg)

2. else

3. letint .= C; N Sq anddiff :=Sq — C;

4 if (diff C cover (Cj) for somech||d C; of C; ) then

5 if (int= ¢ ) thenreturn ComputeMarginal(Cj, Sq)

6. else

7 letS;; :=C; N C;

8 H; = ComputeMarginal(C; , diff US;;)

9. return pr oj ect (product (H(C;), H1) , Sq)
10. end

11. else

12. let H := H(C;)

13. for eachchild C; of C; suchthatC; N diff # ¢ do
14, let S;; == C; ﬂ Cj

15. H,y = ComputeMarginal(Cj, (C;ndiff) US;;)

16. H :=product (H, Hy)
17. end

18. return proj ect (H, Sq)
19. end

20. end

end

Figure 3: Computing marginal histogramsusingjunction tr ees.

Algorithm ComputeMarginal is much more efficient thanthe
naive techniquedescribedabore and, in fact, it canbe shavn that
ComputeMarginal is optimalin termsof the total numberof his-
togrammultiplicationsandprojectiongequired.Ontheotherhand,
ComputeMarginal doesnot addressheissueof finding the opti-
mal orderfor multiplying the relevant histogramdgor obtaininga
givenmaiginal. This problemis similarin spirit to thewell-known
matrix-chain multiplicationproblem[5] and,in fact,reducego that
problemin the caseof a simplepath modelgraph.M anda two-
variablerangepredicateP. Optimizing the multiplication opera-
tions for generalmodel graphsand rangepredicategequiresex-
tendingtheseearlierresultsto muchmoregenerakensorproducts
whichis, to thebestof ourknowledge,anopenproblem.Weintend



to addresshis issueaspartof our futurework on DB histograms.

3.3.2 Multiplying and ProjectingClique Histograms

We now discusgheimplementatiorof thebasicclique-histogram
operationgi.e., pr oj ect () andpr oduct ()) thatareusedin our
selectvity-estimationprocedure We focuson projectionandmul-
tiplication algorithmsfor MHIST histograms;the algorithmsfor
grid histogramsare rather straightforvard (this was actually the
mainreasonwe includedthemin our study)andthey canbefound
in thefull paper

We proposea more space-dicient representatiorfior multi-di-
mensionaMHIST histogramghanthe onedescribedn the orig-
inal paperof Poosalaand loannidis[18]. For an n-dimensional
MHIST bucket, their representatiomequiresstoring a frequeng
andthehighandlow valueboundariesn eachof then dimensions,
resultingin atotal of (2n + 1) numericvaluesperbucket. Our key
obseration hereis thatan MHIST histogramis basicallya hierar
chicalbinarypartitioningof thedataspace Thus,insteacdof storing
eachMHIST bucket explicitly, we proposestoring the histogram
asatreestructure(termeda split treg thatcaptureghe splits per
formedby the MHIST-constructioralgorithm. Eachinternalnode
of thesplit treejust needdo storethe split valueandthedimension
alongwhich the split was performed whereasachleaf nodejust
needgo storethefrequeng for the correspondindpucket. Givena
b-bucket n-dimensionaMHIST histogramit is easyto verify that
our split-treerepresentatiomequiresstoringonly (35 — 2) num-
bers,whichis clearlyasignificanimprovementovertheb(2n + 1)
numbersequiredby the naive representation.

We proposemultiplicationandprojectionalgorithmsfor MHIST
histogramshat work solely on our space-dicient, split-treerep-
resentationfor both the input and output histogramsof the op-
erator Both algorithmsmale use of a simple proceduretermed
restrict Node(N, R) thattakesasinput a node N in a split
treefor a collectionof attributesanda restrictionR on theranges
of (a subsef) theseattributes. Theresultof r est ri ct Node is
asplit treederivedfrom the subtreerootedat IV thatonly contains
thesplitandleafnodeshatpertainto theinputrangerestrictionR.
Ther estri ct Node operatorrequires(at most)onetraversalof
thesubtreeootedat V. Thepseudo-codéor projectinganMHIST
histogramH (C') ontoasubsetS C C of its attributesis shavn in
Figure4. Mostof thework for pr oj ect (H(C), S) isdonein are-
cursive subroutinetermedgenSpl i t s, thatessentiallygenerates
thesplit-treestructureor theprojectechistogram.Thekey require-
mentfor genSpl i t s is to ensurehat,in theend,all splitsalong
dimensionsn S for ary of the hierarchically-generateolicketsin
H(C) arereflectedn thesplit treefor theprojectechistogram For
example,if onebucket of H(C) is spliton X = 10 andanother
on X = 20 both 10 and20 needto appearas split pointswhen
the histogramis projectedonto X. This is handledby usingthe
restri ct Node procedurdo “transfer”all therelevantsplitsinto
the currentlyexploredsubtregSteps9-12). (Notethat V] and [V,
areinterchangeablé Steps8—12.) Finally, pr oj ect computes
the frequenciedor the leaf nodes(i.e., buckets) in the split tree
for the projectedhistogramby summingthe frequenciesover all
the contributing leavesof H(C); of coursethe summedrequen-
cieshave to be appropriatelyscaledby the relative volume of the
bucketalongsS (intra-bucket uniformity assumption{Steps2—4).

The pseudo-codef our algorithmfor multiplying two MHIST
clique histogramsH (C;) and H(C};) to obtain an MHIST his-
togramH (C; U C;) onthejoint distribution of C; U C; is depicted
in Figure5. Thekey intuition underlyingour algorithmis asfol-
lows. Let S;; = C;NC; andconsidettwo bucketsb; € H(C;) and
b; € H(C;). If b; andb; overlapalongary of the dimensionsn
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procedure pr oj ect (H(C), S)
Input: MHIST histogram(splittree) H(C') on C; attributesS C C on
which we wantto projectH (C).

Output: H(.S) MHIST histogramon S.

begin

1. H(S):=genSplits(root(H(C)),S) [* split-treefor the projection*/

2. for everyleafl of H(S) do

3. frequeng(l) := >, wy - frequeng(l’), wherethe summatioris
overall leaves!’ of H(C) thatcontainl alongthedimensionsn S
andw;; = volume( alongS)/volume(’ alongs)

4. end

end

subroutine genSpl i t s(, S)

Input: Split-treenodeN; subsetS of the split-treeattributeson whichwe
wantto “project” the subtreerootedat N.

Output: N’ rootfor anew split-treestructureresultingfrom the projection
of the N-rootedsubtreeon S’.

begin

1. let X andv bethesplitting attribute andsplit valueat node N
2. let N; andN, denotetheleft andright child of N

3. N/:=genSplits(N;,S)

4. N] :=genSplits(Ng,S)

5. if X € S"then

6.  createnaw internalnodeN’ with children N} and NV}, andsplit (X, v)
7. else

8. setN’ := N/

9. for everyleafl of N’ do

10. let R denotetheattribute rangesoccupiedby [

11. replace with r est ri ct Node(N, R)

12. end

13. end

end

Figure4: MHIST projection algorithm.

Si;, thenthey resultin anew bucketin theproducthistogramwhose
boundarieslongthe dimensions’; — S;; (C; — S;;) areexactly
thoseof b; (resp.,b;), whereasts boundariesilongdimensionsn
S;; aredefinedby theintersectiorof b; andb; in thosedimensions.
Our pr oduct algorithmemplgys this obserationto generatehe
split-treestructurefor theproducthistogramby firstinitializing that
structurewith oneof theinputsplit trees say H(C;) (Stepl), and
then,for eachleafnodeof H(C;), usingther est ri ct Node pro-
cedureon the otherinput treeto generatehetreestructurefor the
productbuckets (Steps2-5). Finally, the frequenciedor the leaf
nodesin the productsplit tree are computedusingthe separation
formula on the frequencieof the “enclosing” buckets of H(C;),
H(Cj),andH(S;;) = proj ect (H(C;) , Si;), which,of course,
have to be properlyscaledby therelative volumeof the bucket in-
tersectioralongS;; (intra-bucketuniformity assumptionfStepsr—
11).

4. EXPERIMENTAL STUDY

In this section,we presenthe resultsof an extensive empirical
studyin which we comparehe quality of approximateanswergo
selectvity estimationqueriesobtainedusing DB histogramswith
variousprevalentselectvity estimatioralgorithms.Themajorfind-
ingsof our studycanbe summarizedsfollows.

e DecomposabléModels are Effective. For all datasets,decom-
posablemodelswith small compleity (thatis, few edges)yield
goodapproximationgo the original dataset. Thus,decomposable
modelsprovide uswith aneffective mechanisnfor accuratelycap-
turing the datadistribution of multi-dimensionabatasets.

e Better Approximate Answer Quality. In general,the quality
of theapproximatenswerseturnecby DB histogramss superior



procedure pr oduct (H(C;), H(C};))
Input. MHIST histogramgsplit trees)H (C; ) and H(C;) on attritute sets
C; andC}, respeciiely.

Output: MHIST histogramH (C; U C;) onC; U Cj.

begin

setH(C; U C;) := H(C;) [* initialize with split treefor aninput*/

for everyleafl of H(C; U C;) do
let Rs betherangef attributesin S occupiedby thebucket at!
replace withrest ri ct Node(H(Cj), Rs)

end

H(S;;) :=project (H(C;), S;j), whereS;; = C; N Cj

for everyleafl of H(C; U Cj) do
letl;, 15, l;; betheleavesof H(C;), H(C;), andS;; (respectiely)
thatcontainl alongtherespectie dimensions

9. letw;, :=volume( alongC;)/volume; alongC;), with wy;

andwlij definedsimilarly

_ (wy,-frequeng(;))-(w, , -frequeng;))

10. frequeng(l) := o -frequen]g(zij))

11. end

end

ONoO~WDE

Figure5: MHIST multiplication algorithm.

to thatof competinghistogramingnethods.Further for a number
of selectvity estimationqueriesthe approximatiorerrorwith DB
histogramss asmuchas5 timessmallerthantheerrorfor thebest
competingalgorithm.

e DB histogramsare StorageEfficient. DB histogramgrovide
fairly accuratg(lessthan50% error) answerso rangequerieson
mostreal-life datasets(oneof which hasa dimensionalityashigh
as12),while requiringlessthan1% of the storagespaceconsumed
by the original dataset.

Thus, our experimentalresultsvalidatethe thesisof this paper
that DB histogramsynopsegrovide a viable andeffective means
for approximatingthe joint distributionsof high-dimensionatlata
sets.Dueto spaceconstraintsyve do not presentheresultsof our
experimentson constructiontimes or query answeringtimes for
DB histogramsthey canbefoundin thefull paper{7]. Note,how-
ever, thathistogramconstructioncanbe speededip by usingran-
domsamplef the datato build theinteractionmodels while the
histogramusageechniqueslescribedn Section3.3canbeusedto
processjueriesefficiently.

4.1 Experimental Testbedand Methodology

Selectiity Estimation Techniques. We considerthreedifferent
selectvity estimatiortechniquesn our study

e MHIST. We build a multi-dimensionahistogramon all the
attributesin the baserelation usingthe MHIST-2 techniquepro-
posedby Poosalandloannidis[18]. Usingour space-dicienttree
representatioffior thesehistogramsthe storagespacerequiredis
approximatelydb bytes,whereb is the numberof histogrambuck-
ets. Here,4b bytesarerequiredto storethe countsfor theb leaves
of thetree,andstoringthe split dimensionandvaluefor theb — 1
internalnodesrequiresh — 1 and4b — 4 bytes respectiely?.

e ZND (Independencéssumption) In this approacha separate
one-dimensionahistogramfor eachattribute of the basetableis
built. For the purposeof answeringqueriesiit is assumedhatall
dataattributesaremutuallyindependentandthejoint distribution
canbe obtainedasthe productof the individual one-dimensional
maiginals. The storagespacerequiredfor b bucketsof ZN D his-
togramds 8b bytes(4 bytesto specifytheseparatofor eachbucket
and4 bytesfor the bucket frequeng). Thebucketsfor ZND are

2Herewe assumehat,for aninternalnodein thesplittree,storingthe split
dimensiorrequiresl byte,regardlesof the dimensionalityof thedataset.
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constructedusing a proceduresimilar to IncrementalGains(see
Figure2) usingthe setof all attributesasthe setof cliquesinputto

the procedure We usedthe total varianceacrossall the histogram
bucketsastheerrorfunction.

e DB Histograms. We constructDB histogramsusingthe algo-
rithmsdescribedn Sections3.1and3.2. We considetthefollowing
two heuristicsfor selectingthe next bestinteractionedgeto addto
modelM in theforward-selectiorprocess.

e DB;: Theedgewith the higheststatisticalsignificancefor
theimprovementin divergences chosen.

e DB,y: The edgefor whom the ratio of the improvementin
divergenceand the increasein the total model statespace
(thatis, the sumof the productof the domainsizesfor all
the attributesin eachclique)is maximum,is selected.(The
justificationfor the DB, heuristiccanbefoundin [7].)

WeuseM HIST histogramdor approximatinghefrequeng dis-
tributionsof the cliquesin the decomposablenodel M of the DB
histogram. Thus, the storagespacerequiredfor b bucketsis 9b
bytes,similarto M HIST. Furthey procedurdncrementalGains
is usedto allocatespaceamongthevariousclique histogramgwith
thetotal varianceacrossall bucketsasthe errorfunction). Thereis
an additionaloverheadof storingthe junctiontreeassociateavith
the model, but that is negligible comparedo the size of the his-
togramsynopsis.

Unlessstatedotherwise wheninferring themodel M for adata
set,wefiX kmq., themaximumcliquesize,to be 2, sincewe found
that including 3-dimensionaklique histogramsdecreaseshe ac-
curay of DB histogramsconsiderably As a consequenceopr a
relationcontainingn attributes, M is atreeandthe DB histogram
for the table containsn — 1 clique histograms. We also setthe
thresholdfor the statisticalsignificancdevel, 8, to 90%. However,
we foundthat dueto the smallvaluefor k..., the statisticalsig-
nificancerarelyeliminatededgesduringmodelconstruction.

Oneimportantselectvity estimationtechniquethat we do not
includein ourempiricalstudyis randomsampling Thistechnique
involveskeepinga randomsampleof the datain memory against
whichthequeriesarerun andtheansweris appropriatelyscaledo
estimateheresultof executingthequeryonthecompletedatabase.
In our experimentswe obseredthat,becausef the smallstorage
spaceallocatedto the synopseshardly ary tuplesin the sample
satisfiedthe query andthe returnedanswerwas almostalwaysO0.
Thereforewe do not considetthis techniqueary further

Real-life Data Sets. In our experiments,we usedreal-life data
setsobtainedfrom the US CensusBureau(ww. census. gov/)
aswell asa dataseton California housingfrom a 1990 suney
(I'i b. stat.cnu. edu/ ). Dueto spaceconstraintspurresultswith
the Californiahousingdatasetcanbefoundin [7].

e Censudata Set. We usethe CurrentPopulationSuney (CPS)
datasourceandwithin it, the PersorDataFilesof theMarchQues-
tionnaireSupplementWe usetwo differentattribute subsets.

1. Data Setl. This datasetconsistof thefollowing attributes
(thesizeof eachattributedomainis includedin parentheses):
race (4), native country of the sampleperson (113), native
countryof mother(113), nativecountryof father (113), citi-
zenshif5) andage (91). We expectthefirst five attributesto
be highly correlatedwhile the lastattribute is relatively in-
dependenof therestof the attributes. This datasetcontains
atotal of 125705tupleswith 13449distincttuples,andhasa
total sizeof approximately315KB.

2. Data Set2. To demonstrat¢hat our techniquesanhandle
datasetswith high dimensionalitywell, we usea 12 attribute



projectionof theCensuglataset.In additionto theattributes
describedbove, in thisdataset,weincludethefollowing at-
tributes:industrycode(237)No. of hours usuallyworked at
themainjob (88), educationalattainment(17), censusstate
code(51), countycode(91). Dataset2 containsa total of
83566tupleswith 63090distincttuples,andhasatotal size
of approximatel\2.88MB.

Query Workload. We comparethe selectvity estimationtech-
nigueson arandomlygeneratedange-selectity queryworkload.
Eachqueryon a singlerelationspecifiesangedor a subsebf at-
tributesin the relationandleavesthe rangesfor the remainderof
the attributesunspecified We referto a querywith & specifiedat-
tributerangesasa k-D query Givenak, the k-D queryworkload
consistof 100randomlygenerated-D queriesfor eachquery the
k attributesandtherangeextentsfor thoseattributesarerandomly
chosen. In our final reportedresults,we do not considerqueries
thatcoverlessthan100tuplesin the baserelation.

Answer-quality Metrics. The answersobtainedusing the three
histogramingtechniquesdescribedabore are comparedwith the

correctanswercomputedisingthe original dataset. We useoneof

two metrics(describedbelon) to gaugethe quality of an approxi-
mateanswerto a query In thefollowing, the correctanswerto a

queryis a andthe approximateanswercomputedusinga synopsis
isas.

1. Absoluterelativeerror, definedas|as — a|/a.
2. Multiplicative error, definedasmax{as, a}/ min{a,, a}.

While the relative erroris fairly standardthe mainreasonto use
the lesscommonmultiplative error metric is that, for higher di-
mensionalityqueries, ZN D tendsto give very small answergor
mostqueries.But evenfor ananswerequalto 0, the absoluterel-
ative erroris still at most1. As we will seelater, becausef this,
IND appeardo performbetterfor high dimensionalityqueries.
Themultiplicative errormetriccorrectshis shortcomingpf therel-
ative errormetricby penalizingvery smallanswersaswell.

In the graphsdepictingthe resultsof our experimentsthefinal
reportederror for eachqueryworkloadis obtainedby taking the
averageof the errorsfor the 100randomqueriesin theworkload.

4.2 Experimental Results
4.2.1 CensudataSetl

2.0+

154,

Average Relative Error

How goodare DecomposabléModels? Ourfirstexperimentdemon-

strateghe effectivenesof decomposablmodelsat approximating
the original datasetwith respecto our range-queryvorkloads.In
this experiment,edgesareaddedto the modelin decreasingrder
of the statisticalsignificanceof theimprovementin approximation
dueto the edge(disrggardingthe parameters,,., andé). Fur
ther, for eachclique in the model, we storethe projectionof the
entiredataseton clique attributes,andusetheseprojectionsto an-
swer queries. Eachprojection,in effect, correspondso a clique
histogramwith anunlimited numberof buckets,andthuscaptures
thedatadistributionon cliqueattributescompletelyandaccurately
Consequentlyerrorsin thefinal queryansweraresolelydueto the
modelandapproximationerrorsdueto clique histogramsarefac-
toredoutfrom thefinal result.

Figure6 depictsheperformancef themodelsselectedy DB,
andD B, for queryworkloadswith differentdimensionalitiesAs
we cansee the averageerrorsfor boththeseedgeselectiorheuris-
tics drop rapidly asthe complity of the modelincreases. For
instancefor thedecomposablemodelcontainingonly 4 edgesand
selectedisingD B, theerroris less10%. Thus,it follows thatde-
composablenodelsare good at accuratelycapturingcorrelations
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1.0

in the underlyingdata. Further obsere thatthe errorratesfor the
model chosenusing DB drop much more rapidly comparedto

DB». Thisis not entirely surprisingsinceDB; selectsedgesfor

themodelassumingerfectclique histogramswhichis truein this

experiment. However, aswe will seelater, DB- is perhapamore
suitablein practice,sincefor a majority of realisticernvironments,
dueto storagespacdimitations, eachclique histogramcanbe ex-

pectedo only coarselyapproximatehe original distribution.

2.0

—— 2-D Queries —— 2-D Queries
"""" 3-D Queries ------ 3-D Queries
— - - 4-D Queries — — - 4-D Queries
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Figure 6: Effectivenesof DecomposabléModels.

DB Histogram Accuracy. In Figure7, we plot the relative and
multiplicative errorsfor thevariousselectvity estimatiortechniques
on k-D queryworkloads(k = 1,...,4). The storagespacefor
histogramsallocatedto eachmethodwasfixed at 3KB. From the
graphsi,it follows that DB, outperformsthe othertechniquedor
all k-D queryworkloads(exceptk = 1); further, for certainquery
workloads(k = 3), the error for DB, is half the error for com-
petingmethods.In general boththe DB-histogramingechniques
DB; andDB- performquitewell sincedecomposablmodelsare
good at separatingunrelatedattributes, and traditional histogram
methoddike M HIST approximatéow-dimensionatlatasetsquite
well. Further unlike DB1, sinceDB- alsotakesinto accountthe
spacerequirement®f clique histogramsvhenselectingedgesor
the model and the amountof storageis limited, it resultsin the
smallestvaluesfor error

Notethatthe poorperformancef M HIST canbeattributedto
thewell-known factthattraditionalhistogramingapproachesufer
from the“curseof dimensionality’'whentrying to approximatelis-
tributionsfor high-dimensionatiatasets.Also, sinceZN D builds
only one-dimensionahistograms,it shouldcomeas no surprise
thatit resultsin the lowesterrorsfor 1-D queries. However, its
performancewith respecto relative erroris somavhat misleading
sinceZ N D typically returnssmallanswerdor mostqueries.The
multiplicative error is more indicative of ZN D’s overall perfor
mancewhich suffersbecausef theinvalid assumptiormadeby it
thatattributesaremutuallyindependent.

Effect of Storage Spaceon Histogram Accuracy. Figure8 de-
pictserrorsfor a 3-D queryworkloadasstoragespaceallocatecto
theselectvity estimatiortechniquess increasedThebehaior for
otherqueryworkloadsshaw a similar trend.

From Figure 8, we canseethat errorsfor DB, andDB; de-
creaseastheamountof storagespaces increasedThisis because
theincreasedtoragehelpseachlow-dimensionatliquehistogram
to approximatethe datamore accurately and thus improves the
overallaccurag of theDB histogram However, theextraspacehas
little effecton MHIST andZND dueto inherentproblemsre-
latedto approximatincghigh-dimensionatiatasetsandthe attribute
independencassumption.
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Figure 7: Resultsfor the 6-D CensusData Set.
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4.2.2 CensudataSet2

We presentesultsfrom our experimentson the Censuslataset
2 in Figure 9. The total storagespaceallocatedto the synopses
for this datasetwas 20KB (approximately0.67% of the original
dataset). Theresultsaresimilar to thosefor the Censuslataset1,
with DB, doingmuchbetterthanthe othertwo technique®n the
combinationof ourtwo errormetrics.
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Figure 9: Resultsfor the 12-D CensusData Set.

5. CONCLUSIONS

In this paper we have proposedDEPENDENCY-BASED (DB)
histogramsa novel approacho histogram-basedynopseshatef-
fectively overcomesthe “curse of dimensionality”by emplg/ing
the solid foundationof statisticalinteractionmodelsto explicitly
identify and exploit the dependencgatternsin the data. The ba-
sic ideais to breakthe synopsisinto (1) a decomposabléterac-
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tion modelthat accuratelycaptureghe significantattribute corre-
lationsandindependencieim the data,and(2) a collectionof his-
togramson low-dimensionaimawginals that, basedon the model,
canbe usedto derive accurateapproximationof the overall joint
datadistribution. Our experimentatiorwith differentreal-life data
setshasvalidatedour approachdemonstratinghatDB histograms
provide significantly betterapproximationghan corventionalhis-
togramingechniquesAn importantfeatureof ourgeneramethod-
ology is thatit canbe usedto enhancehe performancef several
otherdata-reductiotechniquesn medium-to high-dimensionality
spacesstatisticalinteractionmodelscan helpidentify the signifi-
cantattribute correlationpatterndn the dataand,therefore thein-
terestindower-dimensionasubspacethatshouldbeapproximated
independentlyn asynopsis.
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