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A b s t r a c t  

The r e l a t i o n a l  model of data, o r i g i n a l l y  introduced by Codd in [ I ] ,  has 
three components: ( I )  a set of objects ( r e l a t i o n s ,  domains, e t c . ) ;  (2) a 
set of operators (union, p ro jec t ,  e t c . ) ;  (3) a s e t  of general i n t e g r i t y  
ru les.  The purpose of t h i s  paper is  to provide a formal d e f i n i t i o n  of each 
of these three components. 

Note: This paper consists of mater ia l  extracted from the author 's  
forthcoming book "Developments in Database Technology" ( t e n t a t i v e  t i t l e ) ,  
scheduled fo r  pub l ica t ion  in 1982. 
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INTRODUCTION 

The re la t i ona l  model of data, f i r s t  introduced by Codd in 1970 [ I ] ,  has 
u n d e r g o n e  a c e r t a i n  a m o u n t  o f  r e v i s i o n  and  r e f i n e m e n t  s i n c e  i t s  o r i g i n a l  
formulation. I t  i s  true, and indeed s i gn i f i can t ,  that the changes have 
been e v o l u t i o n a r y ,  n o t  r e v o l u t i o n a r y ,  i n  n a t u r e ;  n e v e r t h e l e s s ,  t h e  
s i t u a t i o n  i s  now t h a t  ( t o  t h i s  w r i t e r ' s  k n o w l e d g e )  t h e r e  does  n o t  e x i s t  
any particularly formal definition of the relational model as it currently 
stands. It therefore seems worthwhile to attempt such a definition, to 
provide a convenient source of reference for the material and to pave the 
Nay for an understanding of some of the more recent work on extending the 
model to incorporate additional meaning [23. (Note: Reference [2] does 
i n c l u d e  a d e f i n i t i o n  o f  t h e  "basic" r e l a t i o n a l  mode l  as  w e l l  as  o f  
n u m e r o u s  e x t e n s i o n s  t h e r e t o ,  b u t  t h a t  d e f i n i t i o n  i s  c o n s i d e r a b l y  l e s s  
f o r m a l  t h a n  t h e  one g i v e n  in t h e  p r e s e n t  p a p e r . )  

The relational model, like any other data model, consists of three 
c o m p o n e n t s  [ 3 3 :  

(1) a s e t  of o b j e c t s ;  

( 2 )  a s e t  o f  o p e r a t o r s ;  

( 3 )  a s e t  o f  g e n e r a l  i n t e g r i t y  r u l e s .  

Ne e x a m i n e  e a c h  o f  t h e s e  c o m p o n e n t s  i n  t u r n ,  u n d e r  t h e  h e a d i n g s  
"Relational database", "Relational operations", and "Relational rules", 
respectively. Our definitions cover the following concepts, among others: 

RelationaI d a t a b a s e  R e l a t i o n a l  operations 

• domain 
• relation 

(i.e., relation variable) 
• real relation 

(base relation) 
• virtual relation 

(view) 
• degree 
• attribute 
• tuple 
• c a n d i d a t e  key  
• primary key 
• alternate key 
• named relation 
• unnamed relation 

• union 
• difference 
• product 

(i.e., extended Cartesian product) 
• theta-selection 
• projection 
• theta-join 
• equijoin 
• natural join 
• relational-assignment 

Relational rules 

• entity integrity 
• refere~tial integrity 

As already stated, we ~r~ concerned in this paper with formal definitions 
of these concepts; we will not generally be discussing their intended 
interpretation (the reader is assumed to be familiar with such informal 
aspects already; see, e.g., reference ES] for a tutorial treatment). Also, 
it should be stressed at the outset that the precise scope of "the 
relational model" as defined herein reflects to some extent a personal 
choice on the part of the writer. Oth~,~' definitions are possible, and may 
either include additional concepts or exclude some concepts that are 
included here. Thus, for example, we choose to exclude the operai:~rs 
introduced in [2] for dealing with null values, for reasons given in [7]. 

We begin with the notion of relational-system. (Note: For the purposes of 
this paper we shall use certain typographical conventions whenever we wish 
to be formal. First, all terms to be formally defined will be hyphenated, 
if necessary, to exclude any intervening blanks. Second, terms defined by 
means of the production rules of Figs. 1 and 2, such as 
<relational-database>, will additionally be enclosed in angle brackets.) 
A relational-system is a database system constructed in accordance with 
the relational model. More formally, a relational-system consists of 
three components: a <relational-database>, a collection of 
<relational-operation>s, and two <relational-rule>s. 
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RELATIONAL DATABASE 

As a l ready  i nd i ca ted ,  i t  i s  convenient  to summarize the s t r u c t u r e  o f  a 
< r e l a t i o n a l - d a t a b a s e >  by means o f  a set o f  p roduct ion  ru les  (F ig .  i ) .  
Please note tha t  Fig.  I i s  not a proposal  f o r  a concrete syntax f o r  
r e l a t i o n a l  database d e c l a r a t i o n s ;  r a t h e r ,  i t  i s  an abs t rac t  syntax, whose 
f u n c t i o n  is  merely to i n d i c a t e  the abs t rac t  s t r uc tu re  o f  the var ious  
o b j e c t s  b e i n g  d e f i n e d .  Observe in  p a r t i c u l a r  t h a t  the  s y n t a x  does no t  
include any mention of the parentheses or other separators that would be 
needed in practice to avoid ambiguity. 

In presenting the syntax we make use of the following convenient 
shorthand. Let <xyz> be an arbitrary syntactic category. Then the 
expression <xyz-set> is also a syntactic category, representing an 
unordered, possibly empty set of objects of type <xyz>. 

1. < r e l a t i o n a l - d a t a b a s e >  
: := <domain-set> < r e l a t i o n - s e t >  

2. <domain> 
: := <domain-name> <domain-value-set> < o r d e r i n g - i n d i c a t o r >  

3. <domain-name> 
::= <name> 

q. <domain-value> 
::= <atom> 

5. <ordering-indicator> 
::= YES I No 

6. <relation> 
::= <named-relation> I <unnamed-relation> 

7. <named-relation> 
::= <real-relation> I <virtual-relation> 

8. <real-relation> 
::= <relation-name> <attribute-set> 

<primary-key> <alternate-key-set> <tuple-set> 

9. <relation-name> 
::= <name> 

10. <attribute> 
::= <attribute-name> <domain-name> 

11. <at t r ibute-name> 
::= <name> 

12. <primary-key> 
::= <candidate-key> 

13. <candidate-key> 
::= <attribute-name-set> 

lq. <alternate-key> 
::= <candidate-key> 

15. <tuple> 
::= <attribute-value-set> 

16. < a t t r i b u t e - v a l u e >  
: := <at t r ibute-name> <domain-value> 

17. <virtual-relation> 
::= <relation-name> <relational-expression> 
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18. <unnamed-relation> 
::: <relational-expression> 

F i q .  l :  The s t r u c t u r e  o f  a r e l a t i o n a l - s y s t e m  ( P a r t  1 o f  3 ) :  
t h e  < r e l a t i o n a l - d a t a b a s e >  

Now we discuss the const ructs  of Fig. I in d e t a i l .  The f o l l o w i n g  
paragraphs are numbered to correspond to the product ion ru les  of the 
figure. 

I .  A <re la t iona l -database> cons is ts  of  a set of <domain>s and a set of 
< re la t ion>s .  Two point5 a r i se  immediately. F i r s t ,  note tha t  we are using 
the term <re la t iona l -database> to mean, s p e c i f i c a l l y ,  a va r i ab le ,  in the 
programming language sense; the value of  t h i s  va r i ab le  i s  assumed to 
change w i th  time. S imi la r  remarks apply to < re la t ion>  (but not to 
<domain>; a <domain> is  not a va r i ab l e ,  and i t s  value does not change w i th  
t i m e ) .  S e c o n d ,  o u r  d e f i n i t i o n  o f  r e l a t i o n a l - s y s t e m  i s  s t i l l  r a t h e r  
s t a t i c ,  t h e  p r e v i o u s  p o i n t  n o t w i t h s t a n d i n g ;  t h a t  i s ,  t h e  
< re l a t i ona l - ope ra t i on>s  (def ined in Fig. 2, l a t e r )  make no p rov i s ion  fo r  
a d d i n g  new < n a m e d - r e l a t i o n > s  t o  t h e  d a t a b a s e ,  n o r  f o r  d e s t r o y i n g  e x i s t i n g  
< n a m e d - r e l a t i o n > s ,  n o r  f o r  a n y  o t h e r  c h a n g e s  t o  t h e  d a t a b a s e  d e c l a r a t i o n .  
E x t e n s i o n  o f  t h e  d e f i n i t i o n s  t o  h a n d l e  t h e s e  a s p e c t s  i s  b e y o n d  t h e  s c o p e  
of t h i s  paper. 

2.  A < d o m a i n >  c o n s i s t s  o f  a < d o m a i n - n a m e > ,  a ( f i x e d ,  n o n e m p t y )  s e t  o f  
< d o m a i n - v a l u e > s ,  and  an < o r d e r i n g - i n d i c a t o r > .  

3. A <domain-name> is  simply a <name>, represent ing the name of  the 
<domain> concerned. (We do not def ine <name>s any f u r t h e r  in t h i s  syn tax . )  
Every <domain> in a given <re la t iona l -database> must have a unique 
<domain-name>. 

~. A <domain-value> is an <atom> - i.e., a value that is nondecomposable 
so far as the relational-system is concerned. All <domain-value>s for a 
given <domain> are of the same data-type. We choose not to formalize the 
not ion of "da ta- type"  in t h i s  presenta t ion .  

N o t e :  We assume f o r  t h e  p r e s e n t  t h a t  < d o m a i n > s  may i n c l u d e  n u l l  v a l u e s  - 
i . e . ,  tha t  the n u l l  value is  a lega l  <atom>. However, we do not consider 
n u l l  values in any real  depth in t h i s  paper. In p a r t i c u l a r ,  we do not 
consider the special  treatment required by n u l l  values in the d e f i n i t i o n  
of < re l a t i ona l - ope ra t i on>s  such as <union>. See [7]  f o r  such a d iscuss ion.  

5. The <o rde r ing - i nd i ca to r>  ind ica tes  whether the <domain> concerned is  
ordered - i . e . ,  whether the operator "greater  than" is  app l i cab le  between 
pa i rs  of <atom>s from the <domain>. 

6. A < re la t ion>  is  e i t h e r  a <named-relation> or an <unnamed-relation>. 

7.  A < n a m e d - r e l a t i o n >  i s  e i t h e r  a < r e a l - r e l a t i o n >  o r  a 
< v i r t u a l - r e l a t i o n > .  

8 .  A < r e a l - r e l a t i o n >  c o n s i s t s  o f  a < r e l a t i o n - n a m e > ,  a n o n e n ; p t y  s e t  o f  
<a t t r i bu te>s ,  a <primary-key>, a set of <al ternate-key>s,  and a 
(time-varying) set of <tuple>s. 

9. A <relation-name> is a <name> (it is the name of the <named-relation> 
concerned). Every <named-relation> in a given <relational-database> must 
have a unique <relation-name>. 

I0. An <attribute> consists of an <attribute-name> and a <domain-name>. 
The <domain> identified by <domain-name> is said to correspond to the 
< a t t r i b u t e >  i d e n t i f i e d  by  < a t t r i b u t e - n a m e >  ( s e e  p a r a g r a p h  1 1 ) ;  
e q u i v a l e n t l y ,  t h e  < a t t r i b u t e >  i d e n t i f i e d  by  < a t t r i b u t e - n a m e >  i s  s a i d  t o  
be d e f i n e d  on t h e  < d o m a i n >  i d e n t i f i e d  by  < d o m a i n - n a m e > .  The number  o f  
< a t t r i b u t e > s  i n  t h e  < a t t r i b u t e - s e t >  o f  a g i v e n  < r e I a t i o n >  i s  t h e  d e g r e e  o f  
t h e  < r e l a t i o n >  c o n c e r n e d .  

N o t e :  As we s h a l l  see l a t e r ,  al___ll < r e l a t i o n > s  ( < r e a l - r e l a t i o n > s ,  
< v i r t u a l - r e l a t i o n > s ,  and <unnamed-relation>s) possess an < a t t r i b u t e - s e t > .  
For reasons to be expla ined,  however, our formalism shows < a t t r i b u t e - s e t >  
as an e x p l i c i t  component of < r e a l - r e l a t i o n > s  on ly .  S im i la r  remarks apply 
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t o  < p r i m a r y - k e y > ,  < a l t e r n a t e - k e y - s e t > ,  and < t u p l e - s e t > ;  see p a r a g r a p h s  
12-16 .  

11. An <attr ibute-name> is  a <name> ( i t  i s  the name of the <a t t r i bu te>  
concerned). No two <a t t r i bu te>s  of a given < re la t ion>  can have the same 
<attr ibute-name>. 

12. A < p r i m a r y - k e y >  i s  a < c a n d i d a t e - k e y >  (see  p a r a g r a p h  13 ) .  Eve ry  
<re la t ion>  has exac t l y  one <primary-key>. 

13. A < c a n d i d a t e - k e y >  i s  a nonempty se t  o f  < a t t r i b u t e - n a m e > s .  Eve ry  
< a t t r i b u t e - n a m e >  a p p e a r i n g  i n  a g i v e n  < c a n d i d a t e - k e y >  must be t he  
< a t t r i b u t e - n a m e >  f o r  some < a t t r i b u t e >  o f  t h e  < r e l a t i o n >  conce rned .  Eve ry  
< c a n d i d a t e - k e y >  o f  a < r e l a t i o n >  R s a t i s f i e s  t h e  f o l l o w i n g  two p r o p e r t i e s :  

• Un iqueness  p r o p e r t y  

At any g i v e n  t i m e ,  no two < t u p l e > s  o f  t h e  c u r r e n t  < t u p l e - s e t >  o f  R have 
t he  same c o m b i n a t i o n  o f  < a t t r i b u t e - v a l u e > s  f o r  t he  s e t  o f  < a t t r i b u t e > s  
d e s i g n a t e d  by t h e  s p e c i f i e d  < a t t r i b u t e - n a m e - s e t >  ( see  p a r a g r a p h s  15 
and 16 ) .  

• Minimality p r o p e r t y  

No <attr ibute-name> can be discarded from the spec i f i ed  
<at t r ibute-name-set> w i thou t  dest roy ing the uniqueness proper ty .  

C o n v e r s e l y ,  any < a t t r i b u t e - n a m e - s E t >  p o s s e s s i n g  t h e s e  two p r o p e r t i e s  i s  a 
< c a n d i d a t e - k e y > .  

For a given < re la t i on> ,  exac t l y  one <candidate-key> is  ( a r b i t r a r i l y )  
designated as the <primary-key>, and a l l  other <candidate-kev>s are 
d e s i g n a t e d  as < a l t e r n a t e - k e y > s  ( f o r  t h a t  < r e l a t i o n > ) .  Note :  The 
d i s t i n c t i o n  between < p r i m a r y - k e y >  and < a l t e r n a t e - k e y >  i s  s i g n i f i c a n t  i n  
p r a c t i c e  o n l y  f o r  < r e a l - r e l a t i o n > s ,  no t  f o r  < v i r t u a l - r e l a t i o n > s  and no t  
f o r  < u n n a m e d - r e l a t i o n > s .  

lq. An <alternate-key> is a <candidate-key>. Every <relation> has zero or 
more <alternate-key>s. See paragraph 13. 

15. A <tuple> is  a set of <a t t r i bu te - va lue>s .  The <tuple-set> of a given 
<re la t ion> represents, i n f o r m a l l y ,  the value of tha t  < re la t i on> .  Let R be 
a <re la t ion> and l e t  T be the <tup le-set> w i t h i n  R at some p a r t i c u l a r  
t i m e .  Then e v e r y  < t u p l e >  o f  T con fo rms  to  t h e  < a t t r i b u t e - s e t >  o f  R; t h a t  
i s ,  i t  c o n t a i n s  e x a c t l y  one < a t t r i b u t e - v a l u e >  f o r  each d i s t i n c t  
< a t t r i b u t e >  o f  R, and t h e  < a t t r i b u t e - n a m e >  w i t h i n  t h a t  < a t t r i b u t e - v a l u e >  
i s  t he  name o f  t h a t  < a t t r i b u t e >  (see  p a r a g r a p h  16 ) .  

16. An <a t t r i bu te - va lue>  cons is ts  of an <attr ibute-name> and a 
<domain-value>. The <domain-value> is  a value from the (unique) <domain> 
corresponding to the <a t t r i bu te>  i d e n t i f i e d  by <attr ibute-name>. 
(Informally, we often consider the <domain-value> alone as the 
"attribute-value," and ignore the <attribute-name> component.) 

17. A < v i r t u a l - r e l a t i o n >  cons is ts  of a <relation-name> and a 
< re la t i ona l -exp ress ion> .  The < re la t i ona l -exp ress ion>  is  an expression of 
the r e l a t i o n a l  algebra, whose func t i on  is  to spec i fy  the d e f i n i t i o n  of the 
< v i r t u a l - r e l a t i o n >  in terms of other <named-relation>s in the 
<re la t iona l -database> (see Fig. 2). The < v i r t u a l - r e l a t i o n > ,  l i k e  a 
< r e a l - r e l a t i o n > ,  possesses both <a t t r i bu te>s  and a < tup le-se t> ;  however, 
the <a t t r i bu te>s  and <tuple-set> of a < v i r t u a l - r e l a t i o n >  are der ived,  in a 
manner to be explained l a t e r ,  from the < re la t i ona l -exp ress ion> ,  and are 
there fore  not shown as separate syn tac t i c  components. We also omit any 
mention of <candidate-key> (and <primary-key> and <a l te rna te-key>) ;  wh i le  
these concepts do apply to < v i r t u a l - r e l a t i o n > s ,  they are not p a r t i c u l a r l y  
s i g n i f i c a n t  in t h i s  context ,  and we exclude them from our formalism 
accord ing ly .  

18. An <unnamed-relation> cons is ts  of a < re la t i ona l -exp ress ion> .  
I n f o r m a l l y ,  the <unnamed-relation> represents the r e s u l t  of eva lua t ing  
tha t  < re la t i ona l -exp ress ion> .  The remarks in paragraph 17 concerning 
<a t t r i bu te>s ,  < tup le-set> ,  and <candidate-key>s (and <primary-key> and 
<al ternate-key>s) apply to <unnamed-relation>s a lso,  mutat is  mutandis. 
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RELATIONAL OPERATIONS 

The operat ions of the r e l a t i o n a l  algebra are an i n t e g r a l  component of the 
r e l a t i o n a l  model. A p a r t i c u l a r  r e l a t i o n a l  implementation may support the 
operators of  the algebra d i r e c t l y ,  or i t  may provide some a l t e r n a t i v e  set 
of const ruc ts ,  such as those of the r e l a t i o n a l  ca lcu lus  ( t up le  vers ion or 
domain version [ ~ , 9 ] ) .  Here we consider j u s t  the a lgebra ic  operators, 
since they are in a sense the most fundamental. Again we present our 
d e f i n i t i o n s  in terms of a set of product ion ru les  (F ig .  2); again t h i s  
syntax should not be construed as a proposal f o r  a concrete language. 

We also def ine a <re la t iona l -ass ignment> operator (not par t  of the 
r e l a t i o n a l  algebra per se). The f unc t i on  of t h i s  operator i s  to assign the 
r e s u l t  of eva lua t ing  some spec i f i ed  < re la t i ona l -exp ress ion>  to some 
spec i f i ed  < r e a l - r e l a t i o n > .  

19.  < r e l a t i o n a l - o p e r a t i o n >  
: : =  < re l a t i ona l - a l geb ra -ope ra t i on>  

I < r e l a t i o n a l - a s s i g n m e n t >  

20. <relational-aIgebra-operation> 
: : =  <union> 

I <difference> 
I <product> 
I <theta-selection> 
I <projection> 

21. <union> 
::= UNION <relation-name> <relation-name> <correspondence> 

22. <correspondence> 
::= <attribute-name-pair-set> 

23.  <attribute-name-pair> 
: : =  <attribute-name> <attribute-name> 

2q.  < d i f f e r e n c e >  
: : =  DIFFERENCE < r e l a t i o n - n a m e >  < r e l a t i o n - n a m e >  < c o r r e s p o n d e n c e >  

25.  < p r o d u c t >  
: : =  PRODUCT < r e l a t i o n - n a m e >  < r e l a t i o n - n a m e >  

26 .  < t h e t a - s e l e c t i o n >  
: : =  THETA_SELECT < r e l a t i o n - n a m e >  < t h e t a - c o m p a r i s o n >  

27. <theta-comparison> 
::= <attribute-name> <theta> <comparand> 

28.  <theta> 
: : :  = I - =  I < I < :  I > I > :  

29.  <comparand> 
::= <atom> I <attribute-name> 

30.  < p r o j e c t i o n >  
: : =  PROJECT < r e l a t i o n - n a m e >  < a t t r i b u t e - n a m e - s e t >  

31.  < r e l a t i o n a l - a s s i g n m e n t >  
: : =  ASSIGN < r e l a t i o n - n a m e >  

< r e l a t i o n a l - e x p r e s s i o n >  < c o r r e s p o n d e n c e >  

32.  < r e l a t i o n a l - e x p r e s s i o n >  
: : =  < r e l a t i o n - n a m e >  

I < r e l a t i o n a l - a l g e b r a - o p e r a t i o n >  
I < r e l a t i o n - l i t e r a l >  

33 .  < r e l a t i o n - l i t e r a l >  
: : =  < a t t r i b u t e - s e t >  < t u p l e - s e t >  

F i g .  2 :  The s t r u c t u r e  o f  a r e l a t i o n a l - s y s t e m  ( P a r t  2 o f  5 ) :  
t h e  < r e l a t i o n a l - o p e r a t i o n > s  
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B e f o r e  e x p l a i n i n g  F i g .  2 i n  d e t a i l ,  we i n t r o d u c e  a c o n v e n i e n t  s i m p l i f y i n g  
n o t a t i o n ,  which we de f i ne  as f o l l o w s .  

• The expression R ( A I : D I , . . . , A n : D n )  denotes a < r e l a t i o n >  c a l l e d  R, o f  
d e g r e e  n,  w i t h  < a t t r i b u t e - s e t >  ( A I : D I , . . . , A n : D n )  - i . e . ,  w i t h  
< a t t r i b u t e > s  AI, . . . .  An, de f ined on <domain>s D1, . . . .  Dn, 
r e s p e c t i v e l y .  When the <domain>s are i r r e l e v a n t  to the purpose a t  hand, 
we s h a l l  abb rev ia te  the expression to j us t  R ( A I , . . . , A n ) .  I f  the 
< a t t r i b u t e > s  are a lso i r r e l e v a n t ,  we s h a l l  abb rev ia te  the expression 
s t i l l  f u r t h e r  to simply R. 

• S i m i l a r l y ,  We s h a l l  use ( A l : a l , . . . , A n : a n )  to denote a <tuple> o f  
R(A1, . . . .  An). Here a l  . . . .  , an are values o f  < a t t r i b u t e > s  AI . . . . .  An, 
r e s p e c t i v e l y  (and are t h e r e f o r e  drawn from <domain>s DI, . . . .  Dn, 
r e s p e c t i v e l y ) .  

We s h a l l  a l s o  need  t h e  n o t i o n  o f  u n i o n - c o m p a t i b i l i t y .  

• Two < r e l a t i o n > s  o f  degree n, say R ( A I , . . . , A n )  and 5(B1, . . . .  an),  are 
said to be un ion-compat ib le  w i th  respect  to a correspondence C, i f  and 
only  i f  C is  a set of  e x a c t l y  n ordered pa i r s  o f  <at t r ibute-name>s 
( A i , B j )  ( i , j  = I ,  . . . .  n) ,  and the f o l l o w i n g  th ree  cond i t i ons  ho ld :  

(a) each <at t r ibute-name> f o r  R i s  some Ai ( i  = l , . . . , n ) ;  

(b) each <at t r ibute-name> f o r  5 i s  some Bj ( j  = 1 , . . . , n ) ;  

(c) w i t h i n  each p a i r  ( A i , B j )  o f  the set ,  the < a t t r i b u t e > s  designated by 
Ai and Bj have the same corresponding <domain>. 

Note t h a t ,  f o r  given R and S, there  may e x i s t  more than one such C - 
i . e . ,  more than one correspondence s a t i s f y i n g  cond i t i ons  (a ) ,  (b) ,  and 
( c ) .  

We now c o n t i n u e  w i t h  o u r  d e t a i l e d  e x p l a n a t i o n s .  

19. A < r e l a t i o n a l - o p e r a t i o n >  i s  e i t h e r  a < r e l a t i o n a l - a l g e b r a - o p e r a t i o n >  
or a < re la t i ona l -ass ignment>°  

20. A < r e l a t i o n a l - a l g e b r a - o p e r a t i o n >  is  a <union>, a <d i f f e rence> ,  a 
<product>, a < t h e t a - s e l e c t i o n > ,  or a <p ro jec t i on> .  The r e s u l t  of  
eva lua t i ng  a < r e l a t i o n a l - a l g e b r a - o p e r a t i o n >  i s  to generate an 
<unnamed-relat ion>. As exp la ined e a r l i e r  (paragraph 18), t ha t  
<unnamed-relat ion> possesses both an < a t t r i b u t e - s e t >  and a < tup le -se t> ;  
moreover, each <tuple> in t ha t  < tup le -se t>  conforms to tha t  
< a t t r i b u t e - s e t > ,  in the sense o f  paragraph 15. The ru les  f o r  genera t ing  
the < a t t r i b u t e - s e t >  and < tup le -se t>  are exp la ined  in paragraphs 21-50 
below. 

21. The <union> opera to r  i s  de f ined as f o l l o w s .  Let R ( A I : D I , . . . , A ~ : D n )  and 
5 ( B I : D I , . . . , B n : D n )  be two <named-relat ion>s t ha t  are un ion-compat ib le  
w i th  respect to the correspondence C = ( (A1,BI )  . . . .  , (An,Bn) ) .  The <union> 
of  R and S over t h i s  p a r t i c u l a r  correspondence, denoted UHION(R,S,C), is  
an <unnamed-relat ion> in which: 

( a )  t h e  < a t t r i b u t e - s e t >  i s  ( U I : D 1 , . . . , U n : D n ) ,  w h e r e  each  Ui i s  
( a r b i t r a r i l y )  t ha t  one o f  the p a i r  ( A i , B i )  t ha t  precedes the o ther  in 
l e x i c o g r a p h i c  o rde r ing ;  

( b )  t h e  < t u p l e - s e t >  i s  d e f i n e d  as f o l l o t ~ s .  The < t u p l e >  ( U l : u l , . . . , U n : u n )  
a p p e a r s  i n  t h e  < t u p l e - s e t >  i f  and  o n l y  i f  t h e  < t u p l e >  ( A l : u l , . . . , A n : u n )  
a p p e a r s  i n  R o r  t h e  < t u p l e >  ( B l : u l ,  . . . .  B n : u n )  a p p e a r s  i n  $ ( o r  b o t h ) .  

22 .  See t h e  d e f i n i t i o n  o f  u n i o n - c o m p a t i b i l i t y ,  e a r l i e r .  

23 .  See t h e  d e f i n i t i o n  o f  u n i o n - c o m p a t i b i l i t y ,  e a r l i e r .  

2q .  The < d i f f e r e n c e >  o p e r a t o r  i s  d e f i n e d  as f o l l o w s .  L e t  
R ( A I : D 1  . . . .  , A n : D n )  and S ( B I : D 1  . . . .  , B n : D n )  be two < n a m e d - r e l a t i o n > s  t h a t  
a r e  u n i o n - c o m p a t i b l e  w i t h  r e s p e c t  t o  t h e  c o r r e s p o n d e n c e  C = 
((AI,BI) .... ,(An,Bn)). The <difference> of R and 5 over this particular 
correspondence, denoted DIFFERENCE(R,5,C), is an <unnamed-relation> in 
which: 
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( a )  t h e  < a t t r i b u t e - s e t >  i s  ( A I : D I , . . . , A n : D n ) ;  

(b )  t h e  < t u p l e - s e t >  i s  d e f i n e d  as f o l l o w s .  The < t u p l e >  ( A l : a l  . . . .  , A n : a n )  
a p p e a r s  i n  t h e  < t u p l e - s e t >  i f  and  o n l y  i f  i t  a p p e a r s  in R and  t h e  < t u p l e >  
( B l : a l  . . . .  , a n : a n )  does  n o t  a p p e a r  i n  5.  N o t e  t h a t  t h e  < d i f f e r e n c e >  o f  S 
and  R o v e r  C, D I F F E R E N C E ( S , R , C ) ,  i s  a l s o  d e f i n e d .  

25 .  The < p r o d u c t >  o f  two  d i f f e r e n t l y - n a m e d  < n a m e d - r e l a t i o n > s  
R ( A I : D I , . . . , A m : D m )  and  S ( B I : E I , . . . , B n : E n ) ,  d e n o t e d  PRODUCT(R,S),  i s  an 
<unnamed-relation> i n  w h i c h :  

( a )  t h e  < a t t r i b u t e - s e t >  i s  ( R A I : D I , . . . , R A m : D m , S B I : E I  . . . .  , S B n : E n )  - n o t e  
t h e  a t t r i b u t e  r e n a m i n g ,  w h i c h  g u a r a n t e e s  t h a t  
< a t t r i b u t e - s e t >  o f  t h e  < p r o d u c t >  a r e  u n i q u e ;  

( b )  t h e  < t u p l e - s e t >  i s  d e f i n e d  as  
( R A I : a l  . . . .  , R A m : a m , S B l : b l ,  . . . .  S B n : b n )  a p p e a r s  
only if the <tuple> (Al:al,...,Am:am) a p p e a r s  
( B l : b l , . . . , B n : b n )  a p p e a r s  i n  S. 

< a t t r i b u t e - n a m e > s  in t h e  

follows. The <tuple> 
in the <tuple-set> if and 

in R and the <tuple> 

N o t e  1: The < p r o d u c t >  as  d e f i n e d  a b o v e  r e p r e s e n t s  w h a t  i s  s o m e t i m e s  c a l l e d  
the extended Cartesian product. 

N o t e  2 :  We assume t h e  e x i s t e n c e  o f  an a l i a s i n g  o p e r a t o r ,  w h i c h  p e r m i t s  t h e  
i n t r o d u c t i o n  o f  a new < r e l a t i o n - n a m e >  f o r  a g i v e n  < n a m e d - r e l a t i o n > .  Such 
an o p e r a t o r  i s  d i s c u s s e d  i n f o r m a l l y  i n  [ 5 ] .  I f  i t  i s  n e c e s s a r y  t o  f o r m  t h e  
< p r o d u c t >  o f  some < n a m e d - r e l a t i o n >  R w i t h  i t s e l f ,  t h e  a l i a s i n g  o p e r a t o r  
can be used  t o  c r e a t e  an a l i a s ,  S s a y ,  f o r  R, so t h a t  t h e  < p r o d u c t >  can 
still be expressed in terms of two different <relation-name>s. 

26.  The < t h e t a - s e l e c t i o n >  o p e r a t o r  i s  d e f i n e d  as f o l l o w s .  L e t  
R ( A I : D 1  . . . .  , A n : D n )  be a < n a m e d - r e l a t i o n > .  L e t  t h e t a  d e n o t e  a n y  one o f  t h e  
comparison operators =, -=, <, <=, >, and >=. l e t  theta-compari.son denote 
any comparison of the form "Ai theta vi", where vi is either a 
<domain-value> from Di or is another <attribute-name> Aj of R also defined 
on Di (i,j = 1 .... ,n). (We assume that theta is applicable to Di.) The 
<the ta -se lec t ion>  of R w i th  respect to t h i s  p a r t i c u l a r  theta-comparison, 
THETASELECT(R, Ai there v i ) ,  i5 an <unnamed-relation> in which: 

( a )  t h e  < a t t r i b u t e - s e t >  i s  ( A I : D 1  . . . . .  A n : D n ) ;  

( b )  t h e  < t u p l e - s e t >  i s  d e f i n e d  as f o l l o w s .  The < t u p l e >  ( A l : a l , . . . , A n : a n )  
a p p e a r s  i n  t h e  < t u p l e - s e t >  i f  and  o n l y  i f  i t  a p p e a r s  i n  R and  " A i  t h e t a  v i "  
evaluates to true for this <tuple>. 

27.  See p a r a g r a p h  26 .  

28 .  See p a r a g r a p h  26 .  

29 .  See p a r a g r a p h  26 .  

30.  The < p r o j e c t i o n >  o p e r a t o r  i s  d e f i n e d  as  f o l l o w s .  L e t  R ( A I , . . . , A n )  be a 
< n a m e d - r e l a t i o n > ,  and  l e t  (A i  . . . . .  A j )  be a s u b s e t  o f  t h e  
< a t t r i b u t e - n a m e > s  s p e c i f i e d  i n  t h e  < a t t r i b u t e - s e t >  o f  R. The < p r o j e c t i o n >  
o f  R o v e r  t h i s  s u b s e t ,  d e n o t e d  P R O J E C T ( R , ( A i , . . . , A j ) ) ,  i s  an 
< u n n a m e d - r e l a t i o n >  i n  w h i c h :  

( a )  t h e  < a t t r i b u t e - s e t >  i s  ( A i : D i , . . . , A j : D j ) ,  w h e r e  each  Dk (k  = i . . . .  , j )  
i s  t h e  Dk c o r r e s p o n d i n g  t o  Ak i n  t h e  < a t t r i b u t e - s e t >  o f  R; 

( b )  t h e  < t u p l e - s e t >  i s  d e f i n e d  as f o l l o w s .  The < t u p l e >  ( A i : a i  . . . .  , A j : a j )  
a p p e a r s  i n  t h e  < t u p l e - s e t >  i f  and  o n l y  i f  a < t u p l e >  e x i s t s  i n  t h e  
< t u p l e - s e t >  o f  R h a v i n g  a i  as  i t s  A i - v a l u e ,  . . . ,  a j  as  i t s  A j - v a l u e .  

31. The <relational-assignment> operator is defined as follows. The 
<relationmname> must be the <name> of a <real-relation>, R say. Let R have 
<attribute>s AI ..... An. Let X be a <relational-expression> and let C be 
a <correspondence>. The <relational-assignment> of X to R in accordance 
with C, denoted ASSIGN(R,X,C), causes the existing <tuple-set> of R to be 
replaced by a new <tuple-set>, as follows: 

Ca) X i s  e v a l u a t e d  ( s e e  p a r a g r a p h  32)  and  g e n e r a t e s  an < u n n a m e d - r e l a t i o n > .  
L e t  us r e f e r  t o  t h i s  < u n n a m e d - r e l a t i o n >  as S, and  l e t  t h e  < a t t r i b u t e > s  o f  
S be BI, . . . ,  an. 

f o r m a l  d e f i n i t i o n  o f  RDM 

-25- 



( b )  R and  5 mus t  be u n i o n - c o m p a t i b l e  w i t h  r e s p e c t  t o  C. L e t  c o r r e s p o n d i n g  
< a t t r i b u t e > s  o f  R and  S u n d e r  C be ( A 1 , B 1 ) ,  . . . .  ( A n , B n ) .  

(c) The <tuple> (A t :a1 ,  . . . .  An:an) appears in the new < tup le -se t>  of  R i f  
and on ly  i f  the <tuple> ( B l : a l , . . . , B n : a n )  appears in the < tup le -se t>  o f  S. 

We remark t ha t  a given < re la t i ona l -ass ignmen t>  w i l l  f a i l  i f  the would-be 
new < tup le -se t>  of  R v i o l a t e s  any i n t e g r i t y  c o n s t r a i n t s  t ha t  are 
a p p l i c a b l e  to R. 

32. A < r e l a t i o n a l - e x p r e s s i o n >  is  a <re la t ion-name>,  a 
< r e l a t i o n a l - a l g e b r a - o p e r a t i o n > ,  or a < r e l a t i o n - l i t e r a l > .  The r e s u l t  of  
e v a l u a t i n g  a < r e l a t i o n a l - e x p r e s s i o n >  i s  t o  g e n e r a t e  an 
< u n n a m e d - r e l a t i o n > ,  as e x p l a i n e d  e a r l i e r ,  In t h e  c a s e  o f  a 
< r e l a t i o n - n a m e > ,  t h e  < u n n a m e d - r e l a t i o n >  has  an < a t t r i b u t e - s e t >  and  a 
< t u p l e - s e t >  i d e n t i c a l  t o  t h o s e  o f  t h e  d e s i g n a t e d  < n a m e d - r e l a t i o n > .  I n  t h e  
case o f  a < r e l a t i o n a l - a l g e b r a - o p e r a t i o n > ,  i t  has an < a t t r i b u t e - s e t >  and a 
< tup le -se t>  t ha t  are der ived in accordance w i th  paragraphs 21-30 above. In 
t h e  c a s e  o f  a < r e l a t i o n - l i t e r a l > ,  t h e  < u n n a m e d - r e l a t i o n >  has  an 
< a t t r i b u t e - s e t >  and  a < t u p l e - s e t >  as s p e c i f i e d  by t h a t  < r e l a t i o n - l i t e r a l >  
( s e e  p a r a g r a p h  3 3 ) .  

33.  A < r e l a t i o n - l i t e r a l >  c o n s i s t s  o f  an < a t t r i b u t e - s e t >  and a s e t  o f  
<tuple>s. E a c h  <tuple> in the < tup le -se t>  must conform to the 
< a t t r i b u t e - s e t > .  I n t u i t i v e l y ,  < r e l a t i o n - l i t e r a l > s  permit  the i n s e r t i o n  of  
new <tuple>s i n t o  the < r e l a t i o n a l - d a t a b a s e >  ( v i a  a <union> o p e r a t i o n ) ,  
and the d e l e t i o n  of  e x i s t i n g  <tuple>s from the < r e l a t i o n a l - d a t a b a s e >  ( v i a  
a <d i f fe rence> o p e r a t i o n ) .  

RELATIONAL ALGEBRA: ADDITIONAL OPERATORS 

Our f o r m a l  d e f i n i t i o n s  h a v e  d e l i b e r a t e l y  r e s t r i c t e d  t h e m s e l v e s  t o  a v e r y  
p r i m i t i v e  ( b u t  r e l a t i o n a l l y  c o m p l e t e  [ q ] )  s e t  o f  o p e r a t i o n s .  I n  p r a c t i c e ,  
a r e l a t i o n a l  i m p l e m e n t a t i o n  s h o u l d  p r o v i d e  v a r i o u s  r e f i n e m e n t s  on t h i s  
p r i m i t i v e  v e r s i o n ,  f o r  b o t h  u s a b i l i t y  and  e f f i c i e n c y .  We c o n s i d e r  some 
such r e f i n e m e n t s  v e r y  b r i e f l y .  

• I n t e r s e c t i o n ,  j o i n ,  d i v i s i o n  

The r e l a t i o n a l  a l g e b r a  as u s u a l l y  d e f i n e d  i n c l u d e s  n o t  o n l y  t h e  o p e r a t o r s  
d e f i n e d  a b o v e ,  b u t  a l s o  t h e  o p e r a t o r s  i n t e r s e c t i o n ,  j o i n ,  and  d i v i s i o n  
[ 2 ] .  We e x c l u d e d  t h e s e  l a t t e r  o p e r a t o r s  f r o m  o u r  f o r m a l i s m  b ~ c a u s e  t h e y  
a r e  n o t  t r u e  p r i m i t i v e s  - each  can be d e f i n e d  i n  t e r m s  o f  t h e  o t h e r  
o p e r a t o r s ,  as  shown i n  [ 5 ] .  H o w e v e r ,  t h e  j o i n  o p e r a t o r  i s  so i m p o r t a n t  i n  
p r a c t i c e  t h a t  we g i v e  a d e f i n i t i o n  o f  i t  h e r e ,  f o r  p u r p o s e s  o f  r e f e r e n c e .  
( A c t u a l l y ,  as  we s h a l l  s ~ ,  t h e  t e r m  " j o i n "  i s  used  g e n e r i c a l l y  t o  r e f e r  
t o  s e v e r a l  r e l a t e d  b ~ t  d i s t i n c t  o p e r a t o r s . )  L e t  r e l a t i o n s  
R(A1,  . . . .  A i : D , . . . , A ! n )  and  5(B1 . . . .  , B j : D , . . . , B n )  be such  t h a t  a t t r i b u t e s  
Ai and  Bj a r e  d e f i n e d  on t h e  same d o m a i n  D. L e t  t h e t a  be any  one o f  t h e  
c o m p a r i s o n  o p e r a t o r s  =, ~=,  <,  <=,  >, and  >= t h a t  i s  a p p l i c a b l e  t o  d o m a i n  
D. The t h e t a - j o i n  o f  R on Ai w i t h  5 on B j ,  THETA_JOIN(R,  S, Ai t h e t a  B j ) ,  
i s  an u n n a m e d - r e l a t i o n  w i t h  a t t r i b u t e - s e t  as  f o r  PRODUCT(R,5) .  The 
t u p l e - s e t  i n  t h i s  r e l a t i o n  c o n s i s t s  o f  a J l  t u p l e s  

(RAI :a l  . . . . .  RAi :a i  . . . . .  RAm:am,SOl:b1 . . . . .  SBj:bj  . . . . .  5Bn:bn) 

such t h a t  ( A l : a l ,  . . . .  A i : a i  . . . .  ,Am:am) a p p e a r s  i n  t h e  c u r r e n t  t u p l e - s e t  o f  
R, ( B l : b l ,  . . . .  B j : b j  . . . . .  B n : b n )  a p p e a r s  i n  t h e  c u r r e n t  t u p l e - s e t  o f  5,  and  
" a i  t h e t a  b j "  e v a l u a t e s  t o  t r u e .  (The  t h e t a - j o i n  o f  R and  5 i s  t h u s  
o b t a i n e d  by t a k i n g  t h e  p r o d u c t  o f  R and  S and  t h e n  a p p l y i n g  a 
t h e t a - s e l e c t i o n  t o  i t . )  

I f  t h e t a  i s  e q u a l i t y ,  t h e  t h e t a - j o i n  i s  s a i d  t o  be an e o u i S o i n .  I n  t h e  
c a s e  o f  t h e  e q u i j o i n ,  t h e  p r o j e c t i o n s  o f  t h e  r e s u l t  on Ai and  on Bj a r e  
n e c e s s a r i l y  i d e n t i c a l .  L e t  C be t h e  s e t  o f  a l l  a t t r i b u t e s  o f  t h e  e q u i j o i n  
e x c e p t  Ai ( o r  e x c e p t  B j ) .  The p r o j e c t i o n  o f  t h e  e q u i j o i n  on C i s  c a l l e d  
t h e  n a t u r a l  j o i n  o f  R and S (on  Ai and  B j ) .  
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• E x t e n d e d  and c o m b i n e d  operat ions 

It is desirable to provide shorthand equivalents for commonly-occurring 
s e q u e n c e s  o f  t h e  primitive o p e r a t i o n s .  We n o t e  some p o s s i b l e  s h o r t h a n d s  
here: 

- a l low the operands of  the r e l a t i o n a l - a l g e b r a - o p e r a t i o n s  to be 
s p e c i f i e d  as  a r b i t r a r y  r e l a t i o n a l - e x p r e s s i o n s ,  e n c l o s e d  i n  
parentheses i f  necessary to avoid ambiguity, instead of only ,as 
relation-names; 

- i n t r o d u c e  an e x t e n d e d  " s e l e c t i o n "  o p e r a t o r  i n  w h i c h  t h e  s e c o n d  
operand is  an a r b i t r a r y  Boolean combination of simple 
fhefa-comparisons; 

- in t roduce an analogously extended "join" operator;  

- a l low the ta rge t  f o r  re la t iona l -ass ignment  to be a 
v i r t u a l - r e l a t i o n  as wel l  as  a r e a l - r e l a t i o n  ( f o r  "updatable"  
v i r t u a l - r e l a t i o n s ) ;  

- in t roduce e x p l i c i t  " i n s e r t , "  " d e l e t e , "  and "update" operat ions,  
instead of r e l y i n g  pure ly  on re la t iona l -ass ignment  and appropr ia te  
use of the union and d i f f e rence  operators. 

• Operators to handle n u l l  values 

The r e l a t i o n a l  a l g e b r a  as d e f i n e d  by Codd i n  [ 2 ]  i n c l u d e s  c e r t a i n  
additional operators for dealing with null values - for example, a "maybe" 
version of THETA_SELECT that  se lec ts  tup les  fo r  which the 
thefa-comparison evaluates to unknown, ra ther  than to t rue .  As ind ica ted  
e a r l i e r ,  hot, ever, we omit de ta i l ed  discussion of n u l l  values - and t h e i r  
e f f ec t  on the r e l a t i o n a l  algebra, in p a r t i c u l a r  - from t h i s  paper. See 
reference [7 ] .  

RELATIONAL RULES 

As already ind ica ted ,  the basic r e l a t i o n a l  model inc ludes two general 
integrity rules. (A specific relational-system will typically also 
i n c l u d e  some s p e c i f i c  " l o c a l "  i n t e g r i t y  r u l e s . )  Ne d e f i n e  t h e  two  g e n e r a l  
r u l e s  inere ( F i g .  3 ) .  Our d e f i n i t i o n s  a r e  i n  t h e  s p i r i t  o f  r e f e r e n c e  [ 2 ] ;  
regarding Rule 2 ( " r e f e r e n t i a l  i n t e g r i t y " ) ,  however, i t  has been  
s u g g e s t e d  t h a t  t h e  f o r m a l i s m  o f  [ 2 ]  i s  n o t  e n t i r e l y  s a t i s f a c t o r y  [ 8 ] .  We 
c o n t e n t  o u r s e l v e s  h e r e  w i t h  p o i n t i n g  o u t  t h a t  R u l e  2 i s  n o t  a c o m p l e t e  
con t ro l  in i t s e l f  on the r e f e r e n t i a l  i n t e g r i t y  problem; loose ly  speaking, 
i t  i s  "necessary but not s u f f i c i e n t "  ( t ha t  i s ,  a database could conform to 
t h e  r e q u i r e m e n t s  o f  R u l e  2 and  y e t  s t i l l  be i n  v i o l a t i o n  o f  some 
r e f e r e n t i a l  c o n s t r a i n t ) .  R e f e r e n c e  [ 6 ]  c o n t a i n s  a d e t a i l e d  d i s c u s s i o n  o f  
t h i s  top i c  and presents a more general proposal f o r  expressing r e f e r e n t i a l  
c o n s t r a i n t s  - a p r o p o s a l ,  i n c i d e n t a l l y ,  t h a t  ( u n l i k e  R u l e  2 as  d e f i n e d  
here) does not require the notion of "primary domain" at all. 

Note tha t  the two ru les  re fe r  to < r e a l - r e l a t i o n > s  on ly ,  not to 
< v i r f u a l - r e l a t i o n > s  and not to <unnamed-relation>s. 

.Integrity Rule 1 (entity integrity) 

• Let <a t t r i bu te>  A of < r e a l - r e l a t i o n >  R be a component of the 
<primary-key> of R. Then <a t t r i bu te>  A cannot accept n u l l  values. 
That i s ,  no <fuple> of R can inc lude an <a t t r i bu te - va l ue>  in which 
the <attr ibute-name> is  A and the <domain-value> is  n u l l .  
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I n t e q r i t y  R u l e  2 ( r e f e r e n t i a l  i n t e g r i t y )  

• L e t  < d o m a i n >  D be such  t h a t  t h e r e  e x i s t s  a < r e a l - r e l a t i o n >  H i t h  
( s i n g l e - a t t r i b u t e )  < p r i m a r y - k e y >  d e f i n e d  on D. Then D may o p t i o n a l l y  
be d e s i g n a t e d  as a p r i m a r y  < d o m a i n > .  

• Now l e t  R( . . . .  A:D . . . .  ) be a < r e a l - r e l a t i o n >  w i t h  < a t t r i b u t e >  A 
d e f i n e d  on p r i m a r y  < d o m a i n >  D. Then e v e r y  < t u p l e >  o f  R mus t  s a t i s f y  
t h e  c o n s t r a i n t  t h a t  t h e  < d o m a i n - v a l u e >  c o r r e s p o n d i n g  t o  < a t t r i b u t e >  
A w i t h i n  t h a t  < t u p l e >  must  be e i t h e r  ( a )  n u l l ,  o r  ( b )  e q u a l  t o  k ,  
say, where k is  the <domain-value> corresponding to the 
<primary-key> w i t h i n  some <tuple> of  some < r e a l - r e l a t i o n >  S w i th  
< p r i m a r y - k e y >  d e f i n e d  on D. R and S need  n o t  be d i s t i n c t .  The 
< a t t r i b u t e >  A of  R i s  said to be a f o r e i g n  key. 

F i g .  3 :  The s t r u c t u r e  o f  a r e l a t i o n a l - s y s t e m  ( p a r t  3 o f  5 ) :  
the < r e l a t i o n a l - r u l e > s  

CONCLUDING REMARKS 

We conclude by showing i n f o r m a l l y  how the d e f i n i t i o n s  given e a r l i e r  lead 
to c e r t a i n  well-known and important  r e l a t i o n a l  p r o p e r t i e s .  

• W i t h i n  a g i v e n  r e l a t i o n ,  no two t u p l e s  a r e  i d e n t i c a l  ( a t  any  g i v e n  
t i m e ) .  T h i s  f o l l o w s  f r o m  t h e  f a c t  t h a t  t h e  t u p l e s  w i t h i n  t h e  r e l a t i o n  
a t  any  g i v e n  t i m e  a r e  d e f i n e d  t o  c o n s t i t u t e  a s e t ,  and  s e t s  by 
d e f i n i t i o n  do n o t  c o n t a i n  d u p l i c a t e  e l e m e n t s .  

• As a c o n s e q u e n c e  o f  t h e  p r e v i o u s  p o i n t ,  t h e  r e q u i r e m e n t  t h a t  
r e l a t i o n s  - in p a r t i c u l a r ,  rea l  r e l a t i o n s  - always have a pr imary key 
i s  a reasonable ( i . e . ,  cons i s ten t )  one. This f o l l o w s  from the f ac t  
tha t  at  l eas t  the combination of  a l l  a t t r i b u t e s  has the uniqueness 
p roper ty ,  and hence tha t  at  l eas t  one candidate key ( the set o f  a l l  
a t t r i b u t e s ,  if n e c e s s a r y )  a l w a y s  e x i s t s .  

• Within a given r e l a t i o n  (more accu ra te l y ,  within the t u p l e - s e t  o f  a 
given r e l a t i o n ) ,  t up les  are unordered. This a lso f o l l o w s  from the 
f a c t  t h a t  a r e l a t i o n  i s  a s e t  - s e t s  by d e f i n i t i o n  h a v e  no o r d e r i n g .  

• Within a given r e l a t i o n ,  a t t r i b u t e s  are unordered. This f o l l o w s  
from the f ac t  t ha t  the c o l l e c t i o n  of  a t t r i b u t e s  o f  the r e l a t i o n  is  
a lso def ined as a set .  

• A l l  a t t r i b u t e - v a l u e s  a r e  a t o m i c ;  i n  o t h e r  w o r d s ,  a l l  r e l a t i o n s  a r e  
normalized. Equivalently, all relations are in first normal form. 
This level of normalization is required by the relational algebra. 
Higher levels, such as 4NF [I0], are useful for database design 
purposes but are not an intrinsic part of the relational model per 
5e. 
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