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In thii paper we pmvide emtimatea of the number of 

sequential end random block acceaaaa required for 

retrieving a number of records of a file when the diatri- 

bution of racorda in blocks of secondary storage is not 

uniform. We show how theme results apply to estimating 

sizes of joins and semi-joins. We prove that when the 

uniformity of placement assumption la not satisfied it 

often leads to peasimiatic eatimates of performance. 

BInally we show a recursive estimation of the probability 

distribution of the number of blocks containing a gi’van 

number of records. 

1. In-n 

In response to a query a number of blooks have to 

ba transferred from seoondery storage to main memory. 

Estimates of the number of blocks of secondary storage 

that have to be transferred in mein memory ere impor: 
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tant in physical data baas design (Dao77a], [Batmytll]. 

[Tsichritzis and Chriatodoulekiag3]), d&a baas ryatem 

performance evaluation (tSevtdkS~1, [Christo- 

doulekia81]), and query optimixation ([Schneiderman 

and Goodman76]. Cyao and DeJong7g]). In addition, the 

distribution of the number of bloaka oonteining a givan 

number of mcordm la important in the analyda ot p&or- 

mence of concurrency control ([Riears], [Potiar and 

LeblankgO]), and the eat&nation of rotational dal~m 

[Siler76]. Finally eatimatea of aiaea of joins aa mni- 

joins are eapecielly important in distributed quety 

optimization ([Kerachkrg et aLeO], [Bamrbin et ai. 

Ml). It is our thesis that date base aymtem perfor- 

mama analymia can .not be baaed OXI inaccurate eati- 

mater of these parameters. 

Estimates of there parameter8 are known for uni- 

form distributions. However, in aevdtal oac!aaiona,it L 

the case that distributionr are not unifarm. For axam- 

ple attribute value distributions in a given domain often. 

follow Zipf’a law (merschberg et aLgO], [Silsr 761). In 

the case of recorda placed in blocka of aeoondmy 

storage, several factors may contribute to non-uniform 

distributions of the records of a ffle over thp blocks of 

the aecondery storage. Some of theme ara clustering of 

different record typaa, variable m6ord lengths. insertion 

and deletion acttvity and 5le creation method (hashing 

for example). Finally. when text is placed in blocks of 

40 



parameters to include non-uniform distributions. Then 

we prove that in several occassions uniformity results to 

pessimistic estimates of these parameters. Finally we 

give iterative formulae for the calculation of the proba- 

bility distributions of the blocks containing a given 

number oi records. 

Let 4 be the number oi records in a block j d a file. 

Since we can see non-trivial words oi a text Ble as vari- 

able length records, the discussion ot this section 

applios to text dies as well. ,In this case 4 is the number 

oi distinct non-trivial words in the block j oi the text 

ffle. 

We assume in this section that C, is given for P(Aj) is function of the number 4 ot the reoo& br 

j=l. ’ * * M, where M,is the number of blocks ot the file. the flle in the block j. 

In an existing !ile this statistics can be extracted with a ThUS 

sequential scan oi the ffle. or by using a dense primary 

index. Let m be the maximum possible number of 

records per block (OS+ 5 mj= 1, . . * M). The maximum 

possible number oi records per block can be found from 

the smallest possible record size (in bytes), and the size 

ot a block (in bytes). Thus our model allows ior fixed 

and variable size records In a file, for files where the 

number of records per block is variable due to inaer- 

tions and deletions, for files where the number of 

records per block is variable due to the process that was 

used for creating the fUe’(hashing ior example) as well 

as tar the case that records trnrn more than one files 

are intermixed with records of the tile under considera- 

tion. 

We flrst examine a 7Lo7wreplacament model 

([Yao’7’7b], [Christodoulakiafll]). Consider a query Q for 

whidh k records of the flls qualify. We assume that aW 

selection oE k records from the n records of the illa tfao 

the same probability -!A where @ stands for the combi- 
ct 

nations of n objects taken k at a time. Let 4 be a ran- 

dom variable associated with a block j. Aj assumes the 

value 1 if the block contains any of the k records 

selected by 4. and 0 otherwise. The’riumber ol blocks 

randomly accessed to’r selecting the k recor&f&m the 
_. ,’ 

flle is I?,.= fz 4. The expected number oi random block 
j-1 -, 

accesses &. required for retrieving k qualiiying records 

from the flle is therefore 

where P(Xj = 1) rP(X,) is the probability that: block j o&i- 

tains any of the k records. 
1 

and 

where h is the number ot blocks in the, ffle whioh oon- 

tain exactly C records (,gO 4 = hf. ,ts &=a). 

Beth (1) and (2) reduce to Yao’s brrffula 

when the number oi recorda in every block is soMt@ 

and equal to b [Yaoll’?bl. 
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We provide an iterative formula for (2): 

set 

Then 

4-l cf - pi+, = - = 
n-k-( 

cf n4 4 

and 

Thus O(m) operations are needed to calculate 4. Simi- 

lar iteratiw evaluations can be given for the resulting 

-lured iOl-lIl formulae involving combinations 

throughout the paper. 

We consider next a retrieval with rsplacenumt 

model: records that are retrieved are placed back 

([CardenasTB]. [Christodoulaki951]). Another interpre- 

tation of this modal may be that .an ordered set of k 

possibly duplicate records is retrieved [CheunggZ]. In 

addition it provides a good appmximation of the non- 

repla,oement model when the number of records per 

blockis large [Yao77b]. The expected number of block 

accesses in this model when the number of records per 

block is not constant is 

When the number of record8 per block is constant (4) 

reduces to Cardena’s formula [Cardenas75]: 

$ = M(I-(l- i)“) (5) 

It can be shown that the expected number of random 

block accesses of the non-replacement model is greater 

or equal to the expected number of block accesses of 

the replacement model. Indeed: 

0 2.2L.e.. . . .?-4-k+l_(n-tl,, 
Cy= n n-1 n-k+1 n 

The result follows by comparing (2) and (4). The special 

case of uniform placement is discussed In [Yao77b]. 

sequentialAwe8ees 

In this section we estimate the expected block 
-. 

accesses for finding k records in sequentially accessed 

,lles ([Yao 77a], [$chneiderman and Coodman75]). ‘bet 

t = i* + be the total number of records in the drpt j 
t-=1 

blocks of the file. The probability that ezocty j blooks 

have to be examined sequentially in order to find all the 
;; 

k qualifying records is 

(e.g. all possible selections of k records from the j first 

blocks minus all possible selections of k records’ from 

the j -1 flrat blocks divided by the total’ number of selec- 

tions of k records). Thus the expected number of blocks 

a that need be accessed sequentially in order to 

retrieve the k qualifying recor& is 

or 

In the special case of uniform placement of exactly b 

records in each block, (5) raduces to Yao’s formula 

[Yao77a]: 

f! Y- c 1)) 
4=M- =*cr L .(7) 

Next we derive estimates of the sequential block 

accesses using the replaoement model. The probability 

that all k retrievals will be from the ilrst tr records is 

I I 
!L* 
n ’ Thus the expected sequential aocesses using the 
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or 

@I 

(9) 

& Again dnoe 4~ ($)g it follows that the expected 

aoceaues for the non-replacement model is greater or 

equal to the expected block accesses for the replace- 

ment model. 

When statistics of the dlstrlbutlon of the number of 

records par block &es not exist (is not maintained or 

the 5le doea not exist yet) it may be possible that it is 

&rived by knowing the process that creates the 5le. Let 

5, i=O,m describe the probability distribution of the 

number of records per block in the 5le. Then the 

aexpected random block accesses is given by: 

Let 4(t) be the probability that ln the 5rst j blocks of 

ths 5le exist exactly t records, q#(i) be the probability 

ithat the jth blook contains exactly 4 records given that 

the j 5rst blocks contain t records, and &(k) be the 

probability that exactly j blocks of the 5le need be 

examined sequentially in order to find all the k qualify- 

ing records given t and& Then 

where 

. 
h(k)= ‘-‘:’ 

q (12) 

sequential block accesses for retrieving k records. 

When various record types involving records of 

different lengths are intermixed the number of records 

per block will vary with serloua implications on system 

PrfOrmMce [Teorey and Das76], [Teorey and Ober- 

lander7fJl. The same will be true when the flle is formed 

from records of a single record type but the length of 

records fOhW9 a diatrifntion. In [Teorey and Ober- 

land,rW] it is shown how to estimate the probability 

distributions and the number of blocks M of a flle when 

the frequencies and the rises in bytes of the various 

recOrd ty@es involved dt8 ltn~wr~. THUS (lo), (11) and 

(12) can be directly applied in this envlmnment. Mimi- 

lar analysis can be done for a single record type but 

variable length records. 

Another environment where these distributions can 

be easily derived is a hashed 5le environment where 

each block is selected with the same probability (i) 

each time that a record is inserted. Assuming no 

overtlows, a binomial distribution may be used: 

PC = q@)’ (1- a)*-( 

where n is the number of records inserted in the 5le SO 

far. Similarly 

and 

In the followlng we will examine an environment 

where records of fixed size are randomly placed in the 

slots of the address apace of the ffle. This for example 

may model the record placement in blocks of a 5le after 

a large number of insertions and deletions. 

Given 4. P,(t) and e(i) equations (IO), (11) and (12) 

Y)M bs used for calculating the expected random and 
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The oddruss apace of a ffle is the ordered set 

A=(1,2. * . a N). A single element of A ls called &nsar 

tufhwe. Let nsN be the number of records in the flle. 

Aplacwn.tmt of the A records of the ille is a set of n dis- 

tinct linear addresses. .In a random ptacemsnt mods1 

the n records of the ble are randomly placed among the 

N linear addresses and each possible placement is 

equally probable. (We assume in this section fixed 

Iength records.) 

In this model the probability distribution Pt can be 

calculated as 

Thus 

(13) 

(14) 

For the sequential access case, we obtain 

and 

Thus 

ea 

-1 

Consider a flle of M=3 blocks each having m=2 

positions such that the size of the address apace of the 

5le is N=Pm=B. Let n=3 records be placed randomly 

in these 6 possible positions. bet k=2 records being 

selected. Using (13) and (14) we calculate PO= $, 

12 4 - _ 108 
PI= 20’ Ps= 20’ Thus k+- 80 These numberr nre 

verifled in figures (1) and (2) where all possible place- 

ments are shown. If a constant number of b =1 records 

existed in each block then using (3) we calculate 

&g. 

For the sequential access case using (IS), (16). and 

(17) we calculate P,(Z)=&. Pp(2)c~. p&3)3$-, 

P&)=1. Also q1*(2)=1, qss(l)=$ q&Z)= f q&l)= $, 

et&)= + Qsstl)= $-, q&2)= $.. mua j& g$* These 

numbers are verified in flgures (3) and (4). If a constant 

number b =1 of records exlsted in eaoh.blooh.then using 

(7) we calculate & = +. 

4. sbee of hu nna Llald-jeha 

Let R be a relation and A an attribute of R which 

takes values on an ordered finite domain of values 

D = (V,. * * - Vu). In this section we assume indepen- 

dence of attribute values of the attributes of a relation, 

The value utmfw bj = (tall - * * ,nB) is deflned suoh 

that n, is the number of tuptea in R which have value K 

for attribute A (d=l. . . * , M.Ea = n). The number of 
t=t 

tuples in the equi-join on an attribute A of two relationr 

VA = (nil - * . n’*) on attribute A is oaloulated as 

Si= E v’t 

[Kershberg et al.30]. If k’zd k’ records are selected 

from each of the relations before the join, then the 

expected size of the join can be easily show.1 to be 

s;T=x n(n’u E nn’,., 
tw 

When semi-joins are used ln the query evaluation 

method [Bernstein’et al 311, in order to choose a good 

query evaluation strategy it is important to have good 

estimates of the number of distiict values remaining in 
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Placements of 
n recbrds 

123 
124 
125 
125 
134 
135 
135 
145 
145 

, El 

Ei 
245 

Ei 
345 

z 
456 
- 

Total 
#=a0 possible 
placements 

N=B M=3 m=2 n=3 k=2 

# blocks with zero #blocks with 
records 1 record 

1 1 : 
1 1 
1 1 

il ii 

x x 
0 3 
1 1 

i i 
0 3 
0 3 
0 3 
1 1 
1 1 
1 1 
1 1 
1 1 

F,=S 20 

Random placement of n=Q records In N:Q locations. Expectid number of 
blocks with 0, 1, and 2 records. Fkobabilitire of blocks with 0, 1,2 records. 

,’ 

Placements o! 
n objects 

N=0 M=3 m=2 n=3 k=2 

Selections of k=2 Blocks tran#ered 
objects for each placement ‘for each selection 

123 
124 
125 
125 
134 
135 
136 
145 
145 
155 

E’ 

iii 

iti 

E-i 

z 

12 13 23 1+2+2 
12 14 24 1+2+2 
12 15 25 1+2+2 
12 1526 1+2+2 
13 1434 2i2* 1 
13 15 35 24242 
13 16 35 2+2+2 
14 15 45 2+2+2 
14 16 46 2+2+2 
15 16 56 2+2+1 
232434 2+2+1 
232535 2+2+2 
232530 2+2+2 
242545 2+2+2 
242645 2+2+2 
252055 2+2+ i 
343545 1+2+2 
343545 1+2*2 
353050 2+2+1 
464050 2+2+1 

Total C#=20 placements c$Q=so aeleotlons 

4??? 
Selbtion of k=2 reiords from the n=3 records of the ffle. Average mare&w of 
blagm selected, 
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IV=6 M=S m=2 n=S k=2 

Random plac. j=l j=2 j’s 
of n objetits mm. of I m&r, 1 me. 1 L=2;” . a 

123 
124 
126 
128 
134 
1x5 
136 
1% 
146 

i?E 

E 

iii 

E 
3% 

iii 
- 

Total 20 f3(“lr& PdO)=O Pa(O)=0 qp(O/2)=* q&/3)=$ qa(O/3)=$ 

Pdlj=g Pdl)=&Pa(l)=O gs(l/2)=% ge(2/2)=$ qa(1/2)=g 

a(2)=& Pm=% ps(2)=0 &i/2)=& QaW S)= &- 

PdS)=gj- pa(S)=1 

Frobablltty dtstributions used in the estimation of the sequential access 
aaae. 

the joining domain as well as good estimatea of the 

tuples remaining in a mlation after a semi-join is per- 

formed [Bematein et al.211. By semi-join R’[A=A>R we 

meen the join of R’ and R on attribute A followed by the 

projection on the attributer of R. It can be performed 

by sending the distinct valuea R’A of R’ in A to the sites 

containing R and eliminating there tupler of R wl&?h do 

not contain a value in R’A. 

The valw probability vector F# = (Pa. - * * .Pn) aa ita 

name indicatea provides en estimate of the probabflity 

that a given value in the joining domain ir non-zero at 

any point of the query evaluation procese. It is oreated 

and maintained as follo~a: 

t)rd~on: If%4 then P,=0 she Pi=1 

C@d&: 

geleotions or semi-joins on other attributer of R 

such that k reaords remain in R: 

P, = 1A2 
cy 

(19) 

projecttons on A or rupsrsets of A do not af!ect Pa 

aelection on A of the form A=‘&‘, A+‘&‘. AS’%‘, 

A<>‘fi’ ret &=O for the componantr of Hwhich do 

not quali@. 

rend-join R’[A=A>R with another relation R with 

probability vector fl (Pi, * * - ,Pp’) producer a new 
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Random placement 
of n objecb 

123 
124 
125 
123 
134 
135 
196 
1% 
1% 
166 

E’ 
230 
E 
266 
3% 
3% 
366 
450 
- 

Total 

c;C=20 placements 

J&w@4 
Sgmdal access: 

N=B iv=3 m=2 n=S k=2 

Selectfons of Rob of exactly BhnAm transferred 
k=2 objects j blocka needed fti each selection 

12 13 23 
12 1424 
12 1s 26 
12 13.26 
13 14 34 
13 15 35 
13 16 36 
14 15 45 
14 18 48 

.161656 
238434 
2326.36 
232830 
2425% 
242643 
262658 
343545 
343043 
353850 
%%50’ 
-- 

Total 

f$Q=60 selection8 

P(2/3,1,2)=! 1+2+2 
1+2+2 
1+3+3 
1+3+3 
2+2+2 
2+3+3 
%+3+3 
2+3+3 
2+3+3 

P(2/2,1;2)=9 3+3+3 
2+2+2 
2+3+3 
2+3+3 
2+3+3 
2+3+3 
3+3+3 

P(2/ 2,&2)= + 2+3+3 
2+3+3 
3+3+3 
M3+3 

%le&ion of k =2 recorda from n=S recorda of the ffle. Average number of 
block3 tfaqsterfeb 

vector 

OpR (PIP,‘, * * * .PnPn’) 

The expected number of dirtinct vafuea remaining 

in the joining domain A after a Berni-join (or join) ia 

4= it 44’ 
S-1 

The expeoted number of tuplea of R l~naini@ after 

a semi-join (or join) ia 

k n,= ;; E 4% 
4=1 

where k ir the number of records belated from selec- 

tions or semi-joinn on other domains. 

Figure 5 &own an example. The distribution of the 

number of tuplus of three relation8 RI,Ra and RI on a 

common domah D are shown. We asrume for this exam- 

ple a query evaluation strategy which performs a selec- 

. . 
tion on RI (for w&h 3 reoorde quahfy) followed by a 

semi-join RIIA=A>Rg followed by a wmi-join 

Ro[A=A>Rp The estimated number of dirtlnot valuer 

and semi-join rizes are ahown in the ilgure for two 

different waya of estimating JotiriSaw. ” ’ 

We noti here thai’in kde; tO’redUOe the nUlIlbOi~ d 

calcul&nr requhd, aUribu6 .@uer in a j&G 

domain can be grouped into claaree eo that the 

member8 of each olasr have approximately the came 

number of recoidr per value. ’ 

In this me&on we oompare didsrsnf pbetie& d 

a number of objepta in .a .pumty,of buchek end me draw 

rome concluriow fpr the e,rpeptyd block,,tycarea and 

semi-join nine@ in a data bane environment. 
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valuer 

values 

Vl 
h 
h 

Dktrlbution of tuplrB per value in domain A. 
4 % % 

100 100 1 

A 1 1 ii 

EBtimated sizer with uniformity and independence 

Probabllity Probablllty probability 
after relectlon 

18/30 
efte;8~3~-join afte;8~3~-join 

18/30 18/30 18/30 
lW30 18/30 10/30 

Tota! j of values Total # of values-l.8 Total # of valueB=1.8 
Bin of Beml-join 

=#*102 
=M 

ak.e of semi-join 

+01~380 

EBtimated sizes using probability vector 

prob. after prob. after 
Belection nmbjoin 

Prob. after 
remkjoln 

1 
41101 
0 

1 
4001 
0 

1 
41101 
0 

Total/of 
value6 = 9 

Total#of 
value3 =g 

Tohl#of 
l?&ga =106 

Bke of ~emi-join = 100.4 See of Bela-join = 5 

k=S records are selected from RI then the semi-joins with Ra and Ra.are per 
farmed. 
m different ways of sstimating eelectlvltbB in semi-joins ere indicated. 

Ikdnitlon: A veotor l =(aI. - . * ,a~) with apap - * * zsm ia 

said to majorlee a vector b=(bl,bB, * . m .bB) with 

+bp;rr * * * abn if hi4 b( for k=l to M-l and 
t-1 i=1 

Intuitively if a vector a majorizes another vector h 

then the components of a deviate more from uniformity 

than the componenta of h In the following cq and bs will 

be non-negative integers for all 4. 

llmamm Let a=(al.. e*an) and b=(bI.***bp) be two 

vectorr eatiBfying the property that q’s and ba’r are 

nonnegatim integers and when the oomponente of a and 

b are rearranged such that a$a+. . . ru+O and 

blabs * * * *b&c0 then a majorizes b Let e(x) be the. 

cant function (1). where x is an M-dimensional vector. 

men &.(a)r&(b). 

we first obrerve that given a vector d we CM Per- 

mute itr componentr without atlacting q(d). Thus 

without loee of genemIity we wlh aarume that the given 

vectors a and b are such that allalp.. e an and 

b Iabe * * * hby. Let a and b satisfy a majoriBes b. The 

diatanoe Ila-q{ of the two vectors is’ dedned to be Ila-b(l 
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1 ,$ I4 -Wcl=ZrI where 1 is non-negative ihteger. 

The following inequality holde for nlmlkal. 

t,g+cprcp+cp-1 @a 
Imimed 

-k 

n+1-h+1. m-b+1 n+ 
kl 

t 

(0 + k 

kl 
for nams?k*i 

Wu,form eucoeselve vectors &hdl. * - ~631 M foi- 

lowe: if a-(4+, * * * 9) for k =&C-l, then 

&+lI(~p, . . , ,#‘) ir formed from do, by &area&g by 

one a component with index p of 6’ whioh e&iedee $x+ 

end lncreaeing by one a component q of & which 

ratieller *<s, end then rearranging the components 

mch that (f+U#*l - - . **‘. The foilawing teiatione 

hold: 

I l&l - all =,fl lq”-q I=2 
. 

lb-~t’ll =,~llrrr-r)t’i=,~llq-4)1-e. lb-d) 11-2, I . 
a majorizee de1 majori*eB & majorifbr b 

and 

(using aZh 
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We wiIi next show that a ei@ler reeult hoMe fat the 

nonreplaoement model. 

Ikibpitlon: A function of n reel variabler iB called Sahur 

concave if for every pair qj. (S*tM E - & l 0 

~@&xf): If t is a Sabur aonaave iunotio)l and l 

majorisee b then 1 (al (b). 

prad: ~ec for exemple [Merehell end Olkib rg]. 

A function which is known to be Schur concave ie 

the entropy function of a probablilty dietrlbution. 

W Let a=(u,, * * -, .an) end +(b 1, * * * bn) be twu 

veatora eat&tying the property that a(‘8 and &‘a ere non 

negative integers end when the componehte of a and b 

are rearrangsd such that alas8 * * -rap end 

b +S, . - + z6p than A majttree k Let 4(x) be de ‘coat 

function (4), whdre x ir an P dlmaneiorinl vector. Thdn 

4(3@%(b). 

Roak Without. lose of generality we aeeume that the 

,glven veatorll I end b are such that also+ * * . *an end 

b +b# * * * sbp. The function 

ie Schur concave 

beoauee: 

= i(Q -f#) &,~-1 -(l 
I 

- p-l] % 0 

Thus if a majoriree bthen &(a) % R(b). 

The following eet of corollariee are direat appliaa- 

tlone of the above theorems to the pioblem of ertimat- 

ing the number of ranbm Moak aaaewee fo~ retrieviqg 

k gtcords. They apply toi both the n+-replacement and 

the replaaement model. 

w: Let l =(al, - - * an) end k(bi, -.. - bg) be two 

vectors deraribing two placement8 of the n tuplee of a 

relation in II blooke of eeoondnry storage. WlQout loem 

of generality ta$ue * * * aan end b p * * - %bm. Let a and 

b be such that a majorizee &. Then the expected 

number M blocke aonteining k dirtinat recorda in ‘pltics- 

ment a is lees or equnl to the expected number of bh~cke 

aontaining k dietinat raaarde in plaaement b 



In the iimiting asle that lr pOBBibie to piace the 

reaordm uniformly in the blocks of the llie. the following 

aoroiiery hoi&. - 

comhrJ18: Pkom ail posdble placementr of n recordt in 

Y blooh of ~eaondary dorpge a uniform one will result 

to a maximum expeated number of blook aooe8eee for 

t-mlqmiy tbtrlbvir~# k racor@~ from thh ffle. (Uniform 

her* mean4 that g$thpr b or b+i rucarda ate pkcbd ih 

eaoh Mock.) 

corolLrJ3: From ell uniform plaeemente of n recorde in 

mmondary mtorage the one that utilizes the least 

number of bioah wlII rerdt to a mihlmum expected 

number of random blook aaceeeee, and viae verea. 

The above theorems aan aleo be used to provide 

upper end lower approtiatione of the expected number 

of random bbak awessea when the maximum end 

minimum number of records in blocka of the ffle is 

known (in addition to the number of blocka and the 

number of recorda of the llle). An upper approximation 

will be one that ir derived aemuning a uniform dirtribu- 

tl~h of thb reoorda among thb blwh Of the ills. A lower 

approximation wliI be one which is derived by adslltiit~g 

a distribution which followe the conrtraine of the mex- 

imum end minimum reaorde per block, and eleo major- 
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lees sny other dietribution. 

‘!he folfodng corollaries are appliaatlonr of the 

above theorema to the problem of ecltimating the 

expected number of distinct values remdning in an 

attribute efter a reelection of a rubset ot the reo0rdn of a 

ffle. 

OedWyk Let a=(q,*** ,a~) end b = (bl, * * 4 bn) be 

two vectors dticriblng two disfributionll of n-tuplw over 

the Y diatin& vnluee 6f an attribute A. Without losi of 

generality a+~ - - . ran and b+bs * -.* *bp. Let a 

and b be euah that a meJorlzee b. aad¶et S(a) end S(b) 

be the expe&eC number of di#thkVdUOB d A‘remain- 

ing after the eeleation of ken tuplee (rerpectively). 

Then S(a)rS(b). 

Comliary6: Let n=(n,. - - . ,nq), be a vector deearibing 

the distribution of the attribute values of the tupleq of a 

relation on the domain of valuer of an attribute A. Let k 

tuples be randomly relected from the file: F’rom all pos- 

sible distributions n the uniform,dlatribution will result 

to a maximum expected number of dirtinct valuer found, 

in the attribute A of the k selected tupler. 

In this aeetion we showhow to wtimate the proba- 

bility that sea&& P blocka contain a set of k dletinct 

records A block m is deflned by the number of 

.recorde that awlat in a block at a poSnC in time. Let c ‘be 

%he number of different block types and n=(nl, * *** tt,,) 

with n,>ng> * * * >n, be the type characteriet(c us&r, 

where n, is the number of records in a block of type i. 

Let l=(L*. * * ’ ,4) be the dirtribution of blocks of a file 

over the block types (e-g. there are I1 blocks containing 

nl records each, . . . 1, blocb containing n, record9 

each). A blec~‘eeZeot&m v&m i=(&, * ; * A,,) hae cop 

ponents which represent the number of bloch from 

each block type examinea at d point in time. (Com- 

ponent 4 corresponds to the type containning TQ 

records per biti.) 

Condder p @en blocb with distribution 

P&l, ' * - *6) over the types of blocks (I iI = ,$ S, =‘pi. 

The number of distinct Wayne that dL the p blocka are 

retrieved with the selection of k distinct recoidr f&n 

the p blocka CM be computed recurdrsly aa 



1= (2, 2) 

II= (2,l) , n =2%+1*2=8 

k=3 

Possible selection 
of k =3 records 

123 
124 
125 
128 
134 
136 
130 
146 

P=2 
V 
V 
V 
V 
V 

V 

V 
V 

P=# 

V 
V 
V 
V 

V 

V 
V 

V 
V 
V 

V 

V 

Calculation 

Q(2) = 
c~cp4+c,pcpl 8 

Cl 
=- 

20 

1=(2,1) F=C#-C&t*4-CfCf*1=4 

i=(1,2) F=C#-C{Cf*1=2 

Qa= CkCf4+CiW =x 

c9 20 

total=2 total=12 
Q(P=2)=& Q(P=s)=g 

Example of calculation o! distributions in the non-replacement model. 

F(Ln,k) = 

with boundary condition for i=(O. 0 * * ,O) F(tnk)=O. 

Tt.e probability that exactly p blocks are selected 

when k records are retrieved without replacement from 

all the blocks of the ffle is 

In the special case where there is only one block type 

(constant number of C records per block) we have: c ~1. 

n=(M) and l=(M), where Ai in the number of blocb in 

the 518. Then 

F(p,b:k).= C+F(Lb,k)q 

Thia result appeam in &anger and Shum82]. 

IlieilnttioM!ortlw~mocbl 

Consider p given blooka with distribution 

l=(h * ’ * ,ir ) over the types of blooka (jtIil=p). The 
I 

number of distinct porsible outcomer- ia (jtIq%)L. 
I 

Some of these outdomea will be from a proper luberet of 

the p blocks. The number of porrible outcomes that 

touch all p blooka h bomputsd recursively as 

with boundary condition for i=(O.O. * * * 0) F(tpk)=O. 
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l=(l,l) 

n=(2,1) n=2*1+1*1=3 

Poesible outcomes P=l P=2 

total 3==27 total 9 total 18 
P(1)=& P(Z)= g 

111 
112 
113 
121 

122 

123 
131 
132 
133 
211 
212 

213 

E 
223 
231 

Ei 
311 
312 
313 

z 
323 

iii 
333 - 

V 

V 
V 
V 
f 

V 

V 
V 
V 
V 
V 
V 
V 
V 
v * 
V 
V 
V 

Calculation 

i=( 1,O) F=@=8 

i=(O,l) F=l’=l 

i=(U) F=35-6-1=1e 

Rgure 7tiample of calculation of distributions in the replacement model. 

The probabtlity that exactly p distinct blocks are 

selected when k records are retrieved with replacement 

i8 

fn the rpeoial case of a con&ant number of records 

per block thin calculation becomea 

Q(p)= w 

with 

‘1. - 

In this paper we have derived e&imater for aomu 

important parameters in data bane performance evalua- 

tion when the distributiona of object8 into bucket8 are 

not uniform. Parallel researoh activity in thin area is 

directed towards more accurate estimates of the size of 

projections (‘LCefenbe~ end Cardy82]. [Me&e, and 

CardyBS]). more accurate estimates of join sfzes 

([Kerschberg et al.803. [Roaenthal81]), mom accurate 

eatimatea of record selectivitiea in the prerence of non- 

uniformity end correlations of attribute value8 [Christo- 

doulakia83], more accurate estimate8 of block transfer8 
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when the probabilities of records to be acceaaed are not 

uniform ([Eehorian et al.831, [Christodoulakia81]) and 

estimates of the number of blocks containing a number 

of qualifying records [Langer and Shum82]. 

We have shown in this paper that the assumption of 

uniform placement in certain caaea results to pesaimis- 

tic estimates.’ This result complements previous results 

([Chriatodoulalds81]. [Christodoulakib82]) indicating 

that uniformity and independence of attribute values, as 

well as uniformity of probabilities of records to be 

acceaaed are also often pessimistic assumptions. 

Understanding the implications of vdtit~~~ aasumptiunb 

ma& is an important issue in modeling the data base 

ayatem performanoe. 
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