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ABSTRACT

The presence of pointer variables in high level
programming languages constitutes an artifact orig-
inally introduced to support the representation of
recursive data structures. Programming practice
has come to rely on pointer variables for their
originally intended use, and for several others as
well, Thelr use adds to the complexity of stating
algorithms by forcing one to conceptualize data
representations in which storage addressing 1s made
manifest, In addition, the use of pointer vari=-
ables allows one to refer to a common data object
by a multiplicity of names, a phenomenon we call
the alias variable problem. Alias_variables make
the verification of program behavior substanially
more difficult, and frustrate the goals of modular
decomposition.

In this paper, we consider alternatives to the use
of pointer variables in programming., One of these
alternatives is the inclusion of a class of data
abstractions based on recursively defined data
types. The representational power of the proposed
data types 1s characterized formally, and some
issues of implementation and efficiency of pro-
gramas are discussed.

1, INTRODUCTION

Pointer, or rgference variables have recently come
under criticism [1] that parallels the criticism
of the GOTO statement by Dijkstra [2]. Just as
the unrestricted GOTO broadens the context from
which a labeled statement can be executed, so the
unrestricted pointer makes global the context from
which a data object can be accessed., In fact,
pointer variables offer more opportunities for
magic and mischief than do GOTO's, as nearly any
PL/1 programmer can tell you, Some of the worst
abuses of unrestricted pointer variables can be
avoided by binding each pointer variable to a
specific data type when the pointer is declared.
Two languages that employ this kind of restriction
are PASCAL [3) and its predecessor, ALGOL W [5].
When strictly observed, this restriction prevents
occurrences of the so-called "hanging pointer"
(one that refers to an object that no longer ex-
ists, because of explicit deallocation or the end
of its defined lifetime),
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Even with restrictions to prevent hanging pointers,
programming data structures with pointer variables
still gives trouble to experienced programmers. To
convince oneself, one need only try the exercise

of interchanging a pair of successive elements in
a one-way list linked by pointer variables. The
operation can certainly be done, yet the program
that does it is not nearly as intuitive as one that
will exchange values of successive elements of an
array, for instance,

Upon looking at the uses made of pointer variables
in programs, four principal classes of use can be
identified,

i) Arrays of pointer variables are used to
index instances of structured types,
These arrays are commonly referred to as
"inverted files",

Pointer variables are used to link to-
gether instances of structured types
to form dynamic lists,

ii)

1i1) Relations among data objects are
often represented by the arcs of

a data graph, A direct realization
of a directed graph can be obtained
if the nodes are defined to cor-
respond to data values, and the
ares are represented by pointer
variables,

iv) One sometimes wishes to share informa-
tion among a group of program modules
or processes, without producing a fresh
copy of the shared data base for each
customer module. Access to a shared
data base 1s commonly provided by
passing an address constant, the value
of a pointer variable, to each module.

In each of these classes of use, it is apparent
that the values held by pointer variables, the bit
strings that specify physical addresses to the
storage unit of some actual computer, are not of
primary interest to the applications programmer.
Pointer variables are only a means to an end, and
by employing them, the programmer 1s concerning
himself with manipulation of the data representa-
tion in a machine, Pointer varidbles offer oper-
ations that are meaningful only at a very low
level of conceptual abstraction, yet remain in the



consciousness of the applications programmer even
at the highest level of| progtram implementation.

We believe that the fundamental sin in the use of
pointers is to make variables out of them, that is,
to make them assignable|, At the applications
level, after all, the data structures programmer
is concerned with access to data, not with its lo
cation in storage. Access should be definable,
but it need not be assignable.

In the remainder of this paper, we shall address
the problem of defining data types without the

use of pointer variablep, and shall argue by ex-
ample as well as rhetoric that each of the applica-
tions mentioned above cin be met without employing
pointer variables. Finally, we shall show how
computations involving laddress constants as data
can be pushed down to a very low level of abstrac~
tion, and thereby standardized,

2, DEFINING COMPOUND DhTA TYPES
T

The definition of data types provides a framework
for the interpretation of abstract objects that
can be described within a programming language.
Defining types is part lof the job of defining a
typed language, and is the responsibility of the
language designer. Decglaration, on the other hand,
is the means by which 4 programmer can define
bindings of identifierd to particular data types,
and can specify instandes of certain compound
types.,

Since the name 'data type" has been attached to
several distinct notions by different people, we
have an obligation to dlarify what is the notion
of type that will be uged in this paper. We use
data type to mean a formal notation to distinguish
sets of values, and clésses of mappings on those
values. Data types are therefore defined in terms
of sets, and to any defiinable data type there must
correspond a set of values, or mappings, though
these values may be compound, or structured, as
well as elementary. A|related notion, to which
we shall refer later in this paper, is that of a
data abstraction, which includes not only a data
type, but a set of operations defined on that
type. Data abstractioﬁs can therefore be for-
mally defined in terms of algebras., Noteworthy
examples of the incorporation of data abstrac-
tions into programmingilanguages are to be found
in SIMULA 67 [6], CLU [8], and ALPHARD [10].

The rules by which data types can be formed in-
clude:

i) enumeration of ! values. Any typed pro-
gramming language must include one or
more simple types, each of which is an
enumerable set;of scalar values. There
may, in fact, be infinitely many simple
types in the language, as is the case
in PASCAL, in which any finite set of
scalars declared by a programmer is a
simple type. However, all such sets
have been anticipated by the language
designer, and hence all are defined in
the programming language. In addition,
it is convenient to define as a distin-
guished simplel type a set that we shall
designate by the symbol Q, and which
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i1)

iii)

iv)

V)

vi)

vii)

viii)

we call undefined. In some program-
ming languages, this set contains
arbitrarily many values, and it is
not testable whether a value is a
member of this set or of some other
simple type. In other languages,
the undefined type contains a single
unique value, called Null,

composition of types. Each of the
rules that follows gives a form by
which new types are composed from
previously defined types.

cartesian product. Any finite se-
quence of types can be named as a
compound type. Values of the com-
pound type are vectors whose elements
take values from the type correspond-
ing to the position of each element

in the vector,

iterative replication, This operation,
analogous to the Kleene star operation
in formal language theory, enables
finite (but unbounded) vectors of
values from a single type to constitute
a compound type,

recursive definition. The ability to
give names to types is assumed, A

tye definition in which the name of

tle type being defined appears as part
of the definition is said to be recur-
sively defined. This capability is
required in order to be able to define
as types lists, trees, and other graph-
like objects of indeterminate extent,

mappings on types. A Eompound type may
be defined as a mapping from one type

to another, Operator types are neces-
sarily defined by mappings, but so are

sane data types such as arrays.

union of types. If A and B are
types, then A U B can be defined to
be a type. Since union types tend to
erase the distinctions that are made
by employing data types in the first
place, unions of simple types are not
used commonly, However, many operators
commonly employed in programming lan-
guages are described by unions of
operator types, Union types are also

said to be polymorphic,

One other example of a union type
deserves special mention. If t is
any type, then the union §t = t v @,
is the type we shall call variable t.
It will be the type we shall associate
with program variables declared to be
of type ¢t.

reference types, If t is any type,
then ref t is a type whose values

are references to objeéts of type t.
This is the type of pointer values,
whereas pointer variables are of some
type §ref t. If pointers are not bound



to some designated type by a declaration, then the
target type t 1is the union of all defined types
of the programming language!

The type formation rules given above deal with un-
interpreted types; that is, the application of
these formation rules is independent of the values
actually held by specific objects of any type.
This has several implications. One is that if
types of identifiers are fully declared in a pro-
gram, all type checking can be done by a compiler,
since type correspondence is data-independent by
these rules. Second, if the sets of values con-
stituting the several simple types of a program-
ming language are mutually disjoint, then any con-
stant definable in the language belongs to a
unique type.

However, since types defined by these rules are
value-independent, subranges of enumeration types
are not described as distinct types, Also, field
identifiers that may be associated with a struc-
tured type, are not considered to be a part of
that type. These restrictions should not be con-
sidered to be a deficiency of an uninterpreted
type theory, but merely a demarcation between the
notion of a data type, and the very useful exten-
sion to the notion of a data abstraction. This
distinction, unforutnately, has not yet been made
by many programming language designers.

It would be remiss not to mention an earlier ex-—
position of type formation rules by Hoare [11]
that strongly influenced the design of the pro-
gramming language PASCAL, The rules given here
differ in degree from those given there, particu-
larly in being fully value-independent, and in
distinguishing variable types. However, the
author must acknowledge having spent consider-
able time in reflection upon the consequences of
Hoare's type definitions.

In order to provide for the realization of type
definitions, the language designer will find it
necessary to define some standard procedures for
the implementation of data accesses, assignment
of values, and transformations on dynamically al-
located typed objects. The applications program-
mer should never need to define procedures to ac-
cess data types, We can state two seemingly
fundamental principles concerning access mechan-
isms,

Principle of Encapsulation: For a variable of
any data type that can be declared in a pro-
gramming language, there shall be a standard
access mechanism defined in the language.

Principle of Unique Reference: Each variable
within a definitional context shall have a
unique form of reference within that context.

A programming language that violates the Prin~
ciple of Encapsulation might be said to be ex-
tensible, in the sense that it leaves to the user
the task of specifying access mechanism. It is
worthwhile to note that the principle of encapsu-
lation has been adopted for data abstractions as
. well, as they have been incorporated into some of
the newer, experimental programming languages
[8,9,10]1,
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Nearly every programming language in common use
violates the Principle of Unique ﬂeference; never-
theless, it 1is both desirable and achievable. The
means of violation are: declared intent to vio-
late by storage equivalencing, binding of multiple
names as a consequence of a procedure call in
which parameters are passed by name or reference,
and assignment of a reference to more than one
pointer varilable. We refer to violations as alias
variables, for they create alias names for the
same object., We shall concentrate in this paper
on eliminating pointer assignment as a means of
aliasing.

3. RECURSIVE DATA TYPES

Just as it only became apparent that one could
write programs without GOTO statements after some
powerful control primitives had been incorporated
into programming languages, one is not likely to
convince programmers of data structures to give up
the use of pointer variables until more powerful
data types have been provided. In a recent paper
[12] Hoare has made a clear distinction between
the definition of a cell of a linked data struc-
ture, from which extensible linked structures can
be programmed by cell allocation and pointer as-
signment, and the recursive definition of a linked
data structure, for which extensibility is impli-
cit, and the link pointers are managed by the sys-
tem. Although Languages such as LISP that employ
implicitly recursive structures have been avail-
able as long or longer than those that employ
pointer variables, the advantage of using réecur-
sive definition to avoid the needless complexity
of explicitly programming data structure mainten-
ance seems not to have been fully appreciated by
programming language degigners over the past ten
years.

We shall employ a slightly more elementary nota-
tion to define recursive data types than does
Hoare, because we wish to stregs the distinctions
between pointer values, which must ocgur in linked
structures but which’need not be visible, and
pointer variables which are visible and manipul-
able by a programmer, Hoare includes in his def-
inition of a recrusive data type the names of
type generators, which by the distinction we have
drawn earlier, are a part of the definition of a
data abstraction. The notation that follows is
for the sake of exposition; we do not advocate it
as preferable to any other notation for incorpor-
ation into an applications programming language.

Let us introduce the mapping type

cond (t) = Boolean -+ t
where t 1is any type that is not itself a program

variable type. The interpretation given to cond

is that it yields one or the other of a pair of
objects of type t, depending on the evaluation of
its Boolean argument., In a programming language
supporting this type, one might declare a variable

Cond_C : cond (§char)

References to this variable could take the form
Cond_C[true] or Cond_C[false], referring to each
of its components, or Cond_C[X>0], referring to a



component dependent-on the value of the Boolean
expression. This type 1s realized in PASCAL as a
speclal case of the array type.

Next, let us define a pair of recursive types
needed to allow the realization of dynamic lists,
and the representation 9f relations on data in the
form of data graphs. These are:

list (t) = (t, §list!(t)), and

\
tree (t) = (cond (§t$ee(t))).
in which t is any defined type. - The type forma-
tion rules employed in these definitions are com-
position, cartesian product (since the right side
of each definition is an ordered pair of types),
and recursive definition. The type §list (t) is
not a pointer type, but takes values from the
union @ v list (t). Formally, the type is de-
fined to be the least fixed—point of the defining
equation.

In order to make these iypes usable as data ab-
stractions, we must define a class of standard
functions and operatorsion each type. It will be
notationally convenient to use curly brackets to
indicate selection of the first component of an
object of either type, {}: (x, y) - x . To indi-
cate selection of a second component of a list, we
shall use a postfix ope#ator

tail : (x, y) > t
Thus, given a definition of a list variable by
L : list (8char)

we specify by {L} the variable of type Schar at
the head of the list, and by {L.tail} the second
§char variable. For convenience, multiple appli-
cations of tail can be indicated by appending a
parenthesized positive finteger constant; L.tail(2)
1s abbreviated notation for L.tail.tail.

To select one of the pair of objects that consti-
tute the second element| of a tree, we use as a
postfix operator a Boolkan expression enclosed in
square brackets. -As notational shorthand to avoid
nested brackets, a list of Boolean expressions
separated by commas will denote successive appli-

cation, For example, declaring
T : tree (Schat)

we could designate an object two levels deep in
the tree by {T.[falsg,false]}.

A decision that capnot be avoided is how one can
specify in an iterdtive program the traversal of
a recursively defined data structure. In fact,
one of the principal reasons for retaining the
pointer variable in a drogramming language that
supports iterative contirol in preference to re-
cursion, is that pointjt assignment within an
iterated statement permits one to specify traver-
sal of a linked data sdructure. Without this
capability, one must resort to a recursive pro-
cedure to which a subsjructure is passed as an
argument, and this seems to be an unreasonable
price to pay for the élimination of pointer

i
i
i
]
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variables. However, there is an alternative short
of revising our definition of recursive types, and
it is the definition of a restricted assignment
operator.

When a variable of a recursive type is declared,
the name of the variable is bound to an object of
that type, which is recursively defined data struc-
ture. We call the declared name of such a variable
a selector name. It is possible, without creating
aliases, to allow that same name to take a variable

‘binding so that it can indicate any substructure of

that same object, since no other variable name can
refer to the object. Exactly how this is to be
accomplished is up to the implementor, but logical-~
ly, such a variable binding does not require merely
the introduction of a ref type; it can be accom-
plished merely by defining a restricted assignment
operator, selects. A statement such as

L selects L.tail

is defined to bind a selector variable to a selec-
tor expression that refers to a component of the
same recursively defined object, by the semantics
of textual substitution. This variable selector
binding is all that is needed to allow structure
traversal by an iterative program.

Since a selector name, once bound to a selector ex-~
pression that identifies a proper sublist or sub-
tree can never access the head of the list or the
root of the tree by any further bindings to selec-
tor expressions, another standard procedure, reset
is defined to restore the original binding.

The value of a selector expression is the list or
tree to which it refers. It may also have an un-
defined value. The condition of being defined or
undefined is presumed to be testable for any vari-
able type, by a Boolean-valued function
Defined : §t - Boolean.
To complete the description of the data abstrac-
tions employing types list and tree, one must speci
fy standard procedures for the allocation and re-
lease of elements. These are:
Extend (X, L) : (t, §list (t)) - slist (t)
This operator is similar to the cons operator
of LISP, appending to the list designated by L
a new initial element with value X. However,
Extend is a procedure, not a function, and gives
a new binding to the list selector ecpression
passed as its second argument, so that it sub-
sequently refers to the extended list. If L
happens to refer to a proper sublist of a host
list when Extend is invoked, then it will have
the effect of inserting a new element with value
X into the host, at the point selected by L.
Deletehead (L) : §list (t) - §list (t)
has the effect of shortening the list selected
by L, deallocating its initial element and mod-
ifying the binding of the selector expression
that is its argument. It can be used to delete
an element from the interior of a host list by
passing it the selector of the element to be



deleted.
Newleaf (X, T) : (t, §tree (t)) + §tree (t)

This is the allocation procedure for type tree
(t). Its second argument is a tree selector
which muat have an undefined value. A success-
ful invocation of Newleaf adds a new node with
value X to the tree at the branch designated
by the selector expression, leaving the binding
of the selector expression unchanged, although
its value becomes defined.
Deletetree (t) : Stree (t) - §tree (t)
deallocates the entire tree or subtree
that is the value of its selector argument,
leaving the selector with an undefined
value,

4. OVERLOADING THE ASSIGNMENT OPERATOR

When the definition of an elementary operator sym-
bol is extended to include some compound operation
on structured data types, this practice is called
overloading. In several programming languages,
the assignment operator i1s overloaded to allow it
to specify assignment of arrays of comparable
dimension. Given array variables

A, B : array [1..N] of S§char

then the meaning of the assignment A :=B 1is
defined to be

A[i] := B[i]

where 1 1is a pseudo-variable.

In the definitions of the recursive types list
and tree we have gone out of our way to avoid the
introduction of pointer variables, so that when a
varliable of type §8list or 8tree is the target of
an assignment, we do not mean that the effect
shall be pointer assignment, Instead, assignment
to a variable of a recursive type 1s an overload-
ing of the assigmment operator, implying that a
fresh copy of the value on the right side of the
assignment 1s to be made. Given two variables of
recursive types,

L, 2 : §list of §char

the assignment L := Z means

while Defined(Z) do

begin
1if Defined(L) then
{L} = {2}
else
Extend (L, {Z});

Z selects Z,tail;

L selects L,tail
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while Defined(L) do
Deletehead (L) ;
reset Z; reset L

The semantics of overloading assignment for type
tree will be a little more complex, since traver-
sal of a tree is required. There are no visible
pointers that can be stored on a stack to provide
a record of the path followed in reaching a parti-
cular node from the root. However, if we want to
describe overloading in terms of an iterative algo-
rithm, the chain of Boolean values that have been
used to sglect branches in descending through the
tree could be stacked instead.

As an alternative, we shall describe the meaning
of assignment for trees by a recursive algorithm,
in which the overloaded assignment operator is
applied to subtrees. Given tree variables

T, Y : §tree (§char)
the semantics of assignment is given by

1f Defined(Y) then

begin
1f Defined(T) then
{T} = {Y}
else

Newleaf (t, {¥Y});
for b := false to true do
T,{b] := Y,[b]
end
else Deletetree(T)

In the algorithm description above, false and true
are constants of Boolean type, and therefore or-
dered, as defined in PASCAL.

The definitions of assignment overloading have
been given in terms of algorithms to implement
copying of values that are data structures.,  Since
copying can be an expensive operation if the struc-
tures are large, one may be inclined to ask
whether copying is always necessary, in order to .
implement the defined semantics. For instance, if
one wished to exchange the values of the two bran-
ches of a node of a tree, performing the exchange
by assignment to an intermediate temporary will
require three tree values to be copiled,

Temp_tree := T. [false];
T,[false] := T,[true]l;
T,[true] := Temp_tree
whereas had the tree been implemented by means of

nodes containing pointer variables that serve as
the links to branches of the tree, the exchange



could have been performed by three pointer assign-
ments, using exactly the same form for the assign-
ment statements.

Some relief can be obtained by additional overload-
ing of the assignment operator. The notion of
simultaneous, multiple assignment in a single
statement has been around for some time; it was
included in the experimental programming language
CPL [13]. The effect of simultaneous assignment
is as if all expressions in the list on the right
side of the operator are evaluated, and the ad-
dresses of all the variables on the left side are
obtained, prior to performing the replacement of
values. Thus, for instance, the two assignment
statements

A[I], I =1, J.
and
I, A[1I] :=J, 1

I
produce identical results, the same result as ex-
ecuting in sequence |

A[I] 2= I; I :=J

In particular, simultanéous multiple assignment
allows one to perform an exchange of values by
means of a single assignment,

I,J:x=17J,1

The main objection voiced to the use of simultan-
eous assignment is the potential for ambiguity in
the case of alias variaﬁles. For instance, the
assignment,

AlI], A[J) =X, Y

is ambiguous in case the index variables I and J
happen to take the same [value. However, recalling
that our original motivation for eliminating point-
er variables was to eliﬁinate the occurrence of
alias variables, we may?waive the objection to its
use. |
Returning to the examplq of exchanging values of
two branches of a tree, suppose the exchange were
programmed by a single statement,

T.[false], T.[true] :% T.[true], T.[false]

A compiler with even thé most limited capability
for data flow analysis cdould determine that the
variables named on the yight side of this assign-
ment each had their values redefined by the state-
ment. Therefore, althoqgh the semantics of tree
assignment dictate that la value must be copied,
rather than to bind an additional name to the
value, it would be imposgsible in this case to de-
tect whether new copiesiwere made of each tree, or
whether the original copies were merely renamed.
An implementor in searcﬁ of efficiency would cap-
italize on such an oppoqtunity, by performing the
value exchange in the mdst efficilent way consis-
tent with the observable effect of the semantic
definition.

Because each declared vériable of a recursive type

has only a single selector identifier, it is usual-
ly possible to determine from the program text
when one selector expression designates a substruc-
ture of another. In such cases, as in the assign-
ment

L, L.tail := L.tail, L

a correct implementation will require a certain
amount of recopying, which is easily detectable by
a compiler, However, there are some cases in
which aliasing cannot be detected at compile time,
as in the two tree selector expressions,

T.[F(x) = 0], T.[F(y) = 0]
In such cases, a runtime check for aliasing may be
required, in order to determine what is a correct

implementation,

5. PROGRAMMING WITHOUT POINTER VARIABLES

In this section, we shall attempt to convince the
programmer of the advantages of recursive types
over the use of structures linked by pointer vari-
ables, by considering some examples. This is
risky business, because arguments for the intro-
duction of new structures into programming lan-
guages have traditionally been made on the basis
of demonstrating the power of the addition on some
conjured-up example, without giving due consider-
ation to other means of achieving an equivalent
algorithm, The consequence can be the cluttering
of a programming language with competing mechan-
isms that will not be understood in their entirety
by any programmer,

However, what is proposed here is not simply the
addition of recursive data types to a programming
language, but their substitution for pointer vari-
ables as a means of managing and accessing dynami-
cally allocatable data structures,

Our criticism of pointer variables has been that
their use forces the programmer to conceptualize
the use of a data type that has no direct corres-
pondence to the data of his application, and which
permits violation of the Principle of Unique Ref-
erence. In general, the use of pointer variables
makes program verification more difficult, no
matter what means of verification is employed.

The first example we shall consider is search in a
binary tree, to determine whether or not a given
value is present. If the tree were implemented in
a language relying on pointer variables, a global
declaration of a structured type to represent
nodes of the tree is required:

type Tr = record (Val : Schar;
Upper, Lower : pointer(Tr))

A recursive function for binary search in a tree
built from nodes of type Tr is

function Tr_search (A : char; T : pointer (Tr))
. : Boolean;

begin

if T = Null then Tr_search := false



else if T+, Val = A then TR search := true

else if T+, Val > A then
Tr_search := Tr_search (A, T+, Lower)

else Tr_search := Tr_search (A, Tt. Upper)
end

Alternatively, to search a tree defined as a re~
cursive type, one can use the function

function R search (A :
: Boolean;

char; T : tree(char))

begin
if —1 Defined(T) then R search := false
else if {T} = A then R search := true

else R search := R search (A,

T.[{T} < A])
end

The two functions are similar in structure; in
fact, had the record type Tr used in the first
function made use of the facility of PASCAL to de-
fine a pointer array indexed by Boolean values
instead of the more conventional notation of sep-
arately named pointer variables, the two proce-
dures could have been made identical, However,
the function R _search accesses no global variables
and requires only read access to the values passed
through its argument list. This has been made ex-
plicit in the declarations of the.formal para-
meters by not designating the parameter types as
variable types. The function can be recognized by
a compiler as one having no side effects, TR _
search either requires global access to the
structure composed of records Tr, as it has been
written, or alternatively access to Tr might have
been provided via a parameter passed by name, A
compiler cannot verify that Tr_search is incapable
of producing side effects unless it examines the
code of its body.

A second difference is that Tr_ search cannot be
proved to terminate unless one is given as a
hypothesis that the data structure formed by the
nodes of Tr satisfies a partial ordering. Since
the data type tree has this property by definition,
a proof that R_search always terminates is trivial.

As a second example, consider the problem of re-
ordering elements of a one-way linked list. With
pointer variables, a list is formed of elements of
the type

(C : Schar; Next :

type Lst = $pointer (Lst))

and a procedure to
value field of the
the value field of

interchange elements if the
first is greater in order than
the second can be given as:

(var Predecessor
: §pointer(Lst));

procedure Re_order

var Placeholder :

§pointer (Lst)
begin
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if Predecessor =-+= Null
and Predecessor,Next -1 = Null

and Predecessor,C > Predecessort,
Next+,C then

begin

Placeholder := Predecessor;
Predecessor := Predecessort.Next;
Placeholdert.Next := Predecessor+t,Next;
Predecessor+.Next := Placeholder

end

It is very difficult to program this procedure or
even to understand it without drawing a succession
of diagrams tracing out the steps it executes. The
actual parameter must be passed by name or refer-
ence, and furthermore it must be a link pointer of
the structure in order for the procedure to sucr
ceed, If the actual parameter is not a link point-
er of the structure, but is merely an external
pointer into it, then the procedure will have the
effect of removing an element from the structure,
leaving the actual parameter as the only pointer
(apart from other possible aliases) to the element
removed, It is impossible to verify the correct-
ness of this procedure without examining the cir-
cumstances of each call.

Contrast this with the following statement that
accomplishes the reorder operation on a variable
of type §list,

if Defined(L.tail) and {L} > {L.tail} then

{L}, {L.tail} := {L.tail},{L}

Although the semantic definition of assignment for
type §list is given in terms of a copy rule, the
compiler is not obliged to implement copying of
values to perform an interchange correctly, as was
discussed in the preceding section, It may, de-
pending on the implementation, generate exactly
the same steps that were prescribed in the pro-
cedure Re order, but it will not be the applica-
tions programmer's responsibility to work them out
correctly, If the statement given above was em-
bedded as a procedure body, and L became a formal
parameter passed by name or reference, the correct-
ness of the operation could still be verified in-
dependently of the circumstances of its call,
since there can be no external pointers into an
object of a list type.

As a third example, consider accessing an entry in
a two-level hierarchical directory, to permit read-
ing, updating, or replacement of a directory entry.
In a language utilizing pointer variables, such a
procedure would eventually return a pointer to the
desired entry, if it were found, The pointer
value can be stored, increasing the number of ways
in which a component of the directory can be ref-
erenced and prolonging the lifetime of a single
interrogation. This can lead to inconsistencies
if the directory contents are subsequently altered,



A directory access procedure, using a directory
defined by means of the rpcursive type list can be
allowed to return a value of the list type of a
portain of the directory fdtself. In this example,
we have followed custom in blurring the distince
tion between type and data abstraction by includ-
ing in the statement of type definition, the names
of field selector functions, The access proced-
ure itself should also properly be defined as a
member of the data abstraction assoclated with the
directory., We shall suggest a notation and seman-~
tics to accomplish this in section 7. For the
present example, the directory type is

|
type Directory = 1list(C :}§char; Subcat
: §list(§char))

That is, a directory is défined as a list of lists
of char type variables. Each of the second level
lists is identified by a tag which is itself a
char variable., The access procedure returns a
variable of a list type, rather than a value.

var function Lookup (Catalog :' Directory;
Name]l, Name2 : char)
\

: liét(§cher);

begin

while Defined(Catalog)
and {Catalog}.C = Namel do

Catalog selects Chtalog.tail

if Defined(Catalog) then with {Catalog} do

begin

while Defined(Subcat)
and {Subcat} = Name2 do

Subcat selepts Subcat.tail
Lookup == Subc?t
end
end

The designation of the final assignment by the
operator symbol == is to denote explicit aliasing,
As mentioned previously, we shall later improve
our notation to eliminate the need for this,

The function returns a variable whose value is a
part of the directory an%imay therefore be assign-
ed (by the semantics of the overloaded assignment
operator) te€sted, or modﬂfied. The result of the
function call is in fact ja temporary selector name
for a portion of the dirqctory, thus the function
is properly a part of the data abstraction defin-~
ing the directory. Because of the semantics

given for 1list assignment], the variable cannot be
preserved as a lingering reference to a portion of
the directory; its contedts can be copied by
assignment to an external variable and stored, as
can any value. This is in fact the operation that
is frequently done when 4 portion of an off-line
directory is to be proceﬁsed by a program -- the
desired portion is first copied into primary
storage.
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6. REPRESENTING RELATIONS ON DATA

In the preceding section we have shown by example
that the recursive types list and tree permit cer-
tain list-processing algorithms to be stated more
concisely and elegantly than would be possible if
pointer varlables were used, While such examples
provide adequate reason to add new features to an
extensible, application-oriented language, they do
not justify the Inclusion of a new control or data
abstraction in a fully defined, general purpose
programming language. A control abstraction 1s
justified if it meets one or two criteria:

i) 4if 1its addition gives some definable
subset of the programming language the
power to compute the recursive functions,
and that subset 1s considered a desirable
programming language in light of other
criteria that have guided the design of
the host language, or

1i) 4if it makes explicit a control clause that
can be stated awkwardly without its use,
and that control clause is considered de-
sirable by other criteria.

On the other hand, we have much less objective
criteria by which to judge the necessity and de-
sirability of proposed new data abstractions. The
following criteria are hereby proposed:

I) a data type is justified 1if its addition to
a programming language gives some definable
subset of the language the power to represent
recursive relations, and the addition of the
type does not promote violations of Principles
of Encapsulation or of Unique Reference;
II) a data abstraction is justified if it makes
explicit a data access that can be done pro-
cedurally or by means of an encoding without
its use, and the data access method is con-
sidered desirable by other criteria,

The first criterion 1s one of sufficiency, the
second is one of desirability, Having stated
criterion (I), we are now faced with the need to
state, for at least one class of data structures,
what it means to represent a recursive relation.

The class of data structures of interest here will
be data graphs, Now it is certainly possible to
obtain representations of recursive relations on
other structures than data graphs, but the subset
of a programming language that we have in mind is
one that supports representation of relations on
data graphs,

It 1is necessary to give some definitions. Let
G = <G, A> be a directed graph, where G denotes
a set of nodes (a recursively enumerable set) and
Ac G2 a set of arcs, Denote by ** the relation
of reachability in G, reading & *+ b as 'b is
reachable from a', The reachability relation is
the smallest set of ordered pairs from G4 such
that

1) (Vae@)

a *+ a, and

11) (M a,b,c € G) if a *+ b and (b,c) € A

then a *»> c,



Let D be a recursively enumerable set, and let R
be a binary relation over D, R & D2, Let Yy be a
mapping from G to D, The set of ordered pairs
{(ya,yb) | a *» b} 1s called the image of *+ under
the mapping ¢, and is denoted by Y(*»), y(**) <
D%, and hence is a binary relation over D, If
Ma,b € G) a * b <=> Ya R ¥b, then ¢ 1s said to
be a relational morphism, and Y(**) < R.

Definition 1: If G = <G,A> 1s a directea graph,
R ¢ D4 18 a binary recursive relation, y: G + D
is a relational monomorphism (one-to-one) and 1if
V(*+) 1s a cover for R, that is R < y(*+), then
G is said to be an exact regreaentzfion of R, 1

Definition 2: Given the conditions of Definition
1 except that y is a relational homomorphism (many-

to-one), then G is said to be a direct -
tation of R. represen:

Obviously, y(*»>) 1s equal to R under conditions of
exact or direct representation, The next task is
to characterize the classes of relations that are
exactly or directly representable by various clas-
ses of directly representable by various classes
of directed graphs. The results are stated as
theorems, but proofs (which are elementary) have
been omitted for the sake of brevity,

Theorem 1:

a) R is reflexive and transitive <=>
that G exactly represents R;

#G such

b) R is reflexive, transitive and antisymmetric
(hence, an ordering relation) <=> FG such that
G 1is acyclic and G exactly represents R;

c) R is a lattice order with g.l.b. <=> 3G such
that G 18 a tree and G directly represents R;

d) <D,R> is a complete lattice and (CVa,b € D)
—{a R b) and—(b R a)) 2 (l.,u.b.(a,b) = 1l,u.b.(D))
<=> HG such that G 1s a tree and G exactly repre-
sents <D~{£,u.b.(D)},R>,

The third notion of representation of relations
that seems useful requires labeling of the arcs
of a graph, Let a TI-F graph be a directed graph
each of whose arcs is labeled by T or F, The
labels are to be used to define restricted reach-
abllity relations, Let *5 be the smallest re-
lation satisfying:

1) (Yae G) a *E a;

11) Cvg,b,c,s G) 1f a *E b and (b,c) € A and is
labelled by F, then a +¥ ¢,

Let *E be the smallest relation defined by:

111) (Va,b,c € G% if (a,b) € A and 1s labelled
by T and 4f b * ¢, then a %I ¢,

The relation *§ 1is reflexive and transitive;
the relation *% is neither. Thus, *% 1s not an
ordering relation, but rather a tool for describ-
ing a set of nodes in a bounded subgraph that is
entirely reachable from a specific entry node.

Definition 3: If G = <G,A> 1s a T-F graph,
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R < D2 is a binary recursive relation, y : G » D
18 a relational homomorphism with respect to *E,
and (*E) is a cover for R, then G is said to be
an indirect representation of R. 1

The idea of indirect representation is that a re-
cursive relation can be represented as an enumer=-
able set of ordered pairs., For each element

a e m. (R), where 7,(R) is the pre-domain of R,
the sét {b | a R b}~ can be represented as a
1ist, reachable in a T-F graph from the entry node

a
Theorem 2: Let R be a binary recursive relation
over DZ. Then there is an effective construction

of a T-F tree G which is an indirect representa-
tion of R.

Proof; The construction depends on the ability to
enumerate elements of R, Only a binary tree is
required. From each node will emanate at most one

T-arc and at most one F-arc., An indirect repre-
sentation tree has a special form, Beginning with
the root node there will be a linear list of

nodes linked by F-arcs; the image of this set of
nodes will be mj(R). From each such node, X, will
emanate a T-arc which provides a connection to a
secondary list of nodes, having as its image
{b{Y(x) = a and a R b}, The secondary lists will
also be linked by F-arcs, The construction of
such a tree from a recursive relation is obvious,
and will not be given here.

Returning to the original question posed in this
section, the sufficiency of types list and tree
for the representation of relations, a fairly
precise answer can now be given. With type list-
(t), one can give an exact representation, that
is an enumeration, of an r.e, set-of type t.

With type tree(t), one can glve exact representa-
tions of a restricted sub-class of complete lat-
tices, the subclass specified in (d) of Theorem
1: one can give direct representations of the
class of lattices with g.l,b,; and one can give
indirect representations of recursive n-place
relations. Since the data abstractions defined
for types list and tree are compatible with the
Principles of Encapsulation and Uniform Refer-
ence, their addition to programming languages in-
tended for information processing applications on
data bases of moderate size seems justified. Con-
versely, with the addition of these data abstrac-
tions, we see no justification for the continued
use of pointer variables in such applications.
The added representational power possible by the
use of data structures created with pointer var-
iables is of little practical importance, and
necessitates violation of the Principles we have
adopted.

7. WHERE HAVE ALL THE POINTERS GONE?

Throughout the development so far, and particu-
larly in that of Sections 4 and 5, pointer var-
iables per se have been avoided, although many
of the capabilities afforded by their use have
been provided through other, seemingly devious
devices. The predominant means has been by bind-
ing of actual parameters in procedure calls, and
by the ability to return values and even varia-
bles of compound types in function evaluatioms.



In the present section, |[we shall strip away the
deviousness and discuss |this crucially important
mechanism, This section relies heavily on the
concept of data abstractions and on some of the
methods for their definiltion that have been pro-

posed in SIMULA 67 [6] and in CLU [8].

In the examples of Section 5, data objects of
types list and tree were passed as parameters to
procedures without discussing the parameter bind-
ing rule that was to be used, If the purpose of
a procedure is to effect| a transformation on a
structured variables passed as its argument, then
obviously, the variable [itself must be passed,
rather than a copy of its value. On the other
hand, if a parameter is passed by value, implying
an assignment of the actual to the formal para-
meter, it is not so clear whether the assignment
must becarried out by copying the value or whether
the name of the formal parameter may be bound to
the actual parameter. If the formal parameter is
known not to be modified within the procedure
body, and if its value cannot be modified by means
of an alias reference, then in sequentially exec-
uted programs at least, ithe alternative modes of
parameter binding cannot be distinguished., This
suggests that an implementor may use his discre-
tion to effect an efficilent implementation, just
as was suggested in discussing exchange assign-~-
ments.

At the same time, we must acknowledge that the
binding of parameters b‘ reference is, in fact,
the same operation as podinter assignment, although
a formal by~reference pdrameter is not treated as
a pointer variable within the body of a procedure.
In the examples of the preceding sections, there
is no magic that accompﬂishes list processing
operations without the d§e of pointer variables;
binding of wvariables haq‘been used as a substi-
tute for pointer assignﬂent in some cases, selec-—
tor assignment has been lused in others. But in
restricting the use of ﬁeferences to the inter-
face between procedures jand the environment from
which they are called, we are afforded the oppor-
tunity to avoid the alias variable problem without
crippling the power of the language to define oper
ations on data structures, and without forcing
implementation to becomd needlessly inefficient.
The reason is that the boundary between procedure
body and context of invgcation provides a natural
boundary of definitional context within a program;
names known within a prqcedure body are not neces-
sarily known without, aqd vice-versa,

If no object of a type that is to be passed to a
procedure by reference ﬂs accessible by global
definition within the pﬁocedure body, and if only
a single object of that /type is allowed as a by-
reference parameter, then aliasing of variables
within the procedure boéy cannot occur by means of
parameter binding. In practice, it is entirely
reasonable to impose an |even more stringent re-
striction; a procedure gr function may have at
most one explicitly by-reference parameter, whose
type may not coincide with the type of any global
variable, Such a procedure usually has as its
primary activity the role of an operator on the
type of the by-reference parameter, and therefore
should be defined as a ﬁart of a data abstraction
|

encapsulating that type.
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Some data abstractions are predefined in any pro-
gramming language. Examples are arithmetics on
integer or floating-point data types; character
strings, built around an iteration type of a fin-
ite, scalar set of character values, and incorpor-
ating string processing operators; vector and
matrix arithmetics, etc., We propose that a pro-
gramming language to support list processing and
relational data structures should also incorporate
as standard data abstractions those described in
Section 3 around the recursive types list and tree
In addition, a systems-oriented programming lan-
guage should provide for data abstractions that
are application-oriented and user defined. We
shall discuss some aspects of data abstraction
definition here, as it affects communication of
parameters and results to and from procedures. We
employ a class notation which is an extension of
that originally adopted for SIMULA 67, but improv-
ed by giving explicit designation of the identi-
fiers from the class definition that are to be
made accessible outside the scope of the defini-
tion, as names of operators or selectors. This
explicit designation is borrowed from CLU, and
allows one to enforce the Principle of Encapsula-
tion,

In its use in a program, a data abstraction defini
tion is analogous to a type declaration; its
appearance does not create a data object, and
causes no storage allocation to take place, but

it allows subsequent declarations of data objects
belonging to the abstraction class. As in SIMULA,
we advocate the use of postfix notation to desig-
nate the application of an operator or selector
name defined for the abstraction class to a data
object belonging to the class, Together with our
previously mentioned convention on parameter bind-
ing, the postfix operator notation allows one to
make an immediate visual distinction between by-
reference parameter and the value parameters that
may be passed to such an operator; For example,
invocation of the list extension operator that was
discussed in Section 3 would be applied to a list
variable L as

L.Extend (X)

in preference to the notion previously used, Ex-
tend (L, X).

Another capability that is required is an operator
to return access to a component of a data abstrac-
tion, This access may be in the form of a selec-
tor name for a variable. In fact, when we declare
identifiers to be selector names for the compon-
ents of a structured type in a programming lan-
guage such as PASCAL, PL/1, or COBOL, it is done
exactly to afford such access. It also happens
that one may wish to describe a computed access to
a component or substructure of a data abstractionm.
For this purpose, an operator can be defined to
perform the access computation, returning a §-type
We call such an operator a _selector function. The
canonical example of a selector function is the
mapping type that takes a value from a finite
range of ordered scalars into §~type selected from
an ilterative replication type; this has been in-
corporated as part of the data abstraction called
an array in many programming languages. Unlike a
pointer-valued function that returns a ref type,




the access returned by a selector function is not
assignable, although it is usable.

Selector functions afford a means by which to
communicate access to objects or components of
objects that are shareable among several pro-

gram modules, without simply declaring the
objects to be globally accessible. Since
the access computed by a selector function
cannot itself be assigned, its introduction into
a programming language does not by itself open
the door to alias variables, However, if the ac-
cess computation is dependent on the evaluation
of parameter expressions whose formal equivalence
1s undecidable, or even difficult to decide, then
multiple instances of invocation of the selector
function itself may constitute alias references.
This is the situation with array references whose
index expressions may contain integer variables.
Let us return to the example of the two-level dir-
ectory discussed in Section 5, to illustrate the
notation proposed for a data abstraction class.

class Directory = §list (char, §list (Schar));

access Extend, Deletehead, Defined, C, Lookup;
selector C: {Directory} — char;
Subcat : {Directoryl =+ §list(§char);

selector function Lookup (Namel, Name2 :

char)
: §list(Schar);

begin

while Defined and C — = Namel do
Directory selects Directory,.tail;

1f Defined then

begin

while Subcat.Defined and {Subcat}
= = Name2 do

Subcat selects Subcat.tail;
return Subcat
end
end
endclass

The first line of the class definition defines the
namne of the data abstraction class and the type or
data abstraction on which its data structure is to
be based, in this case a list variable, each of
whose elements is a structure or cartesian product
type having a constant of type char and a §list
(Schar) variable as components. The second line
gives the names of operators and selectors by
which an object of the class may be accessed.
Since a data abstraction for the underlying type
includes several operators, any of these that are
to be made applicable to the new abstraction must
be listed, along with the names of any that are

to be newly defined within the abstraction class

105

definition. By their absence, the head ({ }) and
tail selectors on §list types and the Subcat sel=~
ector are not to be allowed as selectors on ob-
jects of the abstraction class Diree%ory.

Next come the type declarations of a pair of sel-
ector names, C and Subcat. Since the second name
has not been included in the access list, its
definition is restricted to the body of the class
definition. Since C is declared as the selector
of an object that is not of a §-type, it cannot be
assigned to, Subcat, on the other hand, selects

an object having the type of a variable.

The selector function Lookup takes a pair of value
parameters, neither of which may be assigned to in
the body of the function because they have not
been given a §-type in their declaration. It re-
turns an object of type §list(§char), that is, a
selector of such an object. Within the body of
Lookup, any of the operators or selectors defined
for the underlying data abstraction may be used,
as well as the selectors C and Subcat. Since the
function is to refer to any instance of the ab-
straction class, the abstraction class name is
used in lieu of a selector name for an object of
that class., Also, when an operator applies to the
object of the abstraction class Directory, the
argument of the operator may be implied, and the
prefix notation for the by-reference parameter can
be omitted for brevity, This convention aids the
readability of the text of the function body con-
siderably, Finally, a return statement is used to
eliminate the need for an aliasing operator to
bind the function name to the computed selector.
If the return is never executed, the returned
value of the selector function will be Null:

Although applying Lookup to a data abstraction
variable binds that variable as the Directory
parameter of Lookup, the selector name employed
within the procedure body is treated as local.
local, Thus, even though Lookup may apply the
selector assignment operator repeatedly to Direc-
tory, its local selector name for the by-reference
parameter, that does not cause repositioning of
the selector name of the actual parameter, An
invocation of Lookup applied to a directory var-
iable called Catalog,

Catalog.Lookup(A, B)

therefore has no side effect in the context of the
calling environment. This definition of locality
of selector names obviously requires that selec-
tor values must be remembered as program execu-
tion passes through a nested calling sequence of
data abstraction operators, and requires: imple-
mentation support of a stack mechanism. However,
within each definitional context of the program
employing data abstractions, only a single value
of the selector will be accessible.

There are several aspects of data abstraction
definition that remain to be explored, but have
not been discussed here, Among these are imple-
mentation; at what level in the description of a
programming system does it become unavoidable to
operate with address constants in order to define
accesses to data? There is good reason to believe
that this can be postponed, in a hierarchical,



top-down definition of al programming language im-
Plementation, until the [level of description of
mapping of data types onto virtual memory, which
is certainly a system—dependent level of descrip~
tion, if not actually machine-dependent,

In connection with hierarchical definition, the
use of data abstractions|affords a means of making
precise the transitions between levels of concep-
tual abstraction., Although the examples given
here have not been chosen to demonstrate this
transition, the class notation has been designed
to support it. A data abstraction 1s defined in
terms of a more primitive data abstraction, its
data structures and selection operators., Since

a data abstraction may have type parameters, the
rule of composition of types can be used to form
a more specific abstraction from ones that are
more general., Within the body of a data abstrac-
tion definition, all references to an object be-

longing to the abstractiEn are made to its repre-

sentation in terms of the more primitive abstrac-
tion. In an applications program, references to
an object of the defined abstraction cannot access

its representation,

The idea of composition of abstractions has been
explored in the design of the programming lan-
guage CLU, We believe the class notation given
here to be an improvement over that of CLU, but
opinions as to notation are arguable. We also
believe that the notion ﬁf selector function and
the parameter binding conventions suggested here
will meet the needs of data abstraction defini-~
tions, and have the advaptages of simplicity,
standardization, and proﬁibition of unwarranted
side effects, 3

Finally, the use of typeB as parameters to data
abstractions has been implicit in the definitions
of list and tree, and can obviously be extended to
other data abstractions, This affords no diffi-
culty in the definition bf data abstractions, in-
sofar as no operations on the parametric types are
utilized within the body| of the abstraction de-
finition. The only information about a para-
metric type that a compiller needs when a specific
instance of a data abstraction is declared is the
storage requirement, and| this information is al-
ready in the data base of a compiler., Data
abstractions, on the other hand, are not so easily
made parameters of another data abstraction de-
finition, since there is| no easy way to make
provision for unanticipated operations.

8. CONCLUSIONS i
|

We have reviewed some ofithe objections to the

use of pointer variables in high-level program-—
ming languages on grounds of mixing conceptual
levels of abstractions, and interfering with the
understanding of program semantics by creating
alias names for variables., A formal description
of un-interpreted data types was introduced as a
basis for the subsequent| development of recursive-
ly defined data types, Qnd their incorporation
into data abstractions., | It was argued that data
abstraction definition provides a top-down, mod-
ular approach to programming data structures for
applications, and for specifying the operations
and modes of access that are to be used on those
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data structures. By means of recursive types and
data abstraction definition, pointer variables are
to be eliminated from a high-level programming
language, being suppressed to a level of abstrac-
tion at which bindings to virtual storage are
programmed.

At the outset, four principal categories of use of
pointer variables were outlined. Let's survey
them again, and try to evaluate the likelihood
that applications programmers could accept the
elimination of pointer variables,

i) Inverted files, Although this application
has not been discussed directly in this paper, if
pointer variables were to be eliminated, an in-
verted file would identify objects by their direc~
tory names, rather than by their storage locations
Access would then be obtained by means of the
selector function that accomplishes directory look
up and is defined as part of the data abstraction
for the master file, This scheme has some advan-
tages, for the directory name of an item does not
change, even if the master file is reorganized in
its physical storage area, If this mode of access
is deemed too inefficient to use, then one of two
corrective actions may still save the scheme,
Since so much reliance is to be placed on direc-
tory lookup, this function should be optimized,
and perhaps provided special hardware support to
improve its speed., Another alternative would be
to save pointers, along with directory names, in
the inverted file, provided that some means of
verifying a pointer access were provided, such as
a unique tag for each item that must be matched by
a tag associated with the pointer. Then, pointer
access could be utilized so long as it could be
validated, with directory access avallable as a
backup. This scheme would obviously increase the
space requirements of an inverted file.

ii) 1List processing. In most large list-pro-
cessing applications, data abstractions informally
defined through packages of subroutines are uti-
lized to make programming feasible. We have ad-
dressed the use of the recursive data types list
and tree to eliminate entirely the need for point-
er variables. Given the ability to build more
specialized data abstractions upon compositions
of data types including list and tree, there is
little question that their use would improve read-
ability and reduce the incidence of programming
errors, when compared to composing list process-
ing programs by utilizing pointer variables, There.
is no reason to believe that the use of the data
abstractions defined for these recursive types
would compromise efficiency,

1i1) Representation of relations, Underlying
the use of data structures in all applications is
the need to support the representation of rela-~
tions among data items. In Section 6 we have
tried to make precise the representational power
of the data types list and tree. An alternate
approach, that of sharing nodes of a recursive
data structure when a relation is known to be a
lattice order but is not necessarily a tree, has
been thoroughly discussed by Hoare [9].

iv) Sharing of a data base. In Section 7 the
selector function was suggested as a basic device



that can be used to meet the need for a computed
access to a shared data base. Although no expli=-
cit example was given, it is evident that the
identity of a program module attempting to inter-
rogate a shared data base could be passed to a
selector function, enabling the use of discrimina-
tion in computing accesses, The selector function
differs from the use of a pointer-valued function
in that the access cannot be stored by the inter-
rogating module, Thus it is forced to use the
access immediately.

Efficiency need not be lost because of the need to
invoke a selector function each time an access is
required, If a compiler can assure itself that a
subsequent access computation will duplicate an
earlier one, then it can cause a pointer to be
saved instead. This optimization is just a spec~
ial case of redundant expression elimination, an
activity already performed by many compilers. The
possibility for this optimization gives a compel-
ling reason to define selector functions so that
they cannot have side effects, for otherwise re-
evaluation would be mandated in order to produce
the side effect,
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