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Abstract

In this paper we provide estimates of the number of
sequential and random block accesses required - for
ret!:leving a number of records of a flle when the distri-
butibn of records in blocks of secondary storage is not
uniform. We show how these results apply to estimating
ﬁzes of joins and semi-joins. We prove that when the
uniformity of placement assumption is not satisfied it
often leads to peglimiltic estimates of performance.
Finally we show a recursive estimation of the probability
distribution of the number of blocks containi.ng & given

number of records.

1. Introduction

In response to & query a number of blocks have to
be transferred from secondary storage to main memory.
Estimates of the number of blocks of secondary storage

that have to be transferred in main memory are impor-'-
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tant in physical data base design ([Yao?77a], [Batory81],
[Tsichritzis and Christodoulakis83]), data base system
performance  evaluation  ([Seveik8i],  [Christo-
doutakis81]), and query optimization ([Schneiderman
and Goodman?76], [Yao and DeJong?8]). In addition, the
ﬁstﬁbution of the number of blocks containing a given
number of records is important in the qpnlydl of perfor-
mance of concurrency control ([ﬂu”]. [Potier and
Leblank80]), nnd the estimation of rotatioﬁa!» delays
[Siler78]. Finally estimates of sizes of joins and umi-
joins are especially important in distributed duery
optimization ([Kerschberg et al.80], [Bernstein et al.
81]). It is our thesis that data base sMem pertqr-
mance analysis can not be based on inn‘ccuz"ah;w eﬂ-

mates of these parameters.

Estimates of these parametqrs are known for uni-
form distributions. However, in several occasions it is
the case that distributions are not uniform. For‘exu_n-
ple attribute value distributions in a given domain often.
follow Zipf's law ([Kerschberg et 91.80]. (Siler 76]). In
the case of records placed in blocks of secondary
storage, several factors may contribute to non-uniform
distributions of the records of a file o§er the blocks of
the secondary storage. Some of these are clustering of
different record types, variable record lengths, insertion
and deletion activity and file ci-eation method (hashing
for example). Finally, when text is placed in blocks of



secondary storage the number of distinct non-trivial
words [Tsichritzis and Christodoulakisi3] varies among

blocks of secondary storage.

In this paper we generalize several existing theoret-
ical results for estimating expected values of these
parameters to include non-uniform distributions. Then
we prove that in several occassions uniformity results to
pessimistic estimates of these parameters. Finally we
give iterative formulae for the calculation of the proba-
bility distributions of the blocks containing a given

number of records.

2. Hlock Transfers for Given Placement

Let 4, be the number of records in & block j of a file.
Since we can see non-trivial words of a text file as vari-
abl§ length records, the discussion of this section
applies to text files as well. In this case i; is the number
of distinct non-trivial words in the block j of the text

file.
We assume in this section that i; is given for

=t -

In an existing flle this statistics can be extracted with a

- M, where M is the number of blocks of the file.

sequential scan of the flle, or by using a dense primary
index. lLet m be the maximum possible number of
records per block (0si; s m,j=1, - - - #). The maximum
possible number of records per block can be found from
the smallest possible record size (in bytes), and the size
of Q block (in bytes). Thus our model allows for fixed
and variable size records in a file, for flles where the
number of records per block is variable due to inser-
tions and -deletions, for flles where the number of
records per block is variable due to the process that was
used for creating the file (hashing for example) as well
as for the case that records from more than one files

are intermixed with records of the flle under considera-

tion.
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Random Accesses

We first examine a mnon-replacement model

([Yao77b], [ChristodoulakisB81]). Consider a query @ for
which & records of the file qualify. We assume that any

selection of & records from the n records of the file sy

the same probability -c—lz‘- where C§ stands for the combi-

nations of n objects taken k& at a time. Let X; be a ran-
dom variable associated with a block j. X; assumes the
value 1 if the block contains any of the k records
selected by @, and 0 otherwise. The number of blocks

randomly accessed for selscting the k'ﬂrecord;'fz‘ﬁofm the

file 1s B,= )" )Q 'I'he expeetad number ot random block

i=1
accesses E,. required for retrieving k qualifying records

from the flle is therefore

B=3%=%Px=)

'l i=1 . .
where P(X;=1)=P(X;) is the probability that block j con-
tains any of the k records. . -

P(X;) is function of the number i of the records of

the file in the block j

Thus

PG =1- B
and ‘ . ,

—4(’

B =,g (- C:cz' ) W

or
-4
5=2u a-Eoy @

where [ is the number of blocks in the flle which con-
tain exactly i records (ﬂ L =M, 2 il =n).
i=0 =0
Both (1) and (2) reduce to Yao's formula
. q._.

=M~

when the number of records in every block is constant

(3)

and equal to b [Yao77b].



We provide an iterative formula for (2):

Set
Q- cp
Rz 22—, Fp=—=1
L
Then
-4-1
- -
n+l=crq =nn_i‘ﬂ
and
R=M§¥n

Thus O(m ) operations are needed to calculate B,. Simi-
lar iterative evaluations can be given for the resulting
formulae combinations

~losed form involving

througi:out the paper.

We consider next a retrieval with raplacement
model: records that are retrieved are placed back
([Cardenas?5], [ChristodoulakisB1]). Another interpre-
tation of this model maey be that an ordered set of &
possibly duplicate records is retrieved [Cheung82]. In
addition it provides a good approximation of the non-
replacement model when the number of records per
block is large [Yao77b]. The expected number of block
accesses in this model when the number of records per

block is not constant is

B = $0-0- 1)
I=l

B = § (-0~ bw) ()

i=0
When the number of records per block is constant (4)

reduces to Cardena’s formula [Cardenas?5]:

1
B, = M(1-(1- ) )
It can be shown that the expected number of random
block accesses of the non-replacement model is greater

or equal to the expected number of block accesses of

the replacement modsl. Indeed:
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Cf-" _ n—i,‘n—*t,-]:_."
. - n-1

cp n
The result follows by comparing (2) and (4). The special

.n—i.,—k+ls(n;t, ). ‘

n-k+1

case of uniform placement is discussed in [Yao77b].

Sequential Accesses

In this section we estimate tﬁe eipecte‘d bllock

accesses for finding & records in sequentially accessed

Jlles ([Yao 77a], [Schneiderman and Goodman?78]). Let

t = éi,. be the total number of records in the first j

r=1

blocks of the file. The probability that ezactly § blocks

‘have to be examined sequentially in order to find all the

k qualifying records is

c - C:!—t
@
{e.g. all possible selections of k records from the j first

95 =

blocks minus all possible selections of k& rescords frem
the j—1 first blocks divided by the total number of seléc-.
tions of k records). Thus the expected number of blocks

B, that need be accessed sequentially in order to

retrieve the k qualifying records is

c,?-c,f!-*

s

@

B=%4

J=1

$ c-

B=m-_— (8)

o "

In the special case of uniform placement of exvactly.b
records in each block, (5) reduces to Yao's formula

[Yao??i]:
$ -
B =HM- ’ﬂ'q.— _

Next we derive estimates: of the sequential bloek

Y]

accesses using the replacernent model. The probability

that all k& retrievals will be from the first £; records is

3
t
[—i—] . Thus the expected sequential accesses using the



replacement model is
t 1 [ !
n-folef -] e
or
Ek“;)'
l'_‘_.__ (9)

B=M-
c{"

Again since -a.—s ( !’{-)' it followa that the expected

accesses for the non-replacement model is greater or
equal to the expected block accesses for the replace-

ment modsl,

3. Block Tranafers when Placement is not Known

When statistics of the distribution of the number of

records per block does not exist (is not maintained or

the file does not exist yet) it may be possible that it is

derived by knowing the process that creates the flle. Let
FP,, 1=0,m describe the probability distribution of the

number of records per block in the file. Then the
expected random block accesses is given by:
B=up-5pE (10)
t=0

Let P;(t) be the probability that in the first § blocks of
the file exist exactly ¢ records, gy (1) be the probability
that the jth block contains exactly 1 records given that
the j first blocks cont;ain t records, and Ry(k) be the
probability that exactly § blocks of the file need be
Qnmined ;equentially in order to find all the k& qualify-

ing records given ¢ and {. Then

B=310 A0 @ at) (1)
f=1° ¢m in1
where
Aute) = 25 (12)

Given P, Py(t) and gu(i) equations (10), (11) and (12)

can be used for calculating the expected random and
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sequential block accesses for retrieving & records.

When various record types involving records of
different lengths are intermixed the number of records
per block will vary with serious implications on system
performance [Teorey and .Daa76]. {Teorey and Ober-
lander?8]. The same will be true when the file is formed
from records of a single record type but the length of

records follows a distribution. In [Teorey and Ober-

land.r78] it is shown how to estimate the probability

the frequencies and the sizes in bytes of the various
record types invélved dare known. Thus (10), (11), and
(12) can be directly applied in this environment. Simi-
iar analysis can be done for a single record type but
variable length records.

Another environment where these distributions can

be easily: derived is a hashed flle environment where
each block is selectsd with the same probability (-}17)

each time that a record is inserted. Assuming no
overflows, a binomial distribution may be usead:
- L ] - _1_ n
P =P H) (1 M)
where n is the number of records inserted in the file so
far. Similarly
 v¢ (1 — -t
Aty = o (4 (-
and
1y
gu(t) = d‘(;) (1-

In the following we will examine an environment

Lyet
j)

where records of fixed size are randomly placed in the

slots of the address space of the flle. This for example

mdy model the record placement in blocks of a file after

a large number of insertions and deletions.



A Random Placement Model

The address space of a flle is the ordered set

A=(1,2,- - “N). A single element of A s called near
v address. Let n<N be the number of records in the flle.
A piﬁééﬁwﬁf of the n rec
tinct linear addressea; In a random placement modsl

the n records of the file are randomly placed among the

N linear addresses and each possible placement is

In this model the probability distribution £; can be

calculated as

N
P‘ = g‘-—c%‘q:‘ (13)
Thus
_uh-pogr, et
Beup-f gy
For the sequential access case we obtain
A= L C‘fﬂ,,"—'(" (15)
and
J-1)m
ant) = 558 (16)
Thus
B = (17)

1‘5 l’ » " rm § o cltrm (gt - )
In % t=k t=1

a¥er
Ex«ample 1

Consider a file of jl=3 blocks each having m =2

positions such that the size of the address space of the

file is N=M*m =6. Let n=3 records be placed randomly

Let k=2 records being

A
20"

in these 8 possible positions.

selected. Using (13) and (14) we calculate P,=
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Py Thus E,=1—8%8-. These numbers are

Pi=Z, P=.
verified in figures (1) and (2) where all possible place-
ments are shown. If a constant number of d =1 records
existed in each block then using (3) we calculate

= _120
E=%"

For the sequential access case using (15), {18), and

(17) we calculate P‘(2)=-2%' Pg(Z)-'-%. Pg(3)=-2%.

Py(3)=1. Also g,3(2)=1, ggs(1)= %- 7es(2)= % gea(1)= é—.
1 12 4 5 _ 152

Tus(@)= 5. Tss(1)= 3 ga(2)= - Thus =222, These

numbers are verified in figures (3) and (4). If a constant

number b=1 of records existed in sach block then using

(7) we calculate B,= %

4. Sizes of Joins and Semi-joins

Let R be a relation and A an attribute of R which

takes values on an ordered flnite dqmnin of values

D=(Vy, - Vg) In this section we assume inde;;en-

dence of attribute values of the attributes of a relation,

The value vector V4 = (n,, - - .ng) is defined such

that ny is the number of tuples in R which have value ¥

for attribute 4 (i=1,--. .Il.ﬂm =n). The number of
ist .
tuples in the equi-join on an attribute A of two relations

Va=(n'y - n'g)onattribute 4 is calpulated as

SJ = ﬁmn"
 i=mt .

[Kershberg et al.80]. If £ and k' records are selected

from each of the relations before the join, then the

expected size of the join can be easily showa to be '

sr= R (18)

nn (=
When semi-joins are used in the query evaluation
method [Bernstein-et al 81}, in order to chobse a good
query evaluation strategy it is important to have good

estimates of the number of distinct values remaining in



N=8 M=3 m=2 n=3 k=2

Placements of # blocks with zero # blocks with # blocks with
n records _records irecord 2 records
123 1 1 1
124 1 1 1
125 1 1 1
126 1 1 1
134 1 1 1
135 0 3 0
138 0 3 0
145 0 3 0
148 0 3 0
156 1 1 1
234 1 1 1
235 0 3 0
238 0 3 0
245 0 3 0
248 0 3 0
268 1 1 1
345 1 1 1
348 1 1 1
358 1 1 1
456 1 1 1
Total 12 38 12
C¥=20 possible L= % Ii= 0 = 35
placements
vy 212 s
P35 =20 i
Figure 1

Random placement of n=3 records in N=8 locations. Expected number of
blocks with 0, 1, and 2 records. Probabilities of blocks with 0, 1, 2 records.

N=8 M=3 m=2 n=3 k=2

Placements of Selections of £=2 Blocks transfered
n objects objects for each placement - for each selection
123 121323 14242
124 121424 1+2+2
125 121625 1+2+2
126 1216286 ' 148+2
134 131434 2+2+1
135 131536 242+2
138 131638 2+2+2
145 1415 45 2+2+2
148 14 18 468 © 242+2
166 1516 56 2+2+1
234 232434 2+2+1
235 2325356 2+2+2
238 2328 36 2+2+2
245 24 26 45 2+2+2
248 2426 46 2+2+2
256 26 26 68 24241
346 343545 14242
346 ‘ 3438 46 1+2+2
356 : 35 36 56 2+2+1
456 ~ 45 48 66 2+2+1
Total C¥=20 placements GY*CP=60 selections Totm;b%oe
=pB=22
680

Rgure 2
Selection of k=2 records from the n=3 records of the file. Averue numhnr of
blocks selected.

45



N=6 M=3 m=2 n=3 k=2

Random plac. j=1 j=2 j=3 J=Ri=2 j=2.,l=3 =3,1=3
of n objects  Distr. of ! Distr,! Distr.! Distr. Iy ‘]')mr Iy {)lst.'r. ly
1238 2 3 a - 1 0
124 2 a 3 - 1 0
125 2 2 4 [ - 1
128 2 2 3 0 - 1
134 1 3 3 - 2 0
135 1 2 3 1 - 1
138 1 2 8 1 - 1
145 1 2 3 1 - 1
148 1 2 3 1 - 1
156 1 1 3 - - 2
234 1 3 3 - 2 0
235 1 2 3 1 - 1
238 1 2 3 1 - 1
245 1 2 3 1 - 1
248 1 2 3 1 - 1
256 1 1 3 - - 2
845 0 2 3 2 - 1
346 0 2 3 2 - 1
356 0 1 3 - - 2
4568 0 1 3 - - 2
4 2 2 '
Total 20 p(0)= 20 pa(0)=0 ps(0)=0 gg(0/R)= 1 g2(1/ ;3)='4' gs(0/ 3)= ';_0-
_12 _ 4 _ _B 2
PSS P=Z P00 ax(/R)= iy /=] et/
p@=5 p@=12 ps2)=0 gev2)=2- (2/3)= 5
70 20 e 12 W& 20
Pi(3)=g po(3)=1 .
g i gm
w0 = g wn = T
Rgure 3

" Probability distributions used in the estimation of the sequential access

the joining domain as well as good estimates of the
tuples remaining in a relation after # semi-join is per-
formed [Bernstein et al.81]. By semi-join R’[A=A>R we
mean the join of R' and R on attribute 4 followed by the
projection on the attributes of R. It can be performed
by sending the distinct values R4 of R'in 4 to the sites
containing R and eliminating those tuples of K which do
not contain a value in R'4.

The valus probability vector P{ = (P,, - - - ,Py) as ita
name indicates provides an estimate of the probablility
that a given value in the join’in‘ domain is non-gero at
any point of the query evaluation process. It is created

and maintained as follows:

Oreation: If n¢=0 then P, =0 else =1

Update:
a) selections or semi-joins on other attributes of K

such that k& records remain in R:

-
B=1- G (19)
"b) projections on A or supersets of 4 do not affect £
_ ¢) selection t;n A ot‘the form A='V;', A2'V;', A<'V;',
A<>'V;' set B=0 for the components of Pf which do
not qualify.
d) semi-join R[A=A>R with another relation K’ with
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probability vector P (Py, - - - .Py') produces a new



N=6 M=3 m=2 n=3 k=2

Random Placement Selections of Prob of exactly Blocks transferred

of n objects k=2 objects J blocks needed  for each selection
123 121323 PR/312)=E  1+2e2
124 121424 142+2
126 121526 1+3+3
128 12 168'28 1+3+3
134 131434 2+2+2
135 1315356 24343

138 131636 2+3+3
145 i4 1545 2+3+3
148 141848 2+3+3
156 161858 P(2/212)=%  8+3+3
234. 232434 . » 2+2+2
235 232535 2+3+3
238 2326 38 2+3+3
245 24 2645 2+3+3
2468 242648 2+3+3
266 25 26 58 3+3+3
345 848545 P2/282)=% 24343
348 3436 46 2+3+3
356 9536 58 3+3+3
456 454856 - 3+43+3
W, o

Total Total P(j/Llik)= g%—‘lbtd 152

C¥=20 placements oY «2=60 selections B= %

Rgure 4

Sequential access:

Selection of k=2 records from n=3 records of the flle. Averoge number of

blocks $ransferret.

vector

PP (P\Py, - .PuPy)

The expected number of distinet values remaining

in the ;ioining domain 4 after a semi-join (or join) is

p=3% RA (20

f=]
The expected number of tuples of R remainihg after

a semi-join (or join) is
(21)
where k is the number of records isolated from selec-
tions or semi-joins on other domains.

Figure 5 shows an example. The distribution of the
number of tuples of three relations R,,/j; and Ry on a

common domain D are shown. We assums for this exam-

ple a query evaluation strategy which performs a selec-
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tion‘on Ry (for which 3 records quaﬂty) followed by a
semi-join R,[A=A>R. ‘followed by & semi-join
Ry{A=A>Ry. The estimated number of distinct vatues
and semi-join sizes are shown in the figure for two .

different ways of estimating join sizes.

We note here that in order to reduce the numbe:: of
calculations required, attribute ‘walues in a joining
domain can be grouped into classes so that the

members of each class have approximately the same

number of records per value.

5. Implications of Non-Uniform Placement

In this section we compare different placements of
a number of objects in a number of buckets and we draw
some eoﬁciuntops for the expected bl»ockﬂi accesses and

semi-join sizes in a data buse snvironment.



Distribution of tuples per value in domain 4.

waliioe ». .
vaiues Fi41
" 100
Vi 1
Vs 0

R. R
Re Rs
100 1
1 100
1 600

Estimated sizes with uniformity and independence

Probability Probability Probability
values  after selection after semi-join after semi-join
14 18/30 18/30 18/30
Va 18/30 18/30 18/30
Vs 18/30 18/380 18/30
Total # of values Total # of values=1.8 Total # of values=1.8
=3 '-;-o-=1.8 size of semi-join size of semi-join
18, 18
=% 102 = -33’801-320
=54 :
Estimated sizes using probability vector
Prob. after Prob. after Prob. after
values selection semi-join semi-join
% 1 1 1
Va : 4/101 4/101 4/101
Vs 0 0 0
Total # of Total # °f105 Total # of
values = 101 values = for values =it
Size of gemi-join = 100.4 Size of semi-join =5
Rgure 5

k=3 records are selected from R, then the semi-joins with Rp end Ry.are per-

formed.

Two different ways of estimating selectivities in semi-joins are indicated.

Definition: A vector a=(a,, - * - ,ay) with a;=ag - - - 2ay is

said to majorize a vector b=(b,bg ‘- .by) with

é b for k=1 to M~1 and

bimbex - - - =by if f) a =
{=] L3

Intuitively if a vector a majori_zgs another vector b,
then the components of a deviate more from uniformity
than the components of b. In the following a; and b; will
be non-negative integers fér all 4.

Theorem: Let a=(a,, ' ag) and b=(b,, ' by) be two
vectors satisfying the property that a;'s and by's are

nonnegative integers and when the componehta of aand
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b are rearranged such that ﬁ,;a,z v zay=0 gnd
by2bg - - - 2by>0 then a majorizes b. Let E.(x) be -the.
cost function (1), where x is an M-dimensional vector.
Then B, (a)<B:(b).

Proot

We first observe that given a vector d we can per-

mute its components without affecting 5.(d). Thus
without loas of generality we wili assume that the given
vectors a and b are such that a;»ag2---ay and
b =bg> - - - 2by. Let a and b satisfy a mqjoﬁges b. The

distance |la—bi| of the two vectors is defined to be [[a—bj}



- ‘ﬂl | —yl=2L, whers i is non-negative integer.

The following inequality holds for nmxkx1.

B+ O apH + O (22)

Indeed

F-aqt+-r=

T w-1

b +1 N+l

. 1
=1
-k né}lﬂ “)+k ;I;[u ®)
ki
We form successive vectors ®=hd, - - - @ =4 as fol-
it &=, i) then

&H=(i}*, . - . ii*1) in formed from &, by decreasing by
one a component with index p of @* which satisfies ¢¥>a,

-+l

ar _ﬁ @) -3’1:(1)

£0 for namakal

lows: for k=0,l-1,

and increasing by one a component g of ¢ which
satisfles i¢<u'. and then rearranging the components
such that ¢}*!ai}*! - .. 2¢}*.. The following relations
hold:

a1t~ | =,‘§, |41t} |=e

-ttt 1= & layp+t 1= & oyt -2 = et 12

I=1 I=1
a majorizes & majorizes & majorizes b,

and
B,(2*)=B,(¢**Y)
(using 22).
Thus B,(b)=B,(®®)=B.(d)= - - - 2B.(&)=F,(a).

We will next show that a similar result holds for the
non‘replaeemenﬁ model.

Definition: A function of n real variables is called Schur

concave if for every pair i#7, (=25 ) 'gf: = gf,-) =0

Theorem (Schur): If f is a Schur concave function and &
majorizes bthen 7 (a)<f (b). ‘
Proot: See for example [Marshall and Olkin 78],
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A function which is known to be Schur concave is

Theorem: Let a=(a,, - - -.ay) and b=(b,, - - - by) be two
vectors satistying the property that a,'s and b,'s are non
negative integers and when the components of a and b
are  rearranged such that a>ap: - =ay . and
BBy - - - 2by then & majorizes b. Let B.(x) be ths cost
tunction (4), where x is an M dimensional vector. Then
B.(a)<B,.(b).

Prool: Without loas of generality we assume that the
given vectors & and b are such that g 2ag> - - - 2ty and
| The ‘

bbb - - - 2by. funetion

B, .fi):.ﬁ('l- (1~ ;{-)") fs Schur concave
J=1
because:

Co [t _oR),
-0 [3- 52
= G4y~ %) |h(1- L1 i—-@(l-ﬁ—)ﬂ ;{-]

=f@-y [(ié?,-)*-{—u - }r-l]s 0

Thus if a majorizes bthen B.(a) = B.(D).

The following set of corollaries are dirsct applica-
tions of the above theorems to the problem of estimat-
ing thé number of random block accesses for retrieving
k records. They apply to. both the non-replacement and
the replacement model.

Corollaryl: Let a=(a,, - - - ay) and b=(by, - - - bg) be two
vectors describing two placements of t;he n tuples of a
relation in & blocks of secondary storage. Without loss
of generality a,=aqy - - ®ay and b,> - - - 2by. Let a and
b be such that a majorizes b. Then the expected
number of blocks containing k distinct records in place-

ment a is less or equel to the expected number of blocks
containing k distinct records in placement b.



h the limiting case that is possible to place the
records uniformly in the blocks of the flle, the following

corollary holds.

Corollary®2: From all possible placements of n records in
M blocks of secondary storage a uniform one will result
toa mulmutp expected number of block accesses for
mdqmly'remevm k records from the file. {Unitorm
here means that gif.hg; b or b+1 records are placed ih

each block.)

Corollary3: From all uniform placements of n records in
secondary storage the one that utilizes the least
number of blocks will result to a mihimum expected

number of random block accesses, and vice versa.

The above theorems can also be .uaed to provide
upper and lowsr approximations of the expected number
of random block accesses when the maximum and
minimum number of records in blocks of the file is

known (in sddition to the number of blocks and the

number of records of the file). An upper approximation

will be one that is derived assuming a uniform distribu-
tion of the records uﬂong the blocks of the‘ flle. Alower
approximation will be 6ne'Awhich is derived by assuming
a distribution which follows the constrains of the max-
imum and minimum records per block, and also major-

izes any other dhtribﬁtion.

The folfowing corollaries are spplications of the
above theorems to the problem of estimating the
expected number of distinct values remaining in am
attribute after a selection of a subset of the records of &
file.

Corollary4: Let a=(a,, ' - .ay) and b= (b,, - - by) be
two vectors describing two distributions of n-tuples over
" the M distinct values of an attribute 4. Without loss of
generality a,»az> - - 2ay and b>bgx=- - =by. Let a
and b be such that a majorizes b, and let S(a) and S(b)
be the prected‘ number of distinct values of A4 remain-
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n, records each, ...

ing after the selection of 'Ic <n tuples (respectively).
Then S(a)<S(b).

Corollary5: Let n=(n,, - - - .ny) be a vector describing
the distribution of' the attribut.? values of the tuplesof a
relation on the‘ dorg;ain of values of an attribute 4. Letk
tuples be randomly‘selected from the flle. From all pos-
sible distributions n the uniform}distﬁbution will result
to & maximium ‘expected number of distinct \;aluéu found

in the attribute 4 of the k selected tuples. .

6. Distributions of the Number of Hocks Centatning a
et of Records

In this seotion we show how: to estiniate the proba-
bility that ezactly P blocks contain a set of k distinct

records. A block type is defined by the number of

-records that exist in a block at a point in time. Let ¢ be

the number of different block types and n=(ny, - - n,)
with n,>ng> - - - >n, be the type chardctcﬁauc vactor,
where n, is the number of records in a block of type ¢.
Let 1=(Z,. - - - .1,) be the distribution of blocks of a file
over the block types (e.g. there are 1, blocks containing
‘ I, blocks containir;'g n, records
each). A 'bloci‘ulcc’tinn vactor 1=(¢,, - -+ 4g) has com-
ponents which represent the number of blocks from
each block type examiried at & point in time. (Com-
ponent i; corresponds to the type contafnriing ny

records per bloek.)

Consider p given blocks. . with. distribution

i=(i, * - - 4, ) over the types of blocks (il = i: i =‘p)A.
, o . =t

The number of distinct ways that all the p blocks are
retrieved with the selection of k distinct records from

the p blocks can be computed recufilively as



1= (2 2)
n=(2,1) , n =2%2+1+2=86
k=3

Posasible selection Calculation
of £ =3 records P=2 P=
123 v i=(1.0) F=Ci=,0
ig v l=(0.(1)) F=C§=0
v - Q(1)=0
128 v Q
134 v l=(0.2; F=C§=0
135 v i=(2.0) F=C}=4
138 4 i=(1,1) F=C§=1
145 v f E 2
cicEr4+CECEN 8
148 v ?) = = =
(2) 0 20
156 v
234 v
235 v
238 v 1=(2,1) F=C§-C3#C}*4~CiC}*1=4
245 v v
248 v
258 v
345 v i=(1,2) F=c¢-cicl*1=2
20 v ) pect-cict
356 v Qa'—' CEC;Q+C;C§2=&
cs 20
458 v
total=88 total=12 12
Q(P=2)=5r Q(P=3)=5r
HAgure 6

Example of calculation of distributions in the non-replacement model.

) ) |i]—1
Filnk) = CtE’ 7 |£]=0 F(tnk)* I'I C:’,
Ost'ysty =

with boundary condition for i=(0, - - - ,0) #(Ln.k )=0.
TLe probability that exactly p blocks are selected
when k records are retrieved without replacement from

all the blocks of the file is

)
Olsiolfp F(ink)* ﬁ df
T =
In the special case where there is only one block type

{constant number of b records per block) we have: ¢ =1,

n=(H) and I=(M), where M is the number of blocks in

the file. Then
- Fp.b k)
Q(p) 23
with
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Fp.bik).= Q'-:gi‘(i.b &)CP

This result appears in [Langer and Shum82].

Distributions for the replacement model

Consider p given blocks  with distribution

i=(iy, - - - i) over the types of blocks (i} i;=p). The
i=
number of distinct possible outcomes- is (i:n,'l,)"
=

Some of these outcomes will be from a proper subset of
the p blocks. The number of possible outcomes that

touch all p blocks is bompiiteﬂ recursively as

lij-1
it 0<i’ "i’ . =1

with boundary condition for i=(0,0, - - - 0) F(in.k)=0.



1=(L.1)

n=(2,1) n=2¢1+1°1=3

Possible outcomes P=1 P=2 Calculation

111 v

112 v

113 v
121

122

123
181
132
133
211 v
212 v

213

221 v
222 : v
223
231
232
233
311
312
3813
321
322
323
331
332

44494

<

ddd4qgddddq4d4d4

333 v
total a’9=27 total 8 total ulia
P(1)=W P(z)=5

i=(1,0) F=2%=8
1=(0,1) F=1%=1

Sl .
Q(l)=2’-c}3:1 ¢} .=§9"7

i=(1,1) F=3"-8-1=18 .

18°ciec} 18

W=

Rgure 7 Example of calculation of distributions in the replacement model.

The probability that exactly p distinet blocks are
selected when & records are retrieved with replacement

z
OI‘lJ:‘Jz, f‘(tn.k) * ,I:Il C’.';

Qp) =

In the special case of a constant number of records

nt

per block i:his calculatior; becomes

o) = FRL)G

with

F(p.b.k)=(pb )*-:g}:r(t.o.h)q -
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7. Summary
In this paper we have derived estimates for some
important parameters in data base performance evalua-

tion when the distributions of objects into buckets are

" not uniform. Parallel research activity in this area is

directed towards more accurﬁte estimntés' of the size of
projections (TGelenbe: and -CardyB2], [Gelenbe. and
CardyB3]). more accurate estimates of join sizes
{[Kerschberg et al.80], [RosenthalB1]), more accurate
estimates of record selectivities in the presence of non-
uniformity and correlations of attribute values [Christo-

doulakis83), more accurate estimates of block transfers



when the probabilities of records to be accessed are not
uniform ([Zahorian et al.83], [Christodoulakis81]) and
estimates of the number of blocks containing a number
of qualifying records [Langer and Shum82].

We have shown in this paper that the assumption of
uniform placement in certain cases mgults to pessimis-
tic estimates. This result complements previous results
([ChristodoulakisB81], [Christodoulakis82]) indicating
tbuf uniformity and independence of attribute values, as
well as uniformity of probabilities of records to be
accessed are also often pessimistic assumptions.
Understanding the implications of verisus assutnptions
made is an important issue in modeling the data base
system performance;
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