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Abstract  

Extended set theory is an effective method for describing the complex data structures needed to sup- 
port large-scale data base applications. This paper describes the incorporation of the salient concepts 
of extended set theory into a general tool for the design and implementation of large-scale database 
systems. This tool is called a set processor. This implementation is based on the representation of sets 
of positive integers as ~it strings and the application of the Cauchy/Cantor Diagonal Method. 

1.0 Introduction 

Several groups and individuals have suggested 
ways of providing data description; see, e.g. 
CODASYL's DDLC (8), Sibiey (22) and Senko (20). 
Extended set theory, as !developed by D. L. Childs, 
(4,S,6) augments classical set theory in such a 
way that set processing may be implemented more 
readily on computers. While a rigorous treat- 
ment of extended set theory may be found in 
Childs' papers, the essential concepts are re- 
stated in section 2.0. Extended set theory is 
an excellent formalism ~or data description: 
it provides a precise definition of "set based 
structures" in axiomatic mathematical terms. 
This paper will therefore use the term set-based 
structures instead of data structures. The 
term set-based structures will be used to in- 
clude sets, tuples and ~ntermixed nestings of 
these. 

There are :two basic reasons for attempting 
to implement a~processo~ for extended sets. 
First, it would providela basis for comparison 
of capability and perfo]~mance of other data 
models such as~data-strUcture-set (1,7,8), 
r e l a t i o n a l  (9), and t r e e - s t r u c t u r e d  (2). This 
comparison i s  poss ib le  because a l l  bas ic  s t ruc-  
tures  found in data models can be expressed in 
terms of  se t  theo~/.  BUt , for  a given model, 
the choice of  r ep resen ta t ion  in se t  t h e o r e t i c a l  
terms is  not always unique. 

Second, a se t  processor  would provide a 
tool  with which implementations of  l a rge - sca l e  
data base systems ( ta i lOred to s p e c i f i c  app l i -  
ca t ions)  could be constructed.  In such cases ,  
there would be relatively small cost, both in 
time and manpower, because the implementor 
need only specify the logical structures and 
operations in a set-based notation. As an 
example, the drudgery of performing classical 
data base operations (s~ch as sorting, searching 
and updating) is handled by the set processor. 

A description of the potential for using a 
set processor in a network having several main- 
frames and a very large (1012 hit) mass storage 
system is given in ~rdgrave (16). An overview 
of the implementation of the set processor 
(SETP) is given in section 5.0, while the appli- 
cation of the Cauchy/Cantor diagonal method 
is given in section 4.0. At present, a proto- 
type of SETP has been implemented to perform 
only the simplest operations. Development con- 
tinues, but little can yet be deduced about the 
efficiency of set processors. 

2.0 Extended Set Theor~ 

In order to understand the notion of and the 
need for an extended set, it is first necessary 
to review the classical definition of an ordered 
pair as given by Kuratowski (12). He defines 
the ordered pair in the following manner: 

<a,b> = {{a},{a,b}} (2.1) 

where we adopt the notation that braces {,} 
surround sets and angle brackets <i> surround 
tuples. 

Certain problems arise when the Kuratorski 
definition is applied to computer data structures. 
First. the definition is not readily extensible to 
n-tuples; e.g. an ordered triple must be ex- 
pressed in terms of nesting of ordered pairs. 
Second, these nestings require that a large 
number of unnecessary sets be generated in order 
to preserve structure. 

TEig--paper was prepared as a result of work per- 
formed under NASA Grant NGR 47-I02-001 and Con- 
tract Number NASI-14101 while the author was in 
~nmpesidence at ICASE, NASA Langley Research Center, 

ton, VA 2366S. 
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To amplify these points, let us first expand 
the definition of the ordered pair in a relatively 
simple fashion to give the following (apparently 
useful) definition of an ordered triple: 

<a,b,c> = {{a} {a,b} {a,b,c}} (2.2) 

Unfortunately, this "intuitively obvious" 
definition results in a ntm49er of equivalent 
structures. As an example) one of these occurs 
for the triple <i,0,i>. Expansion using 
definition 2.2 gives: 

<1,0,17 = ({i} (i,0} (i)0,I}} - {(I} {I,0} {!,0}} 

= ( ( 1 }  ( 1 , 0 } }  = <1,07 (2.3) 

In other words <i,0,I> is indistinguishable 
from <1,07 which is of course unacceptable. 

Because of this inability to produce a suit - 
able definition for n-tuples, the traditional 
approach is to define n-tuples by nesting ordered 
pairs, either to the left or to the right. That 
is, either 

<al,a2,a 3 .... ,an> = <<...<al)a27,as>,.,.>,an> 
(2.43 

o r  

~ l , a 2 , a 3  . . . . .  an> = < a l , < a 2 , ~  3 . . . .  < a n _ l , a n > . . . >  
(2.S3 

i s  cons ide red  to  be the  s t a n d a r d  d e f i n i t i o n .  
A more complete d i s c u s s i o n  o f  the  above, 

as  we l l  as some o t h e r  p o s s i b i l i t i e s  f o r  d e f i n i n g  
the  o rde red  n - t u p l e ,  i s  g iven  i n  Skolem (23).  
The essential points made 4n his paper are: 

(i) n-tuples defined~ in terms of nestings 
of ordered pairs are inconvenient in a set theory 
with types ("type' here is used as a measure 
of the level of nesting of a set). 

(2) At that time (1957) a suitable defini- 
tion for the n-tuple in set theoretic terms 
was still lacking. 

In view of thepopularity of a relational 
approach, which relies entirely on nesting 
n-tuples within sets, it is most desirable to 
have satisfactory definitions (in computational 
terms) of both the set and the n-tuple. 

2.1 Definition of an Extended Set 

Childs (4,5,6) proposed an extended set 

~ which could support both classical sets 
tuples at the same hierarchical level; 

i.e. neither being defined using the other. 
A rigorous axiomatic definition of extended 

set theory is given in Childs' paper (5), and 
the reader is referred to this for a full 
mathematical treatment. However, the essence 
of extended set theory for our purposes is the 
basic definition of a set (E), which we will 
call an extended set: 

- E = {alll,a212,...an In} (2.6) 

Here, the a k are element identifiers and the ij 
are position indicators; the superscripts are 
of course a notational convenience, which should 
not be confused with exponentiation. 

Elements can be atoms or other extended sets. 
For our purposes, the position indicators are 

taken from the positive integers. 
It is now easy to show that finite classical 

sets and tuples can be defined using extended 
sets; first for the classical set: 

{al,a2,a3,.. ,an} {a i 1 1 • = , a 2 , a  3 . . . .  ~ }  (2.7)  

w h i l e ,  f o r  the  t u p l e :  

• 1 2 3 ,a~} (2.8)  
<al,a2,a3,...an 7 = tal,a2,a3,... 

In stmmmry, extended set theory has two 
distinct computational advantages over the previous 
definitions. First, each of the structures 

<al,a2,a3 . . . . .  an> (2.9) 

< a l , < a 2 , < a 3 , < . . . < a n _ l , a n > > . . . > >  (2.10) 

< < . . . < < a l , a 2 > , a s > , . . . > , a n  > (2.11) 

may be un ique ly  d e f i n e d :  d e s i g n e r s  o f  d a t a  base  
systems may wish to  use  a l l  t h r e e  in  one imple-  
menta t ion .  Second, an implementa t ion  o f  ex tended 
s e t  t heo ry  i nvo lves  l e s s  n e s t i n g  in  r e p r e s e n t i n g  
n - t u p l e s  than  do o t h e r  d e f i n i t i o n s .  I t  appears  
that efficient implementations of extended set 
theory can be found, whereas the nesting required 
to represent the nested definitions are bound 
to cause inefffciency. 

2.2 Operations on Extended Sets 

There is a kernel of operations on extended 
sets which are similar to those found in classical 
set theory: obviously, they should not conflict 
with, but may tend to expand on, the operators 
in classical set theory. We discuss some of 
the operations in this section, but first it is 
necessary to review classical set theory and the 
extended set theory concepts of the membership 
criterion. 

In classical set theory: 

X e A (2.12) 

states that X is a member of the set A. A 
rigorous treatment is given in Suppes (24). In 
extended set theory: 

X E i A (2.13) 

states that X is a component of the i th position 
of A. Childs (5) gives a rigorous treatment of 
this point. 

It is now possible to define the union of two 
extended sets A and B as: 

A U B = {xilvieN(xei A or xeiB)} (2.14) 

where N is the set of positive integers. Simi- 
larly intersection may be defined as 

A N B = {xilViCN(xei A and xeiB)} (2.15) 

Other classical set operations, such as relative 
con~plement and synmletric difference, may be 
defined in a similar manner. 

In addition to these operations, which are 
similar to those found in classical set theory, 
there is another class of operations that can 
be defined by taking advantage of position 
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the k th element(s) of an 
ted into an extended 

indicators. For example, 
n-tuple (~,I) may be extrac 
set L by the operation: 

i 

L = EXTOM,K) = {xllxekM} (2 .16 )  
i 

For example if i 

M = <12,34,97,15> = {1121,342,973,154 } 
i 

then ! 

L = EXT(M,3) = {971 } = {97} 

Another similar operation is 

T, -- ~OMeI,K) = (xklx~kM} (2.17) 

Unlike EXT, DOM preserves the original position 
indicator; for example, ~or M defined as above 

L : DOM(~I,3) = {973}  

"lhe names f o r  these  two o p e r a t i o n s  were  
arbitrarily assigned by the author. Numerous other 
similar operations may be defined as needed. 

3.0 A Review of the Cau~hy/Cantor Diagonal Method 

Periodically, a mathematical idea which 
was horn in a past century finds new application 
in the area of information systems; such is the 
case with the Diagonal Method of Cauchy (1789- 
1857) and Cantor (1845-i~18). The Cauchy/Cantor 
Diagonal Method, discussed herein, was 
originally used to demonStrate that the rational 
numbers were countable, bflt here it is applied 
to a computer in~plementa~$on of a system based 
on extended set theory. 

The Cauchy/Cantor Diagonal Method is a re- 
versible mapping from the ordered pairs to the in- 
tegers. The following discussion clarifies 
this: Let N denote the set of positive integers 
and Q the set of non-negative integers; then 

Q = N U {0} (3.1) 

Let QxQ be defined as QxQ = {<K,L>: KeQ, LEQ} 
(3.2) 

That is, QxQ is the set of all ordered pairs 
each element of which iS a ~-----~er of Q. 

The domain and range for the Cauchy/Cantor 
mapping (as used in this paper) may be defined 
as : 

C:QxQ + N 

This mapping is both on~:to-one and ont__~o: 

There exists an inverse function 
C'I:N ÷ QxQ with the f~llowing property: 
For each MeN there exislt~ exactly one pair 
<K,L > e QxQ such that q" :M ÷ <K,L>. 
4 i 

" The importance of ithis mapping (henceforth 
called KOSH) and its i~verse (henceforth called 
UNKOSH) is that each o~dered pair <K,L> may be 
uniquely associated wifh a single integer M. Thus 
given K and L, M is known, whereas given M 
both K and L are uniquely defined. 

This method of associating pairs with in- 
tegers is generally called the Cauchy/Cantor 
Diagonal Method; it was originally used to 
demonstrate that the rational numbers were 
countable (see Fraenkel (12)). Figure 3-I is a 
table demonstrating the mapping for the pair 
<K,L>, K increases down the left side coltmm and 
L increases across the top {row). The value (bl) 
of tile mapping KOSII may be found in the table 
at row K, coltmm L. 

Using the Cauchy/Cantor mapping, M can be 
directly calculated from K and L, and vice 
versa. Thus the table need not be stored. 
Figure 3-2 gives Fortran Subroutines for KOSH 
and UNKOSH. 

4.0 Use of the Dia$onal Method 

As shown in the last section, the Diagonal 
Method provides a reversible mechanism for 
representing an ordered pair of (non-negative) 
integers as a single integer. Also, since the 
mapping is onto, the integers are used as 
efficiently as possible without botmding either 
Kor L. 

The basic problem of implementing extended 
set theory is one of finding a suitable machine 
representation for the extended set (E), see 
definition 2.6, which is repeated here for 
clarity: 

• i2 i 3 . .aNiN} E = {al ll,a 2 ,a 3 ,. (4 i) 

Methods of representing classical sets of 
positive integers by bit strings are easily 
derived and well known (e.g. IIardgrave (IS)). 
The essence of such techniques is that when a 
bit string is used to represent a set (S), 
a 'I' in bit position I implies that IES. 

4.1 Operations on Bit Strings Representin~ Sets 

Set theoretic operations (e.g. union, 
intersection) may be implemented using bit strings 
to represent the sets. Logical bit-by-bit oper- 
ations may be invoked to perform the respective 
set operation (that is, union and intersection, 
respectively.) Figure 4-1 shows the general pro- 
cess. The two sets A and B are input to the 
processor that performs the set operation. ]lle 
output from the processor is tile single set (i.e. 
bit string) C. The processor performs set 
operations by scanning and comparing the current 
bit position of both input sets, at which time 
the truth table for the selected set operation 
is used to generate the 'output' bit. 

The above process is satisfactory for bit 
strings in a logical (i.e. uncompacted form). 
However, uncompacted (logical) bit strings would, 
in general, require too much storage space. There 
is ohviously a trade-off between storage and pro- 
cessor complexity. When the bit strings repre- 
senting sets are compacted, the processor is 
more complex, as it must insure correct position- 
ing of all three strings. The processor may, 
however, perform the set operation without ex- 
panding the compacted bit strings into~ logi- 
cal bit strings; furthermore, the output string 
may be generated directly in its compacted form. 
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SUBRDUTINE KOSII @I,K,L) 

INTEGER DIAG. SUM 

DIAG = K + L + 1 

SUM= (DIAG * (DIAG + 1) 

M " S ~  - K 

RETURN 

END 

) / 2  ÷ 

SUBROUTINE: UNKOSH (~I,K,L) 

INTEGER DIAG, SU~I 

DIAG -- ( - 1 . 0  + SQRT ( 1 . 0  + 8 . 0  * M) ) / 2 . 0  + .999 

SUM = (DIAG * (})lAG + 1) ) / 2  

K = SUM - M 

L = DIAG - K - 1 

RETURN 

END 

F i g u r e  3-2 
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4.2 Representin$'Extem[ed Sets as Bit Strings 

One solut ion to th(~ representat ion of  ex- 
tended sets  can be achic,ved i f  E can be t rans-  
formed into:  

= {H 1,M 2,H ~ . . . .  ~ }  

where the problem of representing extended 
se~s has been reduced tO representing the pa i r  
a~Xj as a single integer  M.. I f  the element a- 
i~ stored in a " table of  elements" (as discussed 
in de ta i l  in sect ion 5)) then the ordinal  
index (K) to the entry in the table represents 
the element. 

I f  we consider i j ,  the pos i t ion  indicator ,  
we once again have a non-negative integer  (L). 
Thus the element may be iden t i f i ed  by i t s  
index (K), in conjunction with i t s  pos i t ion  
indicator  (L). Moreover th is  pa i r  <K,L> is 
uniquely representable by mapping 

C : <K,L> ÷ M 

and i t s  inverse: 

C -I : M + <E,L> 

Thus the transformation of formula 4.2 is possible. 
The coding of the extended set E therefore 
involves: 

i) Placing the element, which may itself 
be an extended set, and consequently 
involves recursion, into a table of 
elements; thisi returns the resulting 
index K 

ii) Noting the posiitional indicator L 
iii) Calling KOSH ~I,K,L) to determine the 

integer M 
iv) Change the M th bit of the E string to 

1 to show that: 

a j i j  e E 

For the reverse process:  

i) Examine the string representing E, 
finding that the M TM bit is i. 

ii) Call UNKOSII ~I,K,L) to determine K 
and :L. 

iii) En~e~ the element table to find the 
Kth:entry; no~e that this may be an 
atom or an ex~ended set. 

iv) This element is in position L of E. 

4.3 Operationson Extended Sets 

OperatioKs on extended sets may be per- 
formed using the same ~echniques that were used 
for operations on classical sets (see section 
4.1). Below is an exa~le of the intersection 
of two tuples, an operation found but not 
generally useful in classical set theory. 

Consider the tuples 

A = <21, 36,.91.2> 

B = <36, 21, 91.2> 

Using the definition in section 2, the 
tuples may be represented as extended sets in 
the following manner: 

A = {211 , 362 , 91.23 } 

B = (36 I, 212 , 91.23 } 

For simplicity we will assume that the atoms 
21, 36, 91.2 were stored on the table of elements 
with the ordinals i, 2, 3 respectively, as 
described in the table below 

Element Table 
Atom Ordinal 

21 1 
36 2 
91.2 3 

Using the mappings (see Figure 3-1), the 
logical bit strings (A and B) representing the 
extended sets can be created: 

A = 0000100000001000000000001... 

B = O000000110000000000000001... 

The intersection may be derived by performing 
the logical product on the two strings. 

C = 0000000000000000000000001... 

By using the reverse Cauchy mapping and 
accessing the element table, we decide that 

C : {91.23} 

This may be considered as a tuple with data 
only in position three. Finally, it should 
be noted that the set operation itself is per- 
formed without accessing the table of elements. 

A pot~ally more relevant example is in 
the extraction of selected domains using set 
intersection. In Figure 3-I, each column of the 
table is the set of possible values that may 
appear for that domain. For example, the 
ordinals of the sequence, 15, 20, 26, 33, 41, 
50, 60, ... are the only bits that indicate a 
value in position four of an extended set. 
~mrefore, a standard "Domain four" set repre- 
sented by the bits 15, 20, 26, 33, 41, SO, 60, 
... may be used to extract elements of position 
four from a given extended set. This may be 
accomplished by intersecting the set in question 
with the standard "Domain four" set. The example 
below clarifies this point. 

In order to extract positions 1 and 3 from 
tuple A, as defined above, the standard sets 
(as bit strings) for domains one and three 
(SDI and SD3) are 

SDI = O01010010001000010000010000001... 

SD3 : 000000000100010000100000100000... 
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The i r  union i s  

SD1 U SD3 = 001010010101010010100010100001... 

A = 000010000000100000000000100000... 

The i n t e r s e c t i o n  o f  t he  above i s  

D = 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 . . .  

Thus 

D = {211 , 91.23 } 

5.0 An Overview of the Set Processor 
I,~lementation 

A prototype set processor (sErP) is currently 
being developed for the Prime 300 Computer at 
the Institute for Computer Applications in 
Science and Engineering (ICASE) and also for 
the UNIVAC 1108 Computer at the [Diversity of 
5~ryland. Several other groups are considering 
the use of SEt? as a tool for supporting appli- 
cations such as graphics. This section briefly 
discusses the implementation methods. 

sErP is principally designed as a tool for 
designing and implementing systems that require 
large vol~nes of data with an elaborate data 
structure. Such data must be managed in auxiliary 
storage as well as main memory. Thus SErP 
is not an end product, but a basis upon which 
a large class of application systems may be 
constructed. 

sErP supports atoms and extended sets. This 
allows implementation of classical sets, sequences 
(i.e. tuples) and arbitrarily deep nestings of 
potentially intermixed sets and sequences. 
As discussed later, the extended sets are 
maintained as bit strings that reference a 
table of elements. The bit strings are managed 
in memory buffers and on auxiliary storage media 
(e.g. disks) by the set processor. Thus, the 
implementor is relieved of the drudgery of 
considering auxiliary storage characteristics 
(such as access times and transfer rates) and 
performance problems are handled within the 
set processor. 

5.i The I n t e g e r  Se t  P r o c e s s o r  

The ex tended  s e t  p r o c e s s o r  (SETP) i s  
suppor t ed  by an improved i n t e g e r  s e t  p r o c e s s o r  
s i m i l a r  to  t h a t  p r e v i o u s l y  d e s c r i b e d  in  
Hardgrave (15).  The I n t e g e r  Se t  P r o c e s s o r  
(ISP) i s  no t  concerned w i th  ex tended  s e t s  but  
suppor t s  c l a s s i c a l  s e t s  o f  p o s i t i v e  i n t e g e r s  
from a predefined universe: 

U = {i[ieN and i ! 2L} 

Where N is file set of natural numbers and 
L depends on the word size of the computer. 

As discussed in section 4.1, the technique 
used to represent a subset S of the universe, 
U, is ~ bit string signifying membership. If 
the i TM bit of the bit string is "i", then: 

iES 

I f  the  i t h  b i t  i s  "0" ,  then :  

i¢s 

The s i z e  o f  the  l o g i c a l  b i t  s t r i n g  i s  the  
c a r d i n a l i t y  o f  the  u n i v e r s e ,  which i s  too  l a r g e  
to  s t o r e ,  tlowever, a s u i t a b l e  compact ion t e c h -  
nique ( e . g .  the  QUATREE method) may be used to  
reduce the  s i z e  o f  the  b i t  s t r i n g  as d i s c u s s e d  
l a t e r .  

The QUATREE compaction method d e s c r i b e d  in  
Hardgrave (15) i s  based  upon the  n o t i o n  t h a t  com- 
p a c t i o n  can be per formed by c r e a t i n g  m u l t i - l e v e l  
d i r e c t o r i e s  o f  f o u r - b i t  p a c k e t s .  This  s i z e  packe t  
was chosen over  l a r g e r  packe t  s i z e s  because  l a r g e  
s e t s  whose e lements  a r e  randomly d i s t r i b u t e d  over  
the  a b s o l u t e  u n i v e r s e  t end  to  have s m a l l e r  r e p r e -  
s e n t a t i o n s  when smaller p a c k e t  s i z e s  a r e  used.  
Each b i t  i n  a g iven  d i r e c t o r y  o f  l e v e l  L c o r r e s -  
ponds to  fou r  b i t s  in  the  b i t  s t r i n g  a t  l e v e l  
L-1.  Level  1 cor responds  to  the  b i t  s t r i n g  
r e p r e s e n t a t i o n  o f  t he  s e t  in  uncompacted form. 
For  CDC 6000 implementa t ion ,  l e v e l  23 i s  t he  
h i g h e s t  l e v e l  d i r e c t o r y  and c o n s i s t s  o f  on ly  
fou r  b i t s .  The n u l l  s e t  i s  r e p r e s e n t e d  by a 
s i n g l e  zero  p a c k e t .  A l l  o t h e r  s e t s  have a t  
l e a s t  one non-ze ro  packe t  a t  each l e v e l .  
Levels  between one and twenty-three a re  i n t e r -  
media te  d i r e c t o r i e s ;  each r e f e r r i n g  to  the  
nex t  lower l e v e l  d i r e c t o r y .  

The following example i l l u s t r a t e s  the  
d i r e c t o r y  concept :  

Level L 

Level  L-1 0 0 ~ 0 0 0  

Each o f  the  zero  b i t s  in  t im l e v e l  L packe t  
imply t h a t  t h e i r  co r r e spond ing  pa c ke t s  in  the  
l e v e l  L-1 d i r e c t o r y  a r e  a l l  ze ro .  The 1 - b i t  
in  the  l e v e l  L packe t  imp l i e s  t h a t  a t  l e a s t  
one o f  the  b i t s  w, x,  y ,  o r  z i s  s e t  to  1. 
In  a d d i t i o n ,  a l l  zero  p a c k e t s  a r e  o m i t t e d  from 
the  a c t u a l  r e p r e s e n t a t i o n  o f  the  b i t  s t r i n g ;  
thus  accompl i sh ing  the  d e s i r e d  compact ion.  

A s e t  having on ly  a s i n g l e  e lement  may be 
r e p r e s e n t e d  as  a t r a c e  in  the  h i e r a r c h i c a l  
s t r u c t u r e  o f  d i r e c t o r i e s .  A t r a c e  c o n s i s t s  o f  
one packe t  a t  each l e v e l  in  the  h i e r a r c h y  and 
each packe t  in  the  t r a c e  has one and on ly  one 
b i t  s e t  to  1. For  example,  the  r e p r e s e n t a t i o n  
f o r  t i le  s e t  {18} i s  as shown below. 

Although the  a c t u a l  r e p r e s e n t a t i o n  i s  l i n e a r ,  
we a l s o  g ive  the  h i e r a r c h i c a l  form f o r  the  sake 
o f  c l a r i t y .  The numbers g iven  to  the  l e f t  o f  
the  h i e r a r c h i c a l  r e p r e s e n t a t i o n  and below each 
packe t  in  the  l i n e a r  r e p r e s e n t a t i o n  a r e  the  
l e v e l  i n d i c a t o r s .  Level  1 p a c k e t s  a r e  from the  
o r i g i n a l  b i t  s t r i n g  and the  l e v e l  23 p a c k e t  i s  
the  h i g h e s t  l e v e l  d i r e c t o r y .  

L inea r  form: 

1000 1000 . . .  1000 0100 1000 0100 
23 22 4 3 2 1 
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H i e r a r c h i c a l  form: 

Level  25 

Level  22 

lOfOO 
i000 

Level 4 I000 
I 

Level 3 0100 
I 

Level 2 1000 
I 

Level 1 0100 

5~iti-element sets imay be represented by 
combining these sets accordingly. These repre- 
sentations are not presented here in detail. }bw- 
ever, ~n example of the lmulti-element set 
{4,11,25} is given beloW: 

Linear form: 

I000 i000 . . .  
23 22 

0010 0010 I000 
1 2 1 

H i e r a r c h i c a l  form: 

Level = 25 

I000  i i00  i010 0001 
4 5 2 1 

lO0O 

I 

Level = 4 i000 
\ 

3 Ii00 
i / \ 

\ 

2 ~ i010 0010 
; I 

Level : 1 O00SO010 l~O0 

One advantage of the QUATREE technique is that 
there is one and on1), o~e compacted representation 
o f  a g iven  l o g i c a l  b i t  S t r i n g .  

The p r e l i m i n a r y  da t a  r e p o r t e d  in  l la rdgrave  
(15) sugges t ed  t ha t  to  S to re  s e t s  o f  p o s i t i v e  
i n t e g e r s  having a c a r d i ~ a l i t y  o f  10,000 would 
r e q u i r e  a t  l e a s t  15,400i b i t s  and no mere than 
662,000 b i t s .  Fur thermore ,  the  r e a l  t ime 
r e q u i r e d  to  per form a s e t  o p e r a t i o n  ( e . g .  
union o r  i n t e r s e c t i o n )  On two s e t s  o f  t ha t  
magni tude  was l e s s  than[ I0 seconds on a 
CDC 6400. Using a minicomputer ,  d a t a  i s  
c u r r e n t l y  be ing  c o l l e c t e d  a t  ICASE from s e v e r a l  
p r a c t i c a l  exper iments  oil a l e s s e r  magni tude.  
We suspec t  t ha t  i n  p r a q t i c e ,  s t o r a g e  r e q u i r e -  
ments f o r  s e t s  w i l l  be iabout 10 b i t s  p e r  e l e -  
ment and s e t  opera t ions l  o f  the  magnitude 
mentioned above may be per formed on l a r g e r  
minicomputers in under [a minute (real time). 
These preliminary indications will be confirmed 
(o2 denied) in a futur e paper. 

The Integer Set P~ocessor has a number of 
operations that work d~rectly with compacted 
bit strings and (when applicable) produce 
compacted bit strings, i Thus, for these 
operations the logical ;bit string is never 
generated. The Intege~ Set Operations include 

set union, intersection~ and relative co~lement, 
and a collection of utilities such as set tra- 
versal, which allows the set to be examined 
one--h-6"6~ement at a time. 

The Integer Set Processor was designed to 
deal with large and complex sets, which may 
grow to be too large to be maintained in the 
central memory of even the largest computers. 
The I/O Processor maintains sets (as co,~acted 
bit strings) on back-up store and in main memory 
as requested. 

5.2 The Tables 

The Set Processor utilizes three tables, 
the Element Table, the Alias Table, and the 
Text Table to store and manipulate data: the 
Element Table contains the occurrences of data 
items; the Alias Table contains user defined 
names; the Text Table contains overflow from 
the Element and Alias Tables. All table man- 
agers and all transactions concerning a table 
utilize their relevent table manager. 

The Element Table and the Alias Table are 
designed to be fixed length entl 7 tables. This 
allows the table managers easy conversion from 
from entry number to displacement (i.e. address) 
within the respective tables. The Text Table 
is of variable length; it handles any necessary 
Overflow from the other (two) tables. 

Each fixed length entry in tile Element 
Table contains one element, which is either an 
atom or an extended set. Atomic element types 
currently supported by SETP include integers, 
single precision floating point numbers and 
character strings. F~ch element in the table 
is unique; thus when an int~ger,(e.g. "10") 
or an extended set (e.g. {I x, 2~}) is stored 
on the table, all references to it reference 
that particular"entry. A simple form of hash- 
coding is used to implement element table access. 
The efficient management of such elements, 
which involve large storage volumes, is an 
interesting implementation problem which has 
not yet been properly investigated. 

The purpose of the Alias Table is to 
provide a mechanism for binding user defined 
names to specific data items or structures. 
~lese names are stored on the Alias Table and 
bound to specific elements in the element 
table by means of a pointer. The names found 
in an Alias Table are an integral part of the 
database, and are not the same as the temporary 
names assigned to '%~orking structures" for an 
interactive session. ~le user may specify an 
alias for any particular element and bind it 
accordingly. 

5.3 Efficiency Considerations 

In the initial implementation, the set 
processor was made as simple as possible, the 
guiding philosophy being to create, as quickly 
as possible, a modular system that performs 
according to a flexible set of specifications. 
Care was taken to insure that an efficient 
implementation is not precluded. However, time 
has not yet been devoted to producing efficient 
code, or even to the investigation of better 
algorithms. The next phase will analyze the 
system by performance measurement techniques. 
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At present a trace-driven modeling technique is 
being developed. 

In order to he a viable tool for use in 
data management system development, the set 
processor should be competitive with today's 
generalized data base management systems in two 
major areas:  

• Data base size 

• Accessing speed 

Investigations are currently under way 
to provide exact formulae for these parameters. 
For example, it is possible to estimate the 
size of a data base consisting of a single 
relation (e.g. as in Codd (9)) as follows: 

S = Q * D(R) * C(R) + Q * C(R) + U * L 

where: 

• S is the size in bits. 

• C(R) is the cardinality of the relation 
R (i.e. the number of tuples to be stored). 

• D(R) is the degree of  the re la t ion  R ( i . e .  
the number of  elements in each tuple) .  

Q is the average number of  b i t s  per 
element required by the compaction 
technique. 

• U is the number of unique element values 
in the data base. 

• L is the average length, in bits, of the 
unique element values. 

The size of the Alias Table is ignored 
since the assumption is that it is negligible 
compared with the element table size. The 
values D(R), C(R), U, and L may all be 
determined from the data base in question. 
Ibwever, Q is dependent on the compaction 
technique. As noted previously by the author 
(15) the values for Q using the QUATREE method 
range from 1.3 to 92 bits per element. As a 
rule of thumb, a value of ten is used for Q in the 
QUATREE method. 

6.0 Concluding Remarks 

Set Processors are potentially valuable 
as tools for data base design and i~plementation, 
Large-scale data base systems implemented using 
set processors appear to be less complex than 
traditional data base systems. 

Extended set theory is an excellent vehicle 
for implementing set processors. This concept 
supports both classical sets and tuples using 
an unparalleled notation and lends itself readily 
to computer implementation. This article demon- 
strates that an implementation is possible for 
extended set theory in its purest form. 

}lowever, the fact that an implementation 
exists does not guarantee any measure of 
efficiency, and this represents the most important 
question about set processing. If implementations 

can be found that compare favorably with 
state-of-the-art systems based on other data 
models, then set processing will certainly 
succeed. Further effort is necessary in 
determining methodologies for implementing 
existing data models using set processors. 
Concepts such as "data independence," 
"integrity," "security," etc. will be as 
important in those studies as they are today. 

Finally, more analysis is necessary for 
configurations that include mass storage 
systems, networks, multiple mainframes, etc. 
as well as set processors. This will help 
provide comprehensive "data sharing )' and 
eliminate unnecessary redundancy and updating 
overhead. 
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