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I .  Intromuctlon 

The cost of processing queries in r e l a t i ona l  databases often depends 

s t rong ly  on the size of the jo in  of two re l a t i ons .  The dependence is 

p a r t i c u l a r l y  strong in d i s t r i bu ted  databases, where the resu l t  may need to be 

shippeu to anotner s i t e  fo r  fu r the r  processing. Because f ind ing  the size of a 

j o i n  requires near ly  as much work as ac tua l l y  performing the operat ion,  most 

puDlished work uses a very simple model in ca lcu la t ing  jo in  sizes. I t  is 

assumed that  each value in tne j o in ing  domain appears an equal or perhaps a 

"random" number of times in each r e l a t i o n .  We w i l l  see that  the resu l t i ng  

formula remains va l id  under much weaker assumptions. 
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I I .  De f in i t i ons  

Suppose re la t ions  R and R' are to be jo ined,  with a t t r i b u t e  A of R jo ined 

with a t t r i b u t e  A' of R'. I t  is assumed that  A and A' have the same underlying 

domain D; IDI denotes the c a r d i n a l i t y  of D, iRi the number of tuples in R. 

The jo in  (denoted R*R') is I ( t , t ' ) I t  c R and t '  ~ R' and t . A = t ' . A ' l ,  where t 

and t '  re fe r  to tuples of R and R' ,  and t .A refers to the value of a t t r i b u t e  A 

in tuple t .  

Example 1 presents the standard analysis of jo in  size: 

Example I .  Assume that  every x~D appears in exact ly  i RI/JDI tuples of R and 

jR' i  / iDj tuples of R'. Then IR*R'J:iDJ "(JRJ/JDJ ) ' ( j R ' i / i D J )  = 

I R i ' j R ' I / J D I  . 

To provide a framework fo r  weakening the assumption of evenly d i s t r i bu ted  

values, i t  is necessary to def ine a probaDl is t i c  model of re la t i ons .  Instead 

of JR*R'I, the expectat ion E( iR*~ 'J)  w i l l  be calcu lated.  The u t i l i t y  of 

expected value analysis is discussed in the last  sect ion. 

The set of tuples ac tua l l y  present (ca l le~ the value of R) is considered 

to be chosen according to some p r o b a b i l i t y  d i s t r i b u t i o n  on the Cartesian 

product of the r e l a t i o n ' s  domains. The value of R' is another random 

var iaDle.  For each xcD, the value of R determines the random var iab le (number 

of tuples of R SUCh that  t .A=x) ,  denoted nx(A), nx(A' ) is defined 

s i m i l a r l y  on R' 

A a l s t r i b u t i o n  for  R w i l l  be ca l led f a i r  ~with respect to A) i f  

~ (nx(A) )= IR l / ID l  for  every x. Notice that  we are not constra in ing 

pa r t i cu la r  rea l i za t i ons  of R, but are only asking that  R be f a i r  " in  the 

mean". Observed values of n CA) may d i f f e r  from the mean value and may be x 
dependent. The r i g i d  formula of example 1 was f a i r ;  below, we describe more 

ways that  f a i r  re la t ions  may b~ obtained. 
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Example 2. Each tup le  is randomly assigned a value xED, sampling wi th 

replacement, nx(A ) w i l l  then be a binomial ranaom var iab le ,  with IRi t r i a l s  

and success p r o b a b i l i t y  I / I D l .  

Several papers (e.g. LCHB]) nave analyzed j o in  size under the assumption 

that  R and R' obey the randomness condi t ions of example 2. 

Examp|e 3. Tuples are chosen randomly wi thout  replacement from the Cartesian 

product of the domains of R. Every tup le  is equiprobaDle. 

Example 4 A s ing le  value of x is chosen, with a l l  x~D equiprobable. Tnis 

value is then used in every tup le  of R. 

I I I .  Analysis 

"Fairness" is the basis of our general ized analys is :  

Theorem: Suppose for  a l l  x, nx(A) and nx(A')  are independent. 

also that  e i ther  R or R' is f a i r .  Tnen E ( I R * R ' i ) = I R I ' I R ' I / I D I .  

Suppose 

Proof: Join commutes, so wi thout  loss of genera l i t y ,  suppose R' is f a i r ,  i . e .  

E(nx(A ' ) )  = I R ' I / i D I ,  fo r  a l l  xcb. By indepen(Jence, E(nx(A) 'nx (A ' ) )  = 

E (nx (A ) ) 'E (nx (A ' ) ) .  F i n a l l y ,  note that  

I R*R'I= ~ [ n x ( A ) ' n x ( A ' ) ]  (A l l  summations in th is  sect ion sum over 

I x~D I ) .  The remainder of the proof is a r i thmet i c :  E( IR*R' I )=  

E ~-~. [nx(a) 'nx(A') ]= ~ El nx (a ) ' nx (A ' ) ] =  

[ E ( n x ( A ) ) ' E ( n x ( a ' ) ) ] :  ~ [ E ( n x ( A ) ) ' I R ' I / I D J ] =  

i ~-~ E ( n x ( A ) ) ] ' I R ' i / I O I =  El >-~. nx (A )J ' iR ' i / IDJ=  E(IRI ) ' I R ' i / I D I =  

I RI "1 R'I /I DI • QED 

Tne f i r s t  few ] ines of the proof establ ished the fac t  that even i f  

fa i rness does not hold, expected j o in  size depends only on the means, not on 

now each nx(A) varies aDout i t s  mean. More prec ise ly :  

Coro l la ry :  E(JR*R'I)  depends only on the expected values 

E~nx(A)) , E(nx(A ' ) )  I for  a l l  x~D, not on the en t i re  d i s t r i b u t i o n s .  
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IV. Discussion 

The theorem states that  i t  is not necessary to nave per fect  symmetry in 

values of x, but only to have independence and for  one re la t i on  to be evenly 

d i s t r i bu ted  "on the average". We now discuss the v a l i d i t y  of our assumptions 

and the u t i l i t y  of expecteO value analys is .  

Fairness of R is d i f f i c u l t  to v e r i f y  - -  in general one would need a, large 

co l l ~c t i on  of independent values for  R. Example 4 is p a r t i c u l a r l y  d i f f i c u l t  

to show f a i r ,  slnce each sample nas only one value for  the a t t r i b u t e .  In 

cont rast ,  i f  one hypothesizes that  Example 2 describes the creat ion of R, then 

each ~uple gives an independent sample of t .A ,  and one can test  whether the 

observed value of R is consistent  with the hypothesis that  the a t t r i b u t e  

values are proper ly  d i s t r i bu ted  ( i . e .  according to a mult inomial d i s t r i b u t i o n  

with IRI t r i a l s ,  and p r o b a b i l i t y  I I I D I ) .  

Tne in ependence assumption is often qui te reasonable. For example, i f  R 

is ENROLLMENT(STUDENT, COURSE) and R' is READING LIST(COURSE, TEXTBOOK) then 
m 

one would not expect the number of textbooks used in a course used to have a 

great e f fec t  on enrol lment (assuming workload was re f lec ted  in the c red i t  

assigned). 

On tne diner hand, suppose R IS EMPLOYEE(EMP NAME, DEPT) and R' is 

PROJECT(DEPT, PROJ NAME). Departments which have only a small number of 

employees might tend to have r e l a t i v e l y  few pro jects .  Hence nx(A) and 

nx(A' ) are p o s i t i v e l y  cor re la ted,  so our estimated jo in  size would be too 

small. 

Expected value analysis is appropr iate i f  " real  world" costs uepend 

approximately l i n e a r l y  on query processing time. The time to process a query 

invo lv ing R*R' w i l l  genera l ly  be a funct ion of iR*R ' I .  This funct ion may grow 

fas te r  than l i n e a r l y  (e.g. fo r  so r t i ng ) ,  but genera l ly  th i s  e f fec t  w i l l  not be 

too great.  A p o t e n t i a l l y  catas~ropnic non l i nea r i t y  can occur in appl icat ions 

where tne real wor]d cost is a grossly nonl inear funct ion of query processing 

t ime, e.g. in process con t ro l ,  wnere very long processing times may be 
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i n to le rab le ,  even i f  rare. The use of E( IR*R' I )  can lead to a low estimate of 

expected real world cost. Of course, the de te rmin is t i c  model of Example 1 

shares tne f a i l i n g ,  since i t  produces the same resu l t .  To r e a l l y  estimate 

query costs in these s i t ua t i ons ,  one needs more informat ion about the variance 

and d i s t r i b u t i o n  of IR*R ' I .  [MO] provides formulas fo r  variance in a more 

complicated model, but was forced to make much stronger assumptions. 

Proper d e f i n i t i o n  of D (and hence IDI)  is c ruc ia l  to the accuracy of the 

est imator.  The p r o b a b i l i s t i c  model permits D to include values which do not 

ac tua l l y  occur among the tuples of the r e l a t i o n ,  but only actual candidates 

should be included, e.g. social  secur i t y  numbers of employees in one company, 

rather  than a l l  social secur i t y  numbers. 

Recently, Richard [R i ]  described a parameter system fo r  ca lcu la t ing  the 

expected size of a r b i t r a r y  r e l a t i o n a l  algebra expressions. His resu l ts  are 

more sweeping than ours, but also much more complicated. He assumes a l l  

re la t ions  are f a i r ,  and that  "compatible" tuples of the same re la t i on  are 

independent. The assumptions about i n t e r r e l a t i o n a l  independence and the size 

estimates also d i f f e r  from ours. 

V. Summary 

We snowed that  the r e s t r i c t i v e  assumptions underly ing the usual analys is 

of j o in  size are somewhat less serious than they seem at f i r s t  glance, because 

the jo in  size calcu lated from a de te rmin is t i c  model ac tua l l y  may be used fo r  a 

much wider class of s i t ua t i ons .  The assumptions were weakened as much as 

seemed possible wi thout losing ana ly t i c  t r a c t a b i l i t y .  The l im i t a t i ons  of the 

analysis were then discussed. 
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