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A b s t r a c t  

This  p a p e r  p r e s e n t s  a c o n s t r u c t i v e  model  for  data  

which s u g g e s t s  s o m e  p r e c i s e  def in i t ions  of not ions  

l ike type,  name ,  c o n s t a n t s ,  d e c l a r a t i o n s  e tc .  

The model  is based  on an old idea of looking at  data  

as a mapping  f r o m  a se t  of n a m e s  to a s e t  of va l u e s .  

We will study two d i f f e r e n t  kinds of a s s i g n m e n t s  and 

a l so  show how the mode l  can be used  to give s o m e  

hints  fo r  new data s t r u c t u r i n g  me thods .  In p a r t i c u l a r  

we have given a def in i t ion  of a s equence  and we have 

shown how this  data  s t r u c t u r e  can be used  to give 

c o n s t r u c t i v e  def in i t ions  of s t r u c t u r e s  like s t a c k s ,  f i les  

and queues .  We have a l so  s tudied  t r e e  t r a v e r s a l s  

i . e .  the c o r r e s p o n d e n c e  be tween  va r i ous  t r e e s  and s e -  

q u e n c e s .  
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0. In t roduct ion  

Recen t  a r t i c l e s  ( fo r  ins tance  2, 3, 4) in the field of 

C o m p u t e r  Sc ience  have shown the n e c e s s i t y  for  s t r i c t  

def in i t ions  of s o m e  fundamenta l  words  connec ted  to 

data .  T h e r e  is a vague intui t ive notion of what  w o r d s  

l ike data  s t r u c t u r e ,  data  type,  va lue ,  n a m e  and d e c -  

l a r a t i o n  mean .  Some au t h o r s  mean  that  a data  s t r u c -  

t u re  is s o m e t h i n g  l ike a m a t r i x  o r  a t r e e ,  that  is 

s o m e t h i n g  which has a s t r u c t u r e  when you denote  i t ,  

as  opposed to a tomic  i t e m s  l ike i n t e g e r s ,  r e a l s  and 

so on. Some au tho r s  mean  that  a da ta  type is a s e t  

of v a l u e s ,  o t h e r s  m e a n  that  it is a s e t  of va lues  t o -  

g e t h e r  with a s e t  of ope ra t i ons  def ined  on t h e s e  

v a l u e s .  

1. The r e l a t i o n s h i p  be tween  a type and a data  

s t r u c t u r e  

F r o m  an a b s t r a c t  point  of v iew the only d i f f e r e n c e  

be tween  a f ini te  s u b s e t  of i n t e g e r s  and a f in i te  s u b -  

s e t  of t r e e s  a r e  that  they a r e  s e t s  with d i f f e r e n t  

kinds of funct ions  def ined  f r o m  them.  On the s e t  of 

i n t e g e r s  we usua l ly  def ine :  

+: int x int - int 

~,: int x int ~ int 

- .  int  x int ~ int 

And on t r e e s  we usua l ly  de f ine :  

lef t  s u b t r e e :  t r e e  -. t r e e  

r igh t  s u b t r e e :  t r e e  -~ t r e e  

dep th :  t r e e  -~ int 

and so on. 

T h e s e  funct ions  a r e  e a s i e r  to v i sua l i ze  i f  we u s e  

d i f f e r en t  deno ta t ions  fo r  m e m b e r s  of t h e s e  s e t s  and 

if we let  the denota t ion  r e f l e c t  the c h a r a c t e r i s t i c s  of 



the func t ions .  The i m p o r t a n c e  of denota t ion  can fo r  

i n s t ance  be s e e n  in the  inf luence  of the poi t ional  s y -  

s t e m  for  denot ing  i n t e g e r s  and r e a l s ,  and the i n t r o -  

duct ion  of the v a r i a b l e  i in complex  n u m b e r s .  

It is t h e r e f o r e  conven ien t  to def ine  a data  s t r u c t u r e  

to be a pa i r  < A , B >  w h e r e  A is a type (= a s e t  of 

va lues )  and B is a s e t  of func t ions :  

f: A n-~  C , n = 1 ,2  . . . .  w h e r e  C is a t y p e .  

This  def in i t ion  of a da ta  s t r u c t u r e  is  in a c c o r d a n c e  

with the a l g e b r a i c  mean ing  of a ( m a t h e m a t i c a l )  s t r u c -  

t u r e .  

2. A mode l  fo r  p r o g r a m m i n g  languages  without  

r e f e r e n c e s  

In a c o m p u t e r  p r o g r a m  we man ipu la t e  v a l u e s ,  which  

a r e  in s o m e  s e n s e  a mode l  of a pa r t  of the wor ld  

ou t s ide  the c o m p u t e r .  We do th is  with the he lp  of 

n a m e s ,  we let  each  n a m e  deno te  an objec t  a l so  

ca l l ed  a va lue  and we def ine  funct ions  f r o m  a s u b -  

s e t  of the va lues  to ano the r  s u b s e t .  Some n a m e s  

can change  t h e i r  va lues  in the p r o g r a m ,  we wi l l  

ca l l  t h e s e  n a m e s  v a r i a b l e s .  O t h e r  n a m e s  cannot  

change  t h e i r  value a f t e r  t h e i r  in i t i a l i za t ion ,  we wil l  

ca l l  t h e m  c o n s t a n t s .  It has  been  shown conven ien t  

to r e s t r i c t  the s e t  of va lues  each  n a m e  can deno te .  

T h e s e  s u b s e t s  a r e  ca l l ed  t ypes .  

Hence  we wil l  s tudy t h r e e  s e t s  T ( the s e t  of t ypes ) ,  

V (va r iab les )  and C ( c o n s t a n t s ) .  We wil l  u s e  g r e e k  

l e t t e r s  to denote  t ypes .  

We wil l  ca l l  0 = U cz the set of objects or 
def 

C~¢T 

va lues  and the s e t  N = V U  C the s e t  of n a m e s .  
de f  

We have two funct ions  ca l led  d e c l a r a t i o n s :  

c : C - T  

v : V - T  

(constant declaration) 

(variable declaration) 

and val is a function 

v a h  V U C U 0 --. 0 

with the r e s t r i c t i o n s  that  

v a l ( a )  = a if  a ~ 0 

v a l ( a )  ¢ c ( a )  if  a E C 

v a l ( a )  ¢ v (a )  if  a ¢ V 

A computer program is a description how the function 

val is transformed, i.e. a program describes how the 

values which the names denotes will be changed 

during the execution of the program. We can look at 

a program as consisting of two parts: the declaration 

part and the algorithmic part. 

The declaration part of a program usually consists of 

three parts : 

Type declaration part 

This is a description of T, usually an enumeration of 

all its elements. This will also give a description of 

0 and val/0. (If f is a function f: A -~ B and if 

C c A then f/c denotes the restriction of f to C.) 

When we enumerate the types we can start from so 

called primitive types and construct new types from 

these. A primitive type is a type given in the langu- 

age or a type defined by an enumeration of all its 

elements. For instance in PASCAL: 

integer, real, color = (blue, red, yellow) 

a r e  al l  p r i m i t i v e  types  while  

p e r s o n  = r e c o r d  n a m e :  s t r i n g ,  
m a l e :  bool  end 

is  a new type c o n s t r u c t e d  f r o m  e a r l i e r  g iven t y p e s .  

We wil l  d i s c u s s  the c o n s t r u c t i o n  of new types  l a t e r  

in th is  p a p e r .  

i i .  Cons tan t  d e c l a r a t i o n  p a r t  

This  is an e n u m e r a t i o n  of al l  the e l e m e n t s  in C, a 

c o m p l e t e  d e s c r i p t i o n  of the funct ion  c and usua l ly  



a l so  a d e s c r i p t i o n  of the function v a l / c .  

i i i .  Va r i ab le  d e c l a r a t i o n  par t  

This  is s i m i l a r l y  an e n u m e r a t i o n  of a l l  the e l e m e n t s  

in V and a de sc r ip t i on  of the function v. 

In the a l g o r i t h m i c  par t  of the p r o g r a m  the function 

v a l / 0  wil l  be defined and t r a n s f o r m e d .  

The fol lowing s imp le  example  wr i t t en  in pseudo-  

PASCAL of a dec l a r a t i on  par t :  

c o l o r  = [b lue ,  r ed ,  ye l low]  
def  

int = [1 ,  2, 3, 4 ]  
def  

type dec l a r a t i ons  

const a: colorl const b, c:int 

a = blue; b = c = 3 
constant declaration 

y a r  va :  c o l o r ;  v b : i n t  v a r i a b l e  d e c l a r a t i o n  

wil l  be i n t e r p r e t e d :  

W = 
def  

{ color, int ] where color = [blue, red, yellow] 

int = [ 1 ,  2, 3, 4 ]  

v a l / o  d e f  [ (b lue ,  blue) ,  ( r ed ,  red) ,  (ye l low,  yel low) , 

(1 ,1) ,  (2 ,2 ) ,  (3 ,3) ,  ( 4 , 4 ) ]  

C =def [ a , b , c ]  

C --- 
def  

{ (a, color), (b, int), (c, int) ] 

v a l / c = d e f { ( a ,  blue),  (b,  3), (c ,  3 ) ]  

V = d e f  {va ,  vb 

v = def  ( ( v a ,  co lo r ) ,  (vb,  int) 

See a l so  F i g u r e  1. 

J C V 

color int 

Example  of the in i t i a l i za t ion  of va l  in 

a p r o g r a m .  

With this s i m p l e  mode l  we can d e s c r i b e  p r o g r a m s  in 

s imp le  languages  l ike FORTRAN,  ALGOL etc .  In 

o r d e r  to a l low for  languages  with r e f e r e n c e s  

(po in te r s )  we wi l l  i t e r a t e  the mode l :  

3. Extens ion  of the mode l  to r e f e r e n c e s  

F o r  each  se t  c~ c T we def ine  a se t  c~ T(the se t  of a l l  

dynamica l ly  c r e a t e d  r e f e r e n c e s  to C~)with a 1 - 1  

mapping f :c~ l--  a and we extend v a l ' s  domain  to 

c~ T by def in ing va l (b )  = f(b)  i f  b ~ oL 

We a lso  def ine  0 T =def  U cg T and for  each  c~ ¢ T we 

def ine  two se t s  

Let  now 

r e f  v a r ( o  0 = d e f { b : v ( b )  = c~ ] 

r e f  c o n s t ( c 0  = d e f [ b : c ( b )  = o~ ] U r~ T 

T 1 =def~ref  var(c~) : c~ ¢ T ] U 

[ r e f  coas t  (c/) : ¢x ~T ] 

and 01 = U ~ = N U 0 T 
C¢¢ TI:  

Now, we in t roduce  two new se t s  C 1 and V 1 ca l led  

cons tan t  r e f e r e n c e s  and v a r i a b l e  r e f e r e n c e s ,  and 

two funct ions ca l l ed  r e f e r e n c e  d e c l a r a t i o n s :  

r c :  C I ~ T 1 

r v :  V 1 -~ T 1 



We can -now extend v a l ' s  r ange  to 01 by:  

va l :  C 1 U V 1 -* 01 

with the addi t ional  r e s t r i c t i o n s  that :  

va l  (a) ¢ r c (a) i f  a ¢ C 1 

va l  (a) ~ r v (a) i f  a ¢ V 1 

It is obvious how to change this l a s t  p a r a g r a p h  to be 

an induct ion s tep whe re  we def ine  Tn+ 1, 0n+ 1, Cn+l ,  

and V . and Vn+l ,  f r o m  Tn,  On, C n n 

The s tep  f r o m  s i m p l e  va lues  to r e f e r e n c e s  when 

T = [ el,  ~ ]  is i l l u s t r a t ed  in F i g u r e  2. F o r  sake of 

s imp l i c i t y  we have  a s s u m e d  that no r e f e r e n c e s  a r e  

c r e a t e d  dynamica l ly .  

4. Assignments 

In the a l g o r i t h m i c  par t  of the p r o g r a m  val  is t r a n s -  

f o r m e d  by a s s i g n m e n t  s t a t e m e n t s ,  of which input and 

output  a r e  spec i a l  e a s e s ;  ~Th¢ s e m a n t i c s  of such  a 

s t a t e m e n t  v a r i e s  f r o m  language to language .  One 

ax iom of a s s i g n m e n t  could be :  

COp Ass: [val(a2) = w A w ¢ (Y A V (al) = (y] 

a l : = a  2 [val (a I )= w} 

We a r e  us ing  the notat ion of Hoare  for  e x p r e s s i n g  

this ax iom.  It is impor t an t  that an a x i o m  of a s s i g n -  

ment  is type invar ian t  i . e .  the r e s t r i c t i o n s  of va l  

wil l  be lef t  unchanged.  It is e a s i l y  p roven  that  Cop 

Ass  is type invar ian t .  This  ax iom is ca l l ed  " a s s i g n -  

ment  with copy"  due to the fact  that  this a s s i g n m e n t  

can only change the va lue  of the name  of the le f t  

hand s ide .  Th is  means  that if  two n a m e s  denotes  

the s a m e  objec t  one a s s i g n m e n t  can only change the 

va lue  of one of them.  

V 

¢ 

o¢ 
! 

Fig  2: The  range  of va l  can be extended to names  

by in t roducing  r e f e r e n c e s .  The d i a g r a m  

shows the poss ib l e  va lues  of va l .  

We can note that the mode l  wi l l  a l low for  v a r i a b l e  

r e f e r e n c e s  to cons tan t s ,  v a r i a b l e  r e f e r e n c e s  to v a r i -  

ab l e s ,  cons tant  r e f e r e n c e s  to cons tants  and cons tan t  

r e f e r e n c e s  t'3 v a r i a b l e s .  This  is not the c a s e  in c o m -  

mon p r o g r a m m i n g  l anguages ,  one exept ion is  MARY. 

In many p r o g r a m m i n g  languages  t h e r e  is an a u t o m a -  

t ic  c o n v e r s i o n  be tween  types  if  the types  of the lef t  

hand s ide  and the r igh t  hand s ide  are" not equal .  

This  can be e x p r e s s e d  f o r m a l l y  a s :  

F o r  s o m e  types ~ ,  ~ the re  is a funct ion CcyB.:c~-/3 

ca l led  c o n v e r s i o n  with the p r o p e r t i e s  that  

(i)  C y s =  Cc~5O C c ~ 

if the r igh t  hand s ide  e x i s t s .  

( i i )  C (x )  = x for  a l l  7 .  
77  

The ax iom of a s s i g n m e n t  with au tomat ic  c o n v e r s i o n  

is now: 

Cony Ass [val (CType(a2) ' v(al)(a2) ) = w] 

al:= a 2 (val(al) = w} 

where  Type (a )  = 
v (a )  i f  a ¢ V 

c (a )  i f  a ¢ C 



In languages  with r e f e r e n c e s  we have two p a r t i c u l a r  

i m p o r t a n t  c o n v e r s i o n s  : 

and 

C r e f  (~,c~ = de f  val  

C a ,  r e f  c o n s t ( a ) w h i c h  is such  that  

val  (Cc~ ' r e f  const(c~) (a)) = a 

In ALGOL-68  t e r m i n o l o g y  they a r e  ca l led  d e r e f e r e n -  

cing and r e f e r e n c i n g ,  

T h e r e  a r e  many m o r e  a s s i g n m e n t  s t a t e m e n t s .  They 

a r e  the ob jec t  for  f u r t h e r  r e s e a r c h .  We a r e  p a r t i c u -  

l a r ly  i n t e r e s t e d  to i nves t i ga t e  what  a s s i g n m e n t  s t a t e -  

m e n t s  a r e  needed  in l anguages  without  r e f e r e n c e s .  

5. Cons t ruc t ion  of new types  

We have s t a t ed  e a r l i e r  that  a type is nothing but a 

s e t  of va lues .  Hence  the ques t ion  of c o n s t r u c t i n g  new 

types  f r o m  the p r i m i t i v e  types  is the s a m e  ques t ion  

as  how to c o n s t r u c t  new s e t s  f r o m  old ones  in m a t h e -  

m a t i c s .  We will  t h e r e f o r e  l i s t  s o m e  s t a n d a r d  me thods  

in s e t  t heo ry  and show how t h e s e  m e t h o d s  have  t h e i r  

correspondence in programming languages - often 

disguised in the mantle 9f syntax. 

5.1 C a r t e s i a n  Product 

One comm on  way to c r e a t e  a new type is to def ine  

a c a r t e s i a n  p roduc t  of two given s e t s .  F o r  i n s t ance  

the s e t  of al l  complex  n u m b e r s  a r e :  

com p lex  = d e f  r e a l  x r e a l  

Usual  n a m e s  for  c a r t e s i a n  p roduc t s  in p r o g r a m m i n g  

languages  a r e  s t r u c t u r e d  va lues  (ALGOL-68) ,  p r o -  

g r a m m e r  def ined data  types  (SNOBOL 4), r e c o r d  

(PASCAL)  e tc .  In m o s t  l anguages  it is p o s s i b l e  to 

give a r b i t r a r y  n a m e s  fo r  the p r o j e c t i o n s  and it is  

c o m m o n  to u se  a spec i a l  nota t ion fo r  the evalua t ion  

of t h e s e  func t ions .  F o r  i n s t an ce  if  we w a n t  to u se  the 

n a m e s  im and r e  fo r  the p r o j e c t i o n s  of the co mplex  

n u m b e r s  we can do so :  

a) s t r u c t  c o m p l e x  = ( r e a l  im ,  r e a l  r e )  (ALGOL-68)  

b) type co mp l ex  = r e c o r d  im:  r e a l ,  r e :  r e a l  enid 

( PASCA L) 

The notat ion fo r  P l ( a )  if  a is a n a m e  of type c o m -  

plex is then:  

a) im of a 

b) a.  im  

5.2 Functions 

Given two s e t s  A and B we can c o n s t r u c t  the s e t  

(A ~ B) of a l l  funct ions  f r o m  A to B. This  is  by 

f a r  the m o s t  c o m m o n  way to c o n s t r u c t  new s e t s  in 

p r o g r a m m i n g  l anguages .  If f is a 'name of type 

(A ~ B) we wil l  ca l l  f a p r o c e d u r e  if  f is a cons t an t  

and a mapping  if  f is a v a r i a b l e .  P r o c e d u r e s  a r e  

c o m m o n l y  used  in p r o g r a m m i n g  l anguages .  In o r d e r  

to put t hem into our  mode l  we note that  if f is a 

funct ion of type (A -* B) and if T y p e (a )  = A then:  

and 

T y p e ( f ( a ) )  = B 

v a l ( f ( a ) )  = va l ( f )  (va l (a ) )  

F ig  3 • The r e l a t i o n s h i p  be tween  val  and a n a m e  

of type funct ion.  

1 



The  u s e  of mapp ings  ( i . e .  the  v a r i a b l e  f u n c t i o n s )  ha s  

wi th  two i m p o r t a n t  e x c e p t i o n s  b e e n  s e r i o u s l y  n e g l e c t e d  

in c o m m o n l y  u s e d  p r o g r a m m i n g  l a n g u a g e s .  They  of fe r  

a wide  v a r i e t y  of i m p l e m e n t a t i o n  p o s s i b i l i t i e s  and 

need  a f u r t h e r  s tudy .  The  two e x c e p t i o n s  w h e r e  the  

i m p l e m e n t a t i o n  is  obv ious  a r e  a r r a y s  and  p r o j e c t i o n s  

in c a r t e s i a n  p r o d u c t s .  An a r r a y  is a m a p p i n g  w h e r e  

the  d o m a i n  is  an  i n t e r v a l  in a to t a l ly  o r d e r e d  s e t  o r  

a c a r t e s i a n  p r o d u c t  of s u c h  s e t s .  A s e t  B is  an  i n t e r -  

va l  if  a , c  E B  ^ a < b < c  = b  ~ B 

F o r  i n s t a n c e  an o r d i n a r y  m a t r i x  can  be  d e c l a r e d :  

m a t r i x  = d e f  [ 1 . . m ] x [ 1 . . n ]  - ~ r e a l  

5.3 Sequences 

A s e q u e n c e  is an  old f a m i l i a r  m a t h e m a t i c a l  s t r u c t u r e .  

In a l g e b r a  i t  is  c o m m o n  to de f ine  a s e q u e n c e  to be  a 

m a p p i n g  f r o m  the  f i r s t  n i n t e g e r s  to a s e t ,  The  s e t  

of a l l  s e q u e n c e s  of e l e m e n t s  of A is t h e n :  

O(A) = {f: Z k-* A I.k¢ Z+} 

Obvious ly  we can  a l s o  de f i ne :  

(Y(A) = U A n 
n 

w h e r e  Z+ is  the  s e t  of a l l  p o s i t i v e  i n t e g e r s  and Z k 

i s  the  s e t  of the  f i r s t  k i n t e g e r s .  

N e i t h e r  of t h e s e  de f i n i t i ons  is s u i t a b l e  fo r  c o m p u t e r  

s c i e n c e  a p p l i c a t i o n s  l ike  s t a c k ,  f i l e ,  b u f f e r s  and  so  

on, They  wil l  imp ly  the  e x i s t e n c e  of s o m e  u n n e c e s -  

s a r y  v a r i a b l e s  l ike  an  index  fo r  the  p r o j e c t i o n  o p e -  

r a t o r .  A f o r m a l  d e s c r i p t i o n  shou ld  be  m i n i m a l  wi th  

no e x t r a n e o u s  d e t a i l s  wh ich  would put u n n e c e s s a r y  

bounds  to the  i m p l e m e n t a t i o n .  We wil l  t h e r e f o r e  d e -  

f ine a s e q u e n c e  f r o m  s e t  t h e o r y  which  is s u i t a b l e  

fo r  s p e c i f i c a t i o n  of c o m m o n l y  u s e d  da t a  s t r u c t u r e s .  

5 . 3 . 1  Def in i t ion  of a s e q u e n c e  

We wil l  c o n s i d e r  a s e t  A to be  wel l  f o r m e d  if 

for a l l  a E A 

( : ~ x ) ( x E A ) ( x E a )  ~ ( a ! x E A ) ( x E a )  A ( V z E A , z d x )  

( z d C A  A n z c  {¢I,} ) 

T h a t  m e a n s  tha t  if  t h e r e  is an  e l e m e n t  in a which  is 

a l s o  an e l e m e n t  of A then  t h e r e  is exac t ly  one s u c h  

e l e m e n t  and the  o t h e r  e l e m e n t s  of a a r e  a l l  d i f f e r e n t  

f r o m  ~ ( the  empty  s e t )  and t h e i r  i n t e r s e c t i o n  wi th  A 

c o n t a i n s  at  m o s t  the  e l e m e n t  ¢ .  The  m o s t  c o m m o n  

c a s e  in p r o g r a m m i n g  l a n g u a g e s  is tha t  if  A is  a type  

then  ar iA = ~ so  a l l  o r d i n a r y  types  a r e  wel l  f o r m e d .  

F r o m  a we l l  f o r m e d  s e t  A we wil l  c o n s t r u c t  the  s e t  

cT (A)  in the  fo l lowing way:  

(i) 

(ii) 

(iii) 

¢ E a ( A )  

¢ 4 x  E A,  y E ~ ( A )  = [ x , y )  E a(A) 

The set (~(A) consists only of elements 

constructed by applying (i) and (ii) a 

f in i t e  n u m b e r  of t i m e s .  

We wi l l  c a l l  an  e l e m e n t  of (~(A) a s e q u e n c e  of A. 

T h i s  s e t  cT(A) h a s  the  fo l lowing  p r o p e r t i e s .  

1 ° cr(A)n A t [ C ]  

Proof: Suppose that z E(y(A)N A and z~. Then 

z=[x,y}EA, where xEA and yECr(A). 

we can assume that xdy. (If x--y then 

xd~ and xE Cr(A)[~ A and we can start 

from the beginning again. This process 

will stop after a finite number of times 

according to (iii).) 

Then yn A c {~] which implies that y=¢ 

(because otherwise y = Is,t} where sd@ 

and sEA). But this contradicts that A is 

well formed. 

2 ° All non-void members of ¢y(A) has exactly two 

elements. 

Proof.:  Suppose  t ha t  { x , y } E c ; ( A ) ,  w h e r e  xEA 

and y E a ( A ) .  If x---y then  x--y = ¢ a c c o r d i n g  

to 1 ° .  T h i s  c o n t r a d i c t s  ( i i ) .  

3 ° ~(A) is a well formed set 

Proof: Suppose that a = {x,y] E a(A), xE~(A), 

yEA, yale. We notice that 2 ° implies 



that y~  if(A). We want to show that y N ~ ( A ) c [ ¢ ] .  

Suppose that  t d ¢ ,  tEyNff(A) .  Then t = I s , p }  w h e r e  

sEA and s d ¢ .  S ince  A is  we l l  f o r m e d  and tEyEA and 

t~'A we know that  ANtC~¢}  which con t r ad i c t s  that  

s¢¢ .  

From 3 ° we can conclude that the set (y((y(A)) can be 

formed. 

If x E if(A),  x ~ @ we wi l l  ca l l  the two e l e m e n t s  of 

x f i r s t  (x) and r e s t  (x),  whe re  f i r s t  (x) E a(A).  

Defini t ion : 

1 ° rank:  (y(A) -- N 

r ank ( s )  =def(S=~ I01 r a n k ( r e s t ( s ) )  + 1) 

2 ° if x ,  y E (Y(A) we def ine :  

: + Y  = Y  

+ Y def  ( f i r s t ( x ) ,  r e s t ( x )  + y ]  

3 ° x < y (x is a f inal  sequence  of y) 

if  x = y  o r  x < r e s t ( y )  

We have used  the ALGOL-68  i f - c l a u s e  in the f i r s t  

def in i t ion.  The sum in the second def ini t ion is we l l  

def ined a c c o r d i n g  to a p roof  o r  induct ion o v e r  the 

rank  of x ( rank  ( r e s t ( x ) )  = r ank (x )  -1).  

We can now list some more properties of ¢y(A). We 

assume x E a(A) . 

4 ° <¢~(A), + > is a monoid .  

Because  ¢ is a z e r o - e l e m e n t  s ince  y + ¢ = 

[ f i r s t ( y ) ,  r es t (y )  + ¢}  = ( induct ion)  = [ f i r s t ( y ) ,  

r e s t ( y ) ]  = y 

and it is associative since 

(x + y) + z = [first(x), rest(x) + y] + z = [first(x), 

(rest(x) + y) + z] = (induction) = [first(x), rest(x) + 

+ (y+z)] = x + (y+z) 

5 ° T h e r e  is an i s o m o r p h i s m  C between A n and 
n 

I x  E o'(A) : r a n k ( x ) =  n]  this is obvious :  i f  P i  

is the projection of the cartesian product then C 
n 

is such that Pi (C~x)) = first (resti-l(x)), 1<i< n 

(if f : X -~ X then we define 

fO: X - '  X : x ~ x  

f n  x -, x : x ~, f ( f n - l ( x ) ) )  

This  i s o m o r p h i s m  g ives  us a hint to ano the r  d e n o t a -  

tion for  a s e q u e n c e :  

i f  x E if(A), r ank (x )  = n and C: l (x )  = ( a l , a  2 . . . . . .  an) 

then we wi l l  wr i t e  x = < a  1 , a  2 , a  3 . . . . .  an>  

We can now extend the def in i t ion  of  addi t ion:  

Def ini t ion:  

i f  x E cr(A), y E A then 

I ~ + Y  = d e f X + C 1  (y) 

+ x  = d e f C 1  ( x ) + y  

and so if x d ~ we have 

6 ° x = f i r s t ( x )  + r e s t ( x )  

5 . 3 . 2  Defini t ion of  s o m e  wel l  known data  s t r u c t u r e s  

We can now use  this def in i t ion  of a s equence  to d e -  

f ine the s e m a n t i c s  of s o m e  f a m i l i a r  data  s t r u c t u r e s .  

In def in ing t he se  s t r u c t u r e s  we wil l  u se  a m i x t u r e  of 

ALGOL-68  and PASCAL with s o m e  m i n o r  excep t ions .  

We wil l  wr i t e  a c a r t e s i a n  product  

o r  

complex  =def ( i m :  r e a l ,  r e :  r e a l )  

comp lex  --def ( i m ,  r e :  r e a l )  

The syn tac t i c  unit  a type wil l  be  subs t i tu ted  for  a 

g iven  type at the d e c l a r a t i o n  of a v a r i a b l e .  Instead 

of wr i t ing  t{y(A)t, we wil l  w r i t e  ' s e q u e n c e  of A t and 

ins tead of , ¢ ,  we wil l  wr i t e  ' e m p t y '  . 

a) STACK o._f a type =def s equence  o.f a type 

p roc  top (x:  s t a ck  of a type) : a type =def 

i_f x ~ empty  then top : = 

= f i r s t ( x )  ; x : = r e s t ( x )  fi 



p r o c  push  (x :  s t a c k  of a type ,  y :  a t y p e ) :  

s t a c k  of a tyPe=de f 

push :  = y + x 

proc pop (x: stack of a type): 

stack o_f a type = def 

i f  x ~ empty  then  pop : = r e s t ( x )  fi 

b) FILE of a type =def(left,right: sequence o__f a type) 

proc open (x:file o_f a type) =def 

x: = (empty, empty) 

T h e s e  de f in i t i ons  a r e  a l l  c o n s t r u c t i v e  in the  s e n s e  

tha t  they  a r e  e a s i l y  i m p l e m e n t e d  on a c o m p u t e r .  At  

the  s a m e  t i m e  they a r e  su f f i c i en t l y  a b s t r a c t  to a l low 

for  d i f f e r e n t  i m p l e m e n t a t i o n s .  P.  Lucas  h a s  de f ined  

tha t  y is a s t a c k  i f :  

t o p ( p u s h  ( y , x ) )  = x 

p o p ( p u s h ( y , x ) )  = y 

y ~ empty  = p u s h ( p o p ( y ) ,  t op (y ) )  = y 

a r e  a l l  t r u e .  It is  e a s y  to p r o v e  t h a t  the  above  d e -  

f in i t ion  of a s t a c k  h a s  t h e s e  p r o p e r t i e s .  

p roc  put (x:  f i le  of  a type ,  y : a  type)  =def 

wi th  x do if  r i g h t  = empty  then  

l e f t : =  le f t  + y fi od 

proc reset (x :file o__f a type) =def 

with x do right: = left; left: = empty o__dd 

p r o c  get  (x:  f i l e  o.ff a type) :  a type  =def 

wi th  x do if  r i g h t  / empty  then  

g e t : =  f i r s t  ( r i g h t ) ;  

r i g h t :  = r e s t  ( r i g h t ) ;  

l e f t : =  le f t  + get  

fi 

od 

5 . 3 . 3  T r a v e r s a l  of t r e e s  and f o r e s t s  

F a m i l i a r  da t a  s t r u c t u r e s  in p r o g r a m m i n g  l a n g u a g e s  

a r e  b i n a r y  t r e e s  and f o r e s t s .  We can  de f ine  t h e m  

r e c u r s i v e l y  in the  fo l lowing  way,  we a s s u m e  fo r  

s i m p l i c i t y  t ha t  the  nodes  a r e  i n t e g e r s :  

b i n a r y  t r e e  =def( i n f o : i n t ,  l e f t ,  r i g h t  : b i n a r y  t r e e )  U 

[ e m p t y }  

forest =defSequence of (info:int, subforest: forest) 

In f i gu re  4 we give  s o m e  e x a m p l e s  of v a l u e s  of 

t h e s e  t ypes .  

c) FIFO o_ff a type =def sequence of a type 

proc put (x: fifo of a type, y: a type)=def 

x:=x+y 

proc get (x: fifo of a type): a type =def 

if x ~ empty then get: = first (x); 

x: = rest(x) 

fi 
m 

(1, ¢, (I:,) 

(3 ,  ( 2 , ~ , ¢ ) ,  ( 1 , ~ ,  ¢ ) )  

(4, (3, (2, ~, ¢), (I, ¢, ~)), (1, @, ~)) 

< ( 2 , ¢ ) ,  (3 ,  ~ )>  

<(1 ,  <(2,¢~), ( 3 , ¢ ) ,  (4,¢~)>) , ( ~  

(5, <(6, ~), ( 7,<(8, ¢), ( 9, ¢)>)>)> d ~  ~ 

Figure 4: 

® 

E x a m p l e s  of b i n a r y  t r e e s  and f o r e s t s  



When we a r e  work ing  wi th  t r e e s  o r  s i m i l a r  da t a  

s t r u c t u r e s  we of ten want  to e x a m i n e  the  infos  of the  

s t r u c t u r e  in a c e r t a i n  o r d e r .  We can  m a k e  the  

fo l lowing  

Def in i t i on :  A t r a v e r s a l  is  a m a p p i n g  f r o m  a b i n a r y  

t r e e  o r  a f o r e s t  to a s e q u e n c e .  

The  de f in i t ion  can  be  g e n e r a l i z e d  to o t h e r  da t a  s t r u c -  

t u r e s .  The  t h r e e  m o s t  i m p o r t a n t  ways  to t r a v e r s e  a 

b i n a r y  t r e e  a r e  p r e o r d e r ,  i n o r d e r  and p o s t o r d e r .  

We can  fo r  i n s t a n c e  de f i ne :  

p r o c  p r e o r d e r ( t : b i n a r y  t r e e ) :  s e q u e n c e  of in t  = 
de f  

i_f t = empty  then p r e o r d e r  : = empty  

e l s e  wi th  t do p r e o r d e r  := info + 

p r e o r d e r  ( l e f t )  + 

p r e o r d e r  ( r i g h t )  

od 

fi 

We get  the  o t h e r  s t a n d a r d  t r a v e r s a l s  by p e r m u t i n g  

the  t e r m s  in the  s u m  in the  p r o c e d u r e .  

It is  of c o u r s e  p o s s i b l e  to def ine  a s i m i l a r  t r a v e r s a l  

fo r  a f o r e s t :  

p r o c  p r e  ( f : f o r e s t ) :  s e q u e n c e  of in t  = 
de f  

if f = empty  then  p r e  := empty  

e l s e  p r e  := f i r s t (  f). info + 

p r e (  f i r s t (  f). s u b f o r e s t )  + 

p r e ( r e s t ( f ) )  

fi 

T h e r e  is  one i m p o r t a n t  t r a n s f o r m a t i o n  b e t w e e n  a 

f o r e s t  and a b i n a r y  t r e e .  It is  ca l l ed  the  n a t d r a l  

c o r r e s p o n d e n c e  and is de f ined  by:  

p roc  b i n a r y  ( f :  f o r e s t ) :  b i n a r y  t r e e  = 
de f  

if  f = empty  then  b i n a r y  := empty  

e l s e  b i n a r y  : = ( f i r s t ( f ) .  info,  

b i n a r y  ( f i r s t ( f ) . sub fo re s  t), 

b i n a r y  ( r e s t ( f ) )  

fi 

We thus  have  t h r e e  func t ions  de f ined  b e t w e e n  

f o r e s t s ,  b i n a r y  t r e e s  and s e q u e n c e s :  

b i n a r y t r e e  ~ ~e)preorder~'~ "f--quse encee~ 

The  fo l lowing t h e o r e m  should  not  b e  a s u r p r i s e :  

T h e o r e m :  The  d i a g r a m  above  c o m m u t e s  ( i . e .  p r e  = 

= p r e o r d e r  o b i n a r y )  

P r o o f :  If f d • is  a f o r e s t  then  

b i n a r y  (f) = ( f i r s t ( f ) .  info ,  b i n a r y  ( f i r s t ( f ) .  s u b f o r e s  t ) ,  

b i n a r y  ( r e s t  (f))) 

p r e o r d e r  (b inary  (f))= f i r s  t (f). info+ 

+ p r e o r d e r  (b inary  ( f i r s t ( f ) .  s u b f o r e s t ) )  

+ p r e o r d e r  (b inary  ( r e s t  (f))) 

An induc t ion  o v e r  n u m b e r  of infos wi l l  y ie ld  the  r e -  

su l t .  

The  de f in i t i on  of a t r a v e r s a l  shou ld  be  r e f l e c t e d  in 

the  c o n t r o l  s t r u c t u r e  of a l anguage .  T h i s  m e a n s  t ha t  

if  t h e r e  is a f o r - c l a u s e :  

f o r  x in s do . . .  od 

which  m a k e s  x r u n  t h r o u g h  a l l  the  e l e m e n t s  of the  

s e q u e n c e  s we should  a l s o  h a v e  the  p o s s i b i l i t y  to 

w r i t e :  

fo_._r x i n  f ( t )  d_.o . . .  o._d 

w h e r e  f is  a t r a v e r s a l .  T h i s  then  m a k e s  x t r a v e r s e  

t in the  o r d e r  de f ined  by f. 

The  a d v a n t a g e  of th i s  is t ha t  we can  u s e  the  s a m e  

l anguage  c o n s t r u c t  ( the  f o r - c l a u s e  fo r  a s e q u e n c e )  

to t r a v e r s e  d i f f e r e n t  da t a  s t r u c t u r e s .  We can  for  

i n s t a n c e  w r i t e :  



fo r  x i n  p r e o r d e r ( t )  do 

fo.__r x i n  a n y o r d e r ( s )  do 

fo._..r x i n  r o w w i s e ( m )  do 

w h e r e  t is a t r e e ,  s is  a s e t  and m is a m a t r i x .  

In o r d e r  to i l l u s t r a t e  the  u s a g e  of s e q u e n c e  and t r e e s  

we wil l  p r e s e n t  two e x a m p l e s  p icked  f r o m  Knuth (10). 

The  f i r s t  e x a m p l e  is  a r a d i x  l i s t  s o r t .  It is  a s o r -  

t ing  me thod  u s e d  in m e c h a n i c a l  c a r d  s o r t e r s ,  b a s e d  

on the  d ig i t s  of the  keys .  We d i s t r i b u t e  the  c a r d s  

a c c o r d i n g  to the  v a l u e  of the  l e a s t  s i g n i f i c a n t  d ig i t  

in to  d i f f e r e n t  p i l e s .  Then  we c o l l e c t  t h e s e  p i les  and 

m a k e  a n o t h e r  d i s t r i b u t i o n  b a s e d  on the  nex t  d ig i t ,  

and so  on. See Knuth fo r  a m o r e  d e t a i l e d  e x p l a n a -  

t ion .  In the  p r o c e d u r e  be low we a s s u m e  tha t  the  keys  

a r e  p - t u p l e s  

( ap  . . . . .  a 2 , a  1) 0 _< a.1 - -  < M 

and  the o r d e r  is de f ined  l e x i e o g r a p h i c a t l y .  

p r o c  r a d i x  l i s t  s o r t  ( f i l e :  s e q u e n c e  of  keys )  

b e g i n  p i l e :  a r r a y  ( 0 . .  M) of  s e q u e n c e  o f  k e y s ;  

fo r  k : =  1 to P 

do 

c o m m e n t  d i s t r i b u t e  the  k e y s ;  

fo r  S in f i le  

do 

i : =  d i g i t _ n r  (k) :  of (S);  

p i le  ( i ) : =  p i le  ( i )  + S 

od: 

c o m m e n t  c o l l e c t  the  p i l e s ;  

f i l e : =  e m p t y ;  

for  l . '= 0 to M 

do 

f i l e : =  f i le  + p i le  ( l ) ;  

p i l e ( l ) :  = e m p t y ;  

od 

od 

end 

The  second  e x a m p l e  is an a l g o r i t h m  for  f ind ing  a 

t r e e  wi th  m i n i m u m  weigh ted  path  l eng th .  The  a l g o -  

r i t h m  works  as  fo l lows :  We a s s u m e  tha t  we a r e  

going to c o n s t r u c t  a t r e e  (= a f o r e s t  wi th  one e l e -  

m e n t )  b a s e d  on the  we igh t s  <Wl ,W 2 . . . . .  Wm> ( t h e s e  

a r e  in i n c r e a s i n g  o r d e r ) .  We so lve  the  p r o b l e m  for  

m - 1 we igh t s  < w  I + w 2 , w  2 . . . . .  Wm> and r e p l a c e  

the  e l e m e n t  ~ - ~  in th i s  so lu t ion  b y ~  

p r o c  huf fman  ( s  : f o r e s t ) ;  

c o m m e n t  s is a f o r e s t  of dep th  1 and 

c o n t a i n s  the  w e i g h t s ;  

beg in  

n r  1, n r  2,  t :  ( i n f o : i n t ,  s u b f o r e s t : f o r e s t )  

whi le  r e s t ( s )  d empty  

do 

n r  1 : = f i r s t ( s  ); n r  2 := f i r s t ( r e s t ( s  )); s : --rest  (rest(s)  ~, 

t : . = ( n r l . i n f o + n r 2 . i n f o ,  < n r l ,  n r 2 > ) $  

fo r  s s  < s 

do c o m m e n t  i n s e r t  t in to  i t s  p r o p e r  p l a c e ;  

i_f f i r s t ( s ) ,  info_> t .  info then  s s : =  t +  s s ;  ex i t  

f i  

od 

od 

s : =  t ;  c o m m e n t  s is now t r a n s f o r m e d  to a t r e e  wi th  

m i n i m u m  we igh ted  pa th  l eng th ;  

end 

T h i s  e x a m p l e  u s e s  the  s y n t a c t i c  c o n s t r u c t i o n  

t fo r  s s  < s d o . . o d  T wh ich  m a k e s  s s  be  the  n a m e  of 

a l l  f ina l  s e q u e n c e s  of s in d e c r e a s i n g  r a n k ,  i . e .  i t  

wi l l  be  e q u i v a l e n t  to :  

s s : =  s ;  wh i l e  s s  ~ empty  d o . . . s s : = r e s t ( s s )  od 

e x c e p t  t ha t  s s  wi l l  be  loca l ly  d e c l a r e d  wi th in  d o . . o d  

and a l l  a s s i g n m e n t s  to ss  wi l l  a l s o  a f f ec t  s .  

5 . 4  Unions  

A n o t h e r  way to c r e a t e  a s e t  is  to t ake  the  un ion  of 

two s e t s .  In o r d e r  to ga in  s e c u r i t y  i t  is  of ten  n e c e s -  

s a r y  to c h e c k  f r o m  wh ich  s e t  in the  un ion  a c e r t a i n  

e l e m e n t  c o m e s .  T h i s  can  be  a c c o m p l i s h e d  by a 

s e t  s u m  be tween  the  two s e t s .  
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A se t  s u m  is  de f ined  by:  

~+ ~ =def {(a,1):a E ~}U[(b,2):b E ~} 

In o r d e r  to s e e  w h e t h e r  an e l e m e n t  c o m e s  f r o m  c~ 

o r  ~ we only c h e c k  if  t h e r e  is a 1 o r  a 2 s tuck  to 

the  e l e m e n t .  The  obvious  c o n v e r s i o n  f r o m  a s e t  s u m  

to one of i t s  t e r m s  is ca l l ed  deun i t i ng  in A L G O L - 6 8 .  

5 . 5  O t h e r  ways 

O t h e r  ways  to c r e a t e  new types  i nc lude :  t ak ing  a s u b -  

s e t  of a g iven  s e t  wi th  a cond i t ion  fo r  the  m e m b e r s  

of the  se t .  We can  a l so  c r e a t e  the  p o w e r s e t  of a 

g iven  s e t  i . e .  the  s e t  of a l l  s u b s e t s  of a g iven  se t .  

Th i s  has  b e e n  i n c o r p o r a t e d  in P A S C A L  in o r d e r  to 

f o r m a l i z e  b i t  o p e r a t i o n  on words  in c o m p u t e r s .  It 

shou ld  b e  p o s s i b l e  to u s e  o t h e r  o p e r a t i o n s  on p o w e r -  

s e t s  than  un ion ,  i n t e r s e c t i o n  and m e m b e r s h i p  t e s t s .  

It shou ld  a l s o  be  p o s s i b l e  to de f ine  func t ions  and  

o p e r a t i o n s  on t h e s e  s u b s e t s .  A n o t h e r  way to say  th i s  

is to a s k  for  the  p o s s i b i l i t y  of v a r i a b l e  types  ( v a r i -  

ab le  in the  s e n s e  tha t  the  n u m b e r  of e l e m e n t s  c an  

v a r y ) ,  w h e r e  we can  m a k e  s e t  o p e r a t i o n s  on a type  

d y n a m i c a l l y  in a p r o g r a m .  Such a s e t  is  e a s i l y  i m -  

p l e m e n t e d ,  fo r  i n s t a n c e  as  a c a r t e s i a n  p r o d u c t  of a 

b i t s t r i n g  and an  a r r a y .  

6. Conclusions 

A b a s i c  a s s u m p t i o n  beh ind  the  ideas  of da ta  s t r u c -  

t u r e s  p r e s e n t e d  in th i s  p a p e r  is  t ha t  we can  u s e  

s e t  t h e o r y  in d e s c r i b i n g  the  s e m a n t i c s  of da t a  s t r u c -  

t u r e s .  Set  t h e o r y  is f a m i l i a r  to m o s t  of us  and a l -  

m o s t  a l l  c o n c e p t s  of s e t  t h e o r y  have  t h e i r  c o u n t e r -  

p a r t  in da ta  t ypes .  We h a v e  g iven  s o m e  h in t s  

w h e r e  i t  could  be  w o r t h w h i l e  to i n c o r p o r a t e  m o r e  

c o n c e p t s  of s e t  t h e o r y  in p r o g r a m m i n g  l a n g u a g e s .  

A c k n o w l e d g e m e n t s .  I have  b e n e f i t e d  in th i s  work  

f r o m  d i s c u s s i o n s  wi th  ~ke  W i k s t r 8 m .  
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