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> ABSTRACT 
We study how functional dependencies affect the cycli- 
city of a database scheme; in particular, when’ does a 
set of functional dependencies make a cyclic database 
scheme behave like an acyclic one. 

A database scheme is fdscrcric if every pairwise- 
consistent database state that @is&s the fd’s is join- 
con&teat. We give a simple characterization of fd- 
acydicity over a restricted class of database schemes. 
We then give a tableau-based characterixatioir for the 
general case. that leads to an algorithm for testing fd- 
acyclicity. This algorithm actually solves the more gen- 
eral problem of query equivalence under functional 
dependencies and typed inclusion dependendes. . 

1. INTRODUCTION , 

Acyclic database schemes have been shown to 
have remarkable properties [B+,BG,FMUI. ‘In this 
paper; we study how functional dependencies affect the 
cydicity of a database scheme. In particular, since cyclic 
schemes seem to appear often in practice, we would 
like to know when functional dependencies have the 
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effect of making a cyclic scheme behave like an acyclic 
one. ‘Ihis would let us exploit the desirable properties 
of acyclic schemes on a l&r class of schemes pro- 
vided we ensure the functional dependencies are 
SatiSfid 

A natural approach to this question is to consider 
those chara@erizations of acyclicity .that are defined in, 
terms of database states, say “every state that haa pro- 
perty P has also ,.property Q’, and conaider the 
mod&cl version “every state that has propetiy, P and 
satisiks a set of, functional dependencies F has also 
property Q”. The simplest such characterixation is 
“every pairwise consistent state is join-con&tent”,,, 
where painvise consistency means that any two rela-. 
tions in the state agree on their common attributes and 
join-consistency means the state is a projection of a. 
universal relation. It is well known bee e.g. IBFMYI) 
that this property is equivalent to acydidty of.the data- 
base scheme. 

Let us now consider the modified version “every 
pairwise consistent state that satisfies a set of functional 
dependencies F is also join-consistent”. The ilrst 
question that arises is what do we mean by a state 
satisfying a set of functional dependencies. Several 
definitions are possible; we choose to use the one pro-, 
posed by Honeyman [HI and Vassiliou WI for reasons 
discussed in D&VI. A state is said to satisfy a set of 
functional dependencies F if there exists a universal 
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relation, I, on the union of all the attributes such that 
I satisfies F and the projection of I on each relation 
scheme in the database is a superset of the correspond- 
ing relation in the state. Z is called a M?U~ instance for 
the state, and this notion usually called we& Instance 
sa&ction. We will say that a database scheme is fd- 
aqv& with respect to the set of functional dependen- 
cies F if every pairwise consistent database state that 
has a weak instance under F is also join-consistent. 

Example 1: Let our database scheme have three rela- 
tion schemes, PS, ST, PT, where P stands for Profes- 
sor, S for Student, and T for Topic. A ps tuple means 

s professor p is supervising student s, an sf tuple means 
Mudent s is working on topic t, and a pr tuple means 
professor p is supervising a thesis on topic t. Suppose 
the functional dependencies S-P and T+P hold, that 
is, each student has a unique professor and there is no 
overlap of topics between professors. This database 
scheme is’ cyclic. We claim that it is fd-acyclic. 

In proof, we need to show that every pairwise 
consistent state satisfying the functional dependencies 
is join-consistent. It suf&s to show that if we join 
such a state and then project back onto PS, ST, and 
PT, we get exactly the same state back. Let ps be a 
PS-tuple. Since the state is pairwlse-consistent, there 
exist tuples st in ST and pt’ in PT. We know a weak 
instance for the state exists. This weak instance will 
have a tuple whose PS projection is ps and a tuple 
whose PT projection is pf’. Since the weak instance 
must satisfy P+T, t and t’ must be equal. That is, 
there exist tuples sr in ST and pf in PT that join with 
ps, showing that ps appears in the join and thus it 
appears ln the PS-prqitiion of the join of the state. By 
similar arguments we can show that every tuple in 
every relation of the state appears in the appropriate 
prc&ction of the join of the state, so the state is join- 
consistent. i 

Aher giving basic detlnitions in Section 2, in Set- 
tion 3 we study the special class of cyclic schemes 
called A-rings, first considered by Goodman and 
Shmueli [GS]. We give a simple characterization of 
fd-acyclicity on A-rings and an efficient algorithm for 
testing it. 

In Section 4, we consider an arbitrary database 
scheme and show that the question of fd-acyclicity can 

be reduced to a query containment problem. That is, 
given a database scheme and a set of dependencies we 
can easily construct two project-join queries Qr and Qz 
such that the database scheme is fd-acyclic if and only 
if Qr(D) contains Q*(D) for every pairwise consistent 
state D that satisfies the functional dependencies. 
Since Qt and Qz can be represented by rubfeuux, fol- 
lowing [ASUI, we show how to use the &ape tech- 
nique to provide a containment test where functional 
dependencies plus the pairwise consistency constraint 
are given. To do this we note that the pairwise con- 
sistency constraint can be viewed as a set of inclusion 
dependencies. These are statements of the form “r[Xl 
must be a subset of s[Yl”, where r and s are relations 
in the state and X, Y are subsets of the appropriate 
relation schemes. Inclusion dependencies have 
aroused much interest lately; in particular, Johnson 
and Klug DKI have given anexponential time algo- 
rithm for the query containment problem under a set 
of functional and inclusion dependencies with the 
“key-based” property. 

In Section 5, we show that there exists an 
effective procedure to test the tableaux containment 
problem under a set of @8eui inclusion dependencies 
and arbitrary functional dependencies. A corollary of, 
this result is that there exists an effective procedure to 
test for fd-acyclicity. 

2; DEFINITIONS 

2.1. BASICS 

U is a finite set of attributes. A database scheme 
H is a set of non-empty subsets of U. We say a data- 
base scheme is connected if the associated hypergraph 
(see D +I) is connected. For the purposes of this 
paper all database schemes are connected. Elements of 
H are called relation schemes. Associated with each 
attribute A C U is a (countable) set of constants called 
the domain of A or dom (A).” We assume 
dom (A ) fl dom (4) =+ for A # B. A tuple t over a rela- 
tion scheme R = (Al, . . . .&)EH is an element in 
dom(Al)X * ; * x dom (Ak ). A relation r for R is a 
(countable) set of tuples over R. A darubuse stare for a 
given scheme, H, is an assignment D of relations to 
the elements of H. If t is a tuple over the scheme R 
and X is a subset, of the attributes of R, 2 [Xl is the 
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restriction of t to the attributes of X. If, in addition, r 
4 a relation over R, the prqjection of r onto X is 

BX(r)={r[Xl IrEr). 

If r and s are relations over R and S, the join of r and 
S4 

r% = (4 I r[R]Etandr[SlEs). 

I: is a set of consrraints. The constraints of 
interest here are the finctional dependendes @d’s). Let 
X and Y be sets of attributes and R a relation scheme 
such that R 2XY. The fd X4 Y is said to hold in a 
relation t over R if for any two tuples r,u in r 
t[X]=u[Xlimplies t[ti=u[fi. Givenasetoffd’s, 

(X+yr,, we will write XI/, . . . , /&+Y. To avoid Ic 
repetition, whenever we write of a database scheme Zf, 
we will be refer&g t6 both the relation schemes in H 
and the set of constraints 2. 

A state D satisfies a set of fd’s 2, or is in 
SAT@), if there exists a relation Z over U which 
satisBes L such that, for each R,, m~~(Z)7 D(R,). 

When there exists a relation Z over U which satisBes I: 
such that, for each R, we, (I) = D (RI 1, D is said to be 

@in-consistent (JCL D is painvke-consisfent (PC), if for 
every pair of relation schemes, R and S, and their 
respective relations, r and s, 

IIans(r) = IIrns(sh 

A database scheme H is acydk if pairwise- 
consistency is equivalent to join-consistency, otherwise 
it is cyclic. For further discussion as well as equivalent 
defkritions of acyclicity see [B+,BFMY,BG,FMUI. 

2.2. TABLEAUX,VALUATIONS 

A tableau , T, is a tabular representation of a 
mapping from states or tableaux to relations. Each 
column of a tableau corresponds to an attribute in the 
universe. The tableau domain of the i-th column, 
corresponding to some attribute A, consists of, the dis- 
tinguished variable (dv), ai, nondistinguished variables 
(ndv’s), q’s, and constants taken from the domain of 
A. The tableau domains of two distinct cohmms are 
disjoint. 

The Brst row of the tableau, called the summary, 

may only contain distinguished variables, constants, 
and blanks. The attributes which correspond to non- 
blank columns of the summary define the target rekltion 
scheme of the tableau. In a tableau each row, except 
the summary is ragged by some relation scheme in H. 
(Note that in presenting examples of tableaux non- 
distinguished variables which -r only once and are 
not in columns represented in the tuple’s tag will be 
replaced by blanks.) 

The image of the mapping represented by’ the 
tableau is a relation over the target relation scheme. 
The value of this mapping is determined by the set of 
wluation functions, which we now deBne. 

A valuation function, v, is a mapping on the set 
of symbols that appear in a tableau, T. For each. 
column in T it maps the tableau domain of that 
column into itself such that it sends a ndv to a ndv or 
the dv or a constant, sends the dv to itself or a con- 
stant, and sends a constant to itself. Valuations also 
map tags to tags and a rag-pmerving valuation is the 
identity on tags. 

v will also refer to the set and tuple-wise exten- 
sion of V, ie., vOb=<v(r[AJ), . . . ,v(tL$l)> and 
v(h, * . . ,rJ)={v(r,), . . . t l&k)). 

Consider some row, w, with tag R,, in a tableau 
T. We say that v is a valuation from T into a database 
state D if for each such row w the R,-projection of 
V(W) is in the relation over & in D. Let v be a tag- 
preserving valuation function. Then v is a valuation 
from a tableau T into a tableau T’ if v(T) G T’. 

The value of a tableau T on a state or tableau o 
is 

Tb)=(v(s) i s is the summary row for T and 

V: T-v is a valuation function) 

For notational convenience, we allow the empty 
tableau, denoted +r, whose body is the empty set. 
Evaluation of the empty tableau is the special case, 

~T(u)=I$ for any U. 

We can alleviate the confusion of having, two 
kinds of valuation functions by noticing that any state 
D gives rise to a unique (up to renaming of non- 
distinguished variables) tableau TO to which, for the 
purpose of tableau evaluation, it is identical. TO is 
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de&d as follows: 

For every relation D (R,) and every tuple 
Tad there is a row u of To with 

0 u[RJ=t 

l u Dl~Ndv(J3) amaring nowhere else in To 
for BE U-R,. 

l thetagofubeing& 

‘The summary row of TO is undefined, i.e., the target 
relation scheme is empty. It is obvious that 
T(D) = T(TD) for any tableau T and state D. 

2.3. CONTAINMENT 

Fact 1: For every expression E over select, project and 
join there ia a tableau TE such that for every state D, 
TB(D)=E(D). 

z+uqfme iA!xJl meorcxn 1. n 

An expression El is said to contain an expression 
& written El 2 E2, if for every state D, 
E,(D)1 Ez(D). Similarly for tableaux TI1 Tz if for 
every u (state or tableau) T&r)2 Ts(u). Equivalence 
4 containment in both directions; i.e., EIzE2 
(T+TJ abbreviates El;ZEz and E2;2E1 (TIa Tz and 
T$ TI). Consider some set of constraints 2. E1 azEz 
( El+E2 1, if for every state DESATW, 
EI(D)~Ez(D) ( EI(D)=Ez(D) 1. 

A tag preserving valuation v:T,*Tz ia a conrain- 
menr mopping if v(s) (s the summary of T,) is the 
summary of Tz. 

Fact 2:. TlZ T2 iff there exists v:TpT2, v a contain- 
ment mapping. Thus Eli Ez iff TE,;! Tsz iff there 

exista q:TE,*T~z, r) a containment mapping. 

ploqf: IASUI lheorem 2. n 

2.4. THE CHASE 

The chase is a process for converting a tableau 
into one which satis& a given set of constraints. The 
chase of a tableau T with reepcct to a set of fd’s X, 
called chasep(TI, is the result of exhaustively applying 
the following transformation rule. ,the fd-rule, to T. 

. Assume X-A is an fd in 2:. Assume that 
there are two rows, f and s, in T, such 
that, t[Xl=s[Xl and tL4l#s[Al. In 

this case we say that the fd-rule is en&d 
and identify the symbols t[Al and s[A]. 
We do this identitition as follows: if one 
oft[Alors[A1isandv(assumet[Alis) 
then the symbol t [Al is replaced by s [Al; 
if t [Al is a dv then the symbol t [Al is 
replaced by s [Al (note that s [Al must be 
a constant); otherwise the tableau which 
results from applying the fd-rule is, +r. 
This last case will occur exactly when ?[A1 
and s [Al are constants. 

Fact 3: A non-empty state D sat&fits a set of fd’s -I: il’f 
chasez(TD) # tpr. 

hqfi [HI Theorem 1. n 

2.5, FD-ACYCLICITY 

In this se&n we formally define fd-acyclicity, in 
both its finite and infinite forms. 

De&&ion: A database scheme is (@rite) Jirncrio@’ 
dependency-ac~~ic (fd-acyclic) with respect to a set of 
fd’s, if every @trite) satisfying painvise-consistent state 
is join-consistent. 

We shall say that if a database scheme is not 
@trite) fd-acyclic then’it is (&rite) fd-cyclic. 

All real world database states are &rite. There- 
fore such states are our ultimate concern. However, 
the definition of fd-acydidty considers all countable 
states because, as will become clear, such states pro- 
vide a natural framework in which to analyze fd- 
acyclicity. 

Example 1: Consider the database scheme (R, i 

where R , = (AB), Rz = (BC), R3 = (CD), R, = (A;‘: 
together with the constraints P = (B/C-m) ‘. Let D 
be the following state, 

AB BC CD AD 
- 

00 00 00 01 
11 11 1 1 10 

l recall that (B/c-d)) iS OUT shorthmd for 
{B+AD,C+AD). 
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. 

D is 5ite and pairwise consistent by observation 
and not join consistent (since the join over all the rela- 
tions is empty). To’ is shown below. 

A B C D Tag 

0 0 0 AB 
1 1 1 AB 
0 0 0 0 BC 
1 1 1 1 BC 
0 0 0 CD 
1 1 1 CD 
0 1 AD 
1 0 AD 

Since no contradiction was uncovered in the chase 
( T$ # 4r 1 D is a satisfying state and this scheme is 
(5ite) fd-cyclic. 

Let 2’= (B/C/D-A). Keeping the same data- 
base scheme as above and letting 2’ be the set of con- 
straints the reader can verify that T$ = t#& It will ‘be 
shown later in this section that thii database scheme is 
fd-acyclic. n . 

It follows from the definitions above that any 
acyclic database scheme is fd-acyclic. Also if there are 
no fd’s then acyclicity, fd-acyclicity and 5ite fd- 
acyclicity all are equivalent. 

Because fd-acyclicity is de5ed in terms of all 
countable states, 5ite or infinite, it follows that any 
fd-acyclic database scheme is finite fd-acyclic. How- 
ever, a database scheme, H, might be such that there 
would exist some infEte, satisfying, PC and non-JC 
state, although any finite, satisfying and PC state would 
be JC. In these circumstances, H would be fd-cyclic 
without being 5ite fd-cyclic. 

3. A CHARACTERIZATION OF FD-ACYCLICITY 
ON A SIMPLE CLASS OF SCHEMES 

In this section we will present a characterization 
of fd-acyclicity on a restricted class of database 
schemes. and show that on this class the 5ite and 
infinite forms of fd-acyclicity agree. We will then 
present a polynomial time test for fd-acydicity on this 
class. 

De&&ion: Let H = (R,,i, be a database scheme. H 

is a Berge-cycle if: 1) m ) 2; 2) 3x1, . . . ,x, distinct; 
3) 3R1, . . . , R,,, distinct; 4) x, E R,nR,+, = l,+l; 
(where the 4’s are intersection se& and for notational 
convenience we de5e R,+1 and Z,+, to be R, and It 
respectively). An attribute, A, is pinned if V’ h+A., 
An intersection set is pinned if each attribute in it is 
pinned. A Berge-cycle is pinned if at least one of its 
intersection sets is pinned. 

Bergecycles have been previously considered in 
[BFMYI. 

Example 1: Consider, the database sqheme ZZ and the 
two sets of constraints L and 8’ presented in Example 
1 of section 2. Z-Z is a Berge-cycle .@I which the inter- 
section sets are (A),(B),(C) and (D)., Under ,the con- 
straints Z H is not pinned while under X’ it is, since A 
is pinned. n 

Dehition: Let U = (A,i,, for some n b 3. A Berge- 

cycle H=(R,,i, is an A-ring if ‘Vl<](n-1, 

R/ = &!,+I) :d & = LUnh 

A-rings were originally defined by Goodman and 
Shmueli [GSI. They are one of two daases of database 
schemes to which any cyclic scheme can be reduced. 
Because of this property they were used in the study of ” 
natural join queries and cyclic schemes. 

We will now characterize fd-acyclicity on A-rings. 
‘_ 

Theerem 1: An A-ring H is 5ite fd-acyclic iff it is 
pinned. 
Roe (if) see al. 
(only if) The proof that every fd-acyclic A&g is 
pinned will be by counter-example. That is, we will 
present a state, D = (r,), where rf is the ‘reiatloli over‘ 
R,, such that D is finite, pairwise-consistent, satisfying 
and not join-consistent. 

fi= (t,* , t,O) i = 1, . . . ,n 

where ?,!.I,+ = 1 , t,Ol,+ = 0 Vl<i(n 

4’ lA,+1 y. 1 , tpiA,+I = 0 Vl<i<n.-I 

4! IA, = 0, @IA, = 1. 

This state is clearly finite and PC. To see that it 
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is not join-consistent note that the join is empty. For 
the proof that D is satisfying see [Ll. H 

The database scheme presented in Bxample 1 of 
!kction 2 is an A-ring and the state, D, presented 
there is one example of the dass of states described in 
Lemma 2. .’ 

Cerollary 2: Fd-acydidity’ and 5ite fd-acyclicity are 
equivalent on A-rings. 
RoqW%nce any fd-acydic scheme is 5ite fd-acyclic we 
need only show that an fd-cyclic A-ring is 5ite fd- 
cyclic. But the counter-example presented in Theorem 
1 is. 5ite. Thus the two concepts are .equivalent on 
A.fjqscs. m .,’ - ’ 

The fact that fta&didty can be expressed as a 
property of the fd’s, i.t.‘that’ the A-ring is pinned, leads 
to’ the following test -and ‘complexity bound for fd- 
acyclicity. 

Corollary 3: Let H be an A-ring. Testing if H is fd- 
acyclic can be done in time polynomial in the number 
of fd’s and the size of the database scheme. 
Ro& The procedure is as follows: 1) for each intersec- 
tion. set, 4, calculate ita dosure, J+; 21 calculate 

Z -;I;$+; 3) determine if there exists some intersec- 
, 

tion set ‘Z, such that 4 El. Such an ,mtersection set 
e&s iff H is fd-kygc. 

Bach of these steps can be done in time polyno- 
mial in the number of relation schemes in H and the 
size of a cover of the set of fd’s. n . . 

The characterization of (finite) fd-acyclicity just 
presented is a particular case of a characterization of 
fd-acyclicity on. a more, general class of database 
schemes. pe glass 4 described and the characterixa- 
tioi presented in ILL 

4. FD-ACYCLICITY AND TABLEAUX 

In the previous section a characterization of 
@trite) fd-acyclicity on a restricted class of database 
schemes was presented., The characterixation hrvolved 
an explicit condition, pinning the A-ring. In this sec- 
tion we wlll characterize fd-acydicity over all database 
schemes. This characterization will be based on 
evaluating expressions and testing tableaux contain- 
ment. 

Definition: Consider any R E H. Let TR and JR be 
tableaux with the target relation scheme R and sum- 
mary rows containing only dv’s. In addition let TR 
contain a single row, with. tag E and distinguished vari- 
ables on the attributes in R and nondistinguished 
variables ‘elsewhere, Let JR be the tableau correspond- 
ing to the join over the entire state, projected onto R. 

Example 1: Let H be the database scheme presented 
in Example 1 of Section 2. Til is then 

and JR1 is 

:A B C D, Tag 

al 42 

al ~2 AB 
~2 bl ” B-c 

b, b2 CD 

al b2 AD 

n 

Theerem 1: Let P be a set of .fd’s. 
His (5ite) fd-acyclic iff 

A database scheme 
’ 

;* 
_ ‘.. 

V R.$ H, foravery Nnite)~ PC state D 

such that D E SAT(Z), 

TR CT,,,) = J.q(Td. : 

hqfl Let H = (R,). Let D = (r,) be any (finite) r@is- 
fying state on H. For the state to be join- &ma&&t 
requires that for each R, ” 

(L /I 

Therefore by the definition of the tableaux JR, and fs,, 

Ji,I(To) = Tit,I<To>. l 

Given Theorem 1, and results such as Fact 3 in 
Section 2, it is reasonable to consider the implications 
of chasing TR under Z: together with the pralicate PC”. 
To do this we will view the predicate PC as a collection 
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of predicatea, inclusion dependencies, each of which 
involves a pair of relation sdiemes. 

‘Ihe next section deals with defining the chase 
under these ‘consttits. We will define indusion 
dependencies and the chase of a tableau under these 
dependencies. ‘lhen a constraint on tableaux which is 
dosely related to inclusion dependencies will be intro- 
duced. The subsequent section will present a graphical 
reprwentation of the We followed by a dmracteriza- 
tion of fd-acyclic&y in terms of chased tableaux. 

4.1. EXTENDING THE CHASE 

4.1.1. INCLUSION DEPENDENCIES 

DoRnitSon: Consider a database scheme H and a state 
D, ‘titi RI, R2EH , SSk;nR, aqd rl,r# D the rela- 
tions on RI and R2 reqkctively. D satisfies the 
(typed) inchrsion dependenw (id) [RI,&,SI if 
r~(r&drJ. 

Therefore, D is PC iff it satisfies each of the id’s 
&,Rs,Rl n R21 VRl,Rz E H. 

We will define a chase rule for id’s which 
cc~rrwponds to the duw rule for fd’s. Let T be a 
tagged tableau Ad consider some id [RI,R2,Sl. 
Assumethatthereisarow win TwithtagR1and 
that there is no row with- tag R2 in T which agre!es on 
S with w. Given this situation the id-rule, consisting of 
the row w and the id [RI,R2,Sl, is enabled and it can 
be applied to add a row with tag R2 to T whcie the row 
agreea on S with w and has new nondisth~guished 
variables on U-S. We will say that T s&is&s a set of 
dspandencies, L, ( fd’s and id’s ) if no chase-rule 
based on a dependency in L is enabled. 

Let t be any set of fd’s and id’s. For any 
tableau, T, chasing under Z consists of repeated appli- 
cations of any enabled fd or id rule subject to the fol- 
lowing restriction. Let TI be some intermediate 
tableau formed by the application of some sequence of 
enabled chase-rules to T. If there is a chase rule, T, in 
I: that is enabled on T1 then after some finite number 
of &as+rule applications 7 will no longer be enabled. 
Any tableau which results from thii process 0.e. a 
tableau in which no transformations remain enabled) 
will be referred to as chuse~(T~. 

Theorem 2: Let Z be any set of fd’s and id’s. Let T be 
any finite tableau. Then chase,(T) exists and is in 
SAT(X). 
tva@.-see al. m 

When t contains fd’s and id’s the tableau 
chapel(T) will also be referred to as f. Two things 
should be noted at this point. First, that &usez(Z’) 
can in general be infinite, and so will not be calculat- 
able. Second, that chuse~(T) is not uniquely de5ed. 
Thisisbeceuseatanypointinthechaseifsome~of 
transformations is enabled, the re8uking tableau will be 
a function of the order in which the transformations 
are applied. In the example below two tableaux are 
presented. Each of them is the result of chasing the 
same initial tableau under the s&f&d id’s. Because 
of this property we will use &sex(T) to. refer to both 
some particular tableau, and the set of tableaux which 
can be obtained by c&sing T under P. ‘Ibe meaning 
should be dear from the context. 

Example 2: Let H be the database scheme (&,f, 

where RI = (ABC), R2 = (BD), R, = @Cff) and I: is 
the set of id’s implied by paikise-con&tency. Con- 
sider chuse,(TR,). We present two, distinct tableaF, 

T’ and P, where both are in chuse~(T~,). T’ is 

A B C D E Tag 

=I =2 =3 

=1 =2 =3 

=2 43 b,BCE 
=2 bz BD 

P4 

A B C D E 

=I =2 =3 

=1 =2 =3 

a2 .bl 

=2 b2 63 

h =2 b2 

=2 =3 bs 

Tag 

ABC 
BD 
BCE 
ABC 

In TRY there are two enabled chase-rules. ‘Ihey 

ark based on the two id’s [RI,R~,BI sod [RI,R~,BCI. 
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T’ was formed by first applying the id-rule based 
on the id [RI,R3,BCl. In P the first id-rule applied 
was based on [RI,R2,Bl. n 

Although chaseo(T) is not uniquely defined we 
can show that any two tableaux in it are equivalent. 

Lemma 3: Let P be any set of id’s and fd’s. Let T be 
any 5ite tableau. Let T’ and P be any pair of 
tableaux in chasez (0. ‘Then TL E P. 
haqj?see al. n 

Within any tableau that can be obtained by 
applying chase-rules to T, each row can be assigned a 
number, called its level. This is done as follows; 

1) any row in T is at level zero, 
2) a row added to the tableau by the appli- 
cation of an id-rule to a row at level n, is at 
level n+l. 

We de5e the function le& which, for any tuple in the 
chase returns that tuple’s level. 

4.1.2. EXTENDED INCLUSION DEPEM)ENCIES 

In this section we introduce a constraint on 
tableaux that will aid us in analyxing the chase of a 
tableau. We wlll 5st define the constraint and then 
present some results. 

Functional and inclusion dependencies are 
de5ed in terms of states. The semantic question of 
whether or not a state satistks these dependencies is 
replaced by a syntactic question on tableaux. Tableaux 
are used for testing satisfaction under a set of depen- 
dencies or for testing expression equivalence. When a 
tableau does not satisfy one of these dependencies it 
can be transformed by a chase-rule. In an id 
[R,,R,,Sl, S is de5ed such that SER,nR,. In 
tableaux though two rows may agree on any set SG U. 
Thus we define an ex&nde&inclusion dependenty (ex-id) 
[1pI ,R, ,Sl, in the same manner as id’s except that the 
only restriction on S is that SS U. A tableau T 
sad&es thii ex-id if for every row t, E T with tag R 
there is a row t, with tag R, such that t, [Sl= t/ [Sl. 
The chase-rule for ex-id’s, the ex-id-rule, is the obvi- 
ous extension of the id-rule. 

Ex-id’s would seem to have no obvious meaning 
on states since in an ex-id the set S need have no rela- 
tionship to the relation scheme H. We shall use them 
to increase our understanding of the chase process and 

in determining the properties of &apex(T). Bemuse of 
this all of the following discussion on ex-id’s will be in 
terms of tableaux. 

Our use for ex-id’s is to avoid chasing under 
fd’s. This is possible because ex-id’s, in terms of chasi 
ing a tableau under some set of fd’s and id’s, can Mill 
the role played by fd’s. 

Consider any id [RI,R2,Sl and any set of fd’s. 
For our purposes this id will be replaced by the ex-id 
[R1,R2,S+]. Given a set of fd’s and id’s I: we will 
refer to the associated set of ex-id’s as L’. Also, let 
d be the set of all the fd’s in 2.’ 

Example 3: Consider the database scheme {& , 5 

where R, = [ABC), Ri= (BCD) and R3 = (DE), gk 
constraints Z = ([RI,R~,BCI, [Rz,R~,DI, BC+E, 
D+C). 

The set of ex-id’s 4 then 
( [RI,R2,BCEl,[R2,R3,CDl), and chase,,UQ is 

A B C D E Tag 

=1 a2 =3 

=I a2 =3 h Am. 

=2 a3 bz h BCD 
=3 bz 63 DE 

n 

The following simple results describe the rela: 
tionship between fd’s, id’s and ex-id’s. 

Lemma 4: Let RI,RzEH and S S RlnRz., Let L: bc 
a set of fd’s. 

a) Eu(U?I,&,SI) HRr,R&l 

b) ([Rt,R2,S+I) HRt,R2,Sl. 
Roqf~ Both parts are trivial., l 

This shows that any tableau chased under fd’s 
and id’s L, will satisfy the set of associated ex-id’s P’. 
It also shows that a tableau chased under the set of 
ex-id’s Se, will satisfy the id’s in P. The next Lemma 
will show when the resulting tableau .will also satisfy 

the fd’s. 

Lem 5: Let Z, Xc, and d be defined as above. Let 
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T be any 5ite tableau that satisfies XJ. Then 
chase,,(T) E SAT&f/). 

R00fi-see Ll.’ l 

Therefore 

chasep(T) = chusetc chusezf(T) 
1 I 

. 

In other words, our reason for introducing ex-id’s is 
that once an initial tableau has been completely chased 
under fd’s then only the ex-id chase rule need .be 
applied to the tableau to complete the chase. 

4.2. THE CHASE AS A GRAPH 

Consider some tableau T. One of the most help- 
ful ways to view chaseZ(Tl is as a labeled directed 
graph. In our graphical representation of T each tuple 
t in T, except the summary row, will be associated 
with a unique node with label r and there will be no 
edges initially. Bather than referring to the tag R of 
the label of a node n we shall say that the node n has 
tag R. Whenever some id [R,,R,,Sl is applied to a 
tuple wj in T, thereby adding the tuple w, to T, then 
add a node with label w/ to G and an edge between the 
nodes with labels wi and w, where the edge is labeled 
with the set S. Let G be the graph representing some 
completed chase. G is a set of trees. 

Example 4: In Example 2 of this section two tableaux 
were presented. Both were members of chasez(TR,) 

(where RI was a relation scheme in the database 
scheme H). Below are the two graphs corresponding 
to these tableaux. 
Graph for P. 

1 <at,az,as,-,-,ABC> 
I 
IBC 

I 

2 <-,a2,a3,-$t,BCE> 
I 

IB 
I 
3 <-,a2,-,b2,-,BD> 

Graph for P. 

1 <=1,=2,=3,-,-,ABC? 
/ \ 

/B \ BC 
/ \ 

2 C-,a2,-,b,,-,BD> 5 <-,a2,a3,-,b&JE> 
/ 

/s 

/ 
3 <-,a2,b2,-,b3,BCE> 
I 
IBC 
I 

4 < b4,a2,b2,-,-,ABC> 

The following Lemma illustrates the important 
role played by fd’s in such graphs G. 

Lemma 6: I.& L be any set of fd’s and id’s Let T be 
some 5ite tableau. Let 1; be any tableau in 
chaser(T). Let G be the graph for r. Consider any 
two nodes in some tree in G. For any set of attributes 
A S U the projection onto the set A of the labels of 
two nodes will be the same iff on the path between the 
the nodes the closure of each edge label contains A. 

Roof: By induction on the number of dependencies 
applied. m 

Lemma 6 considers two nodes from any one tree 
in G. Although G is a forest, the property illustrated 
in the Lemma would obviously hold for any two nodes 
in G provided that there were appropriate edges 
between the root nodes of the trees. 

4.3. TESTING FD-ACYCLICITY 

In thii section we use the results of the previous 
two sections to provide a characterization of fd- 
acydicity. 

It has been shown that if ): is some set of fd’s 
and id’s and T some tableau then the chase of T under 
P can be defined, and although chasep(T) is not 
uniquely defined, any two tableaux in the set are 
equivalent. 

Before these results can be used, however, we 
present a result shown in &I, extending work done by 
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Graham and Mendelzon [GM]. 

This result displays the relationship between 
equivalent expressions and tagged tableaux when the 
constraints of interest are fd’s and id’s. (The original 
result was proven for the more general case of equality 
generating dependencies, tuple generating dependen- 
cies, and typed id’s.) 

Theorem 7: EsxE’ iff Tis T~I. 
Roofi See [Ll. H 

Using this theorem, Theorem 1 from this section 
can be expanded upon. 

Theorem 8: Let I: be a set of fd’s together with the 
id’s implied by painvise-consistency. A database 
scheme H is fd-acyclic iff 

QREH, QD E SAT(P), TR(TD) = JR(TD), 

iff 

QREH, T; = J;, 

iff 

Proof: The first equivalence is Theorem 1 of this sec- 
tion. The second equivalence follows from Theorem 7. 

To show the third equivalence notice that JR 
represents the join taken over all of the edges. Thus, 
for each attribute A there is a unique distinguished 
variable VA such that for any row w E JR with tag RI, if 
AcRI then wlA = v,,. So TR can be embedded into 
JR, and therefore into Ji, by a valuation which maps 
the summary of TR to the summary of Ji. Thus there 
is a containment mapping of TR into JR+. n 

The above Theorem provides a potential method 
of determining if a database scheme, H, is fd-acyclic; 
testing tableau containment for each relation scheme in 
H. The next result will show that containment only 
has to be tested for one of these relation schemes. 

Theorem 9: If 

3REH such that TR+EJR 

then 

QREH, T$GJR. 
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Roof: See Ll. n ‘> 

Corollary 10: A database scheme H is fd-acyclic iff 
there exists some relation scheme R in H for which 
there is a containment mapping of JR into TJ. 
Roofi By above. n 

Example 5: Let H be the database scheme previously 
considered in Example 1 of Section 2. Let the set of 
constraints be X =(B/C/D+A). JR, has been 

described in Example 1 of this section. We now 
present a subset of TR+, , 

A B C D 1 Ta8 

=1 02 I 

01 a2 AB 
a1 a2 bl Bc 

=1 bl bz CD 
a1 bz AD 

There is a trivial containment mapping of JR, into TRi. 

H is therefore fd-acyclic. H 

An immediate consequence of this result is that 
we need no longer distinguish between any of the 
edges in H, nor need we differentiate between dis- 
tinguished and non-distinguished variables, except in 
recognizing the root tuple in T$. Therefore the tableau 
JR will be referred to as J. 

5. TESTING TABLEAU CONTAINMENT 

As was shown above a databasewheme His fd- 
acyclic iff J can be embedded into some Ti by a con- 
tainment mapping. Since Ti contains an infinite 
number of rows ‘though, there may not exist an 
effective procedure for testing this condition. This 
problem is a specific example of the following question, 
“If Tl and T2 are two tableaux which represent select, 
project, join expressions, and if P is a set of id’s and 
fd’s, does .there exist an effective procedure to test if 
there is a containment mapping of Tt into 
chep(T2)?“, In this section we will show the 
existence of such a procedure and present it. 

D. S. Johnson and A. Klug In<1 have considered 
the related question of the existence of effective pro- 
cedures to test tableau containment under a set of 



“key-based” dependencies. Our problem differs from 
theirs in that they only considered key-based depen- 
dencies and they dealt with untyped id’s and locally 
satlsfylng fd’s. We however, are concerned with the 
chwe under- id’s and weakly satisfying M’s or 
equivalently, as has beqn shown above, the ohase 
under a set of ex-ld’s. As noted earlier the difference 
between an id and, an .ex-id is that in an id the attri- 
butes on which two a@ent nodes in the -graph may 
agreemustbecontai&inbothoftheassoc&ededges 
(the tags of the rows). An examination of the proofs 
of e resulta of Johnson and Klug shows however that 
this property of id’s was not used by them. Therefore 
the proofs, and the results, apply here. 

/ 

Given two tableaux, TI and T2, representing 
select, project, join expressions, Johnson and Klug 
showed that if there is a conkinment mapping from Tl 
into, chueep~T~), then there .$ll be one whose image is 
ccmteined,in the Bnitewdmt of &.rez(Tz) where eaoh 

node has level no greater than IC IiXlI(ZVz+ ljNz 
(where C ls the image of the eontahnnent mapping and 
Nz ls the maximum number of attributes involved in 
sn id in El. It ls lnterestlng to note that thii bound 
can be improved on considerably when only typed id’s 
(or ex-id’s) are considered. 

Johnson and Klug proved three Lemmas which 
they used to establish the result. We shall rephrase 
than in our context, lneluding the tighter depth bound. 

Let E ,be some select, project, join expression. 
Let T be the ,tableau associated >with E. Let L be ‘any 
set of’ex-id’s.’ We will follow the terminology of John- 
son and Klug in so far as we shall not distinguish 
between a tableau, T, and the graph oorrespondlng to 
T. 

Lemma 1: Suppose cl and cr are rows in chauz (T) 
such that cr ls in the subtree of cl Ohat is, in the tree 
whl&‘cimtains c2 in cbsez(T), the path ftom c2 to the 
node of level zero contains ct.1 Let the length of the 
path from cl to cr be L. Suppose further that c3 is a 
row in chusep(T) such that Tag(q) = Tug (c3. Sup- 
pose further that there ls a containment mapping from 
(cl) to chusez(T) that sends cl to ~3. ‘Ihen there is a 
containment mapping h of (ct,c2) to chusez(T) such 
that h (cl) = c3 and 

/t?wl(h Cc*)) < h?l(c,) + L 

Rog.6 DKI. w 

Lemme2:Letct,cr,andc~bcasinLemmal. Let l 

Nz be the maximum number of attributes involved tin 
one side of an ex-id from f. ‘I’ben there ls a oontain- 
ment mapping, ZI, from (ctrc2] to cZrfzsez(r? such that 
h (cl) = c3 and it satisflee 

levd(h(c2)) ( lewl(c3) + lZWz. 

w Two rows, c and c’, on the path from cl to cz 
will be said to be equi\lurlatt lf, they were added to the 
tableau by chase-rules based on the same ex-ld, 
[R‘,R’,Zl, and for every attribute AEZ, if ct[Al kcL41 
then q[A] = c’iA1. The im~rtancc of equlvale$ 
rows is that if the path from cl to cz, is lonocr ,than 
iX lNz then there must be two e+rivalent rows op,it. 

Fromthispointontheproofisasin UK].‘@ 
: 

imnma 3: If C is a set of rows in chusez~T)‘.tlq 
there is a containment mapping of C to chascz (T) that 
preserves the summary row of &sex(T) and sueh that 
no row in the image has level exceeding’ 

Theerem 4: Let I: be any set of fd’s and typed id’s. 
Lot T, and T2 be any two tableaux mpresenting select, 
project, join expressions. If there is. a eontalnmerlt 
mapping of T, into T2, thk there ia a containment 
mapping of T, into the &st ITtI&E I IV% kseda of Tz. 
prosf Let the swumed amtainmeat mappiao of Tt 
into T2be h,. Assumethatthemlssomerowoflevel 
greater than ITt IE I Nz in Irl(T& Let 12 be the map- 

ping which exists by Lemma 3. IIren*hz composed 
with ht ls the desired containment mapping. l 

CordIuy 5: There is an effective procedure to test for 
fd-aeydielty. 
RoqtQoosesome RE.H. Chase Tn toadepthd 
VIII2 W,. Test to see lf there is a containment map-. 
ping of J into thll partially chased tableau. * Bg 
Theorem 4, such a containment mapping will exist iff 
H is fd-acyclic. l 
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Johnson and Klug were able to show that under 
key-based dependencies query containment is the same 
over finite or infinite states. They were primarily con- 
cerned with determining the complexity of testing 
tableau containment under thii restrictive class of con- 
straints. Based on their work we can show the . 
corr&onding result for an arbitrary set of constraints 
co&sting of fd’s and typed id’s, however the result 
holds only over all countable states. 

T+em 6: Let 2: be a set of fd’s and typed id’s. ‘Ihe 
probIer& “Given select, project, join .expreasions E, 
E’, L EEzE’?” is in Np. 
Roqfz By the above, clzusez (TE) need only be chased 
to a depth which is bounded by a polynomial whichis a 
fktion of L. A nondeterministic polynomial time 
8lg&lthil for te$ing tableaux cOntainment is: 1) guess 
the image of TB~; 2) g&a enoqh of’ chasep(T~) to 
show that the guessed i&age is in chusez (Ts); 3) verify 
that there is a containment mapping from E’ to the 
guwsed image. n 

Johnson and Klug were interested in coniunctive 
queries. Although we are concerned with select, pro- 
ject, join expressions we note that’ the results of thii 
section extend to typed conjunctive queries. 

6. CONCLUSION AND OPEN PROBLEMS 
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- The notion of fd-acyclicity is, an attempt to 
exploit the preaenceu of functional. dependencies to 
ma& cyclic schemes behave like acyclic ones. 

At an application, conaider.query processing in u 
distributed database. Bernstein and Goodman Ml 
have ahown that semijoin tactica; which are useful in 
mMmizing data tram&&m c~sta, may be applied 
suwwsfully in the acyclic case. The property on which 
their results deperid is .that pairwise-comMency is 
equivalent to join~ency and this is the property 
we use to define fd-acychcity (Katsumo, [Kl, has taken 
a dimt approach to the same goal, based on an 
alternative characterization of acyclicity). If, on an fd- 
acyclic Amme, we cm ensure that the data satisflm 
the fd’s, this property wiKhold and thus. the scheme 
wlll be amenable to the~‘use of sen@in tactics for 
query proceasints. 

It must be noted that the need to maintain satis- 
faction of the fd’s after each update may entail addi- 

tional data transmission costs. However, these coats 
are already present if we wish to support fd’s. We 
might as Well take advantage Of this available infOm&* 

tion in query processing. Furthermore, research is ’ 
being done on database ad-runes for which local satis- :, 
faction of the fd?s guarantees satisfaction of the fd’s is ” 
a wholeDY,CMl. It will be interMing to examine. 
how this requirement interacts with M-acydicity. 

It is intriguing’tb examintour resulta, and th%acI’ 
of Johnson and Klug, in contraat to the limitations of 
the chase procedure ” poi&d out ‘by Goodm&‘and 
Shniwli [OSZI.“’ ‘Their gaper shows, among other 
things, that a finite ‘chase-like grocedure can not be” 
used to determine whether pairwise-con&tency iinpheS j ’ 
join-amsiatency. l%ia is because applying Ix&rise- 
consistency constraints to a tableau can ,be a non- 5 
terminating procezs. However, our work shows thatZ 
the (possibly infinite) rsgult of this proc& is wglI 
defhed and that only a fiaitc- portion IOf the CbuQ-.~ 
needs to be computed in order to test tableaux contaiu- . 
ment. This containment though ia over all counta&+ 
state% As a result we have ahown. that there, ia 8 
chase-like procedure to test if ‘&rwise-consistency 
implies join-consistency, although not over just the.., 
class of finite states. 

Therefore the main problem this paper leaves 
open is whether the finits and infinite versions. of fd-; 
acydicity are* the same over arbitrary d8tabaae schemes, 
Ibis is an instance of a more general question, whether 
the notion of query &tivale&$ur&er typed inclusi~ . 
depdencies and fd’s changes when we consider, ~&ly.,~ 
finite database states. -. 

In our .work, and the work of ~Katsumoi two 
characterizations of acyclicity have been used as a basis 
for the proper definition of fd-acyclicity. It would be 
interesting to consider still others, for+xample~,tbo ! 
existence of a join forest under satisfying states, with ” 
the goal of determinmg:which are equivalent. j_,. 
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