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We develop a theory of relations that are constructed by the union and selection operations from fragment
relations. Algorithms for inserting and deleting from relations that are composed of physical fragments are.
discussed, and we show when such insertions and deletions are meaningful. We also ahow ‘how to find an
access set for a relation, that i is, a set of fragments sufficient to produce the relation, and we apply the test
. to the questlon of how the fragmentatlon of relations interacts with a query on the relatxon, showmg that a
seleciion on the reiation can be implemented by reirieving a sei of physical fragments that forms an access

_ et for another particular relation.

1. Introduetion

Mich has been made of the “vertical” decomposition
“of relations—splitting a relation into a number of com-
ponents by projection, in such a way that the original
relation can be recovered by joining the components.
‘ Such ‘decompositions are at the heart of normalization

and represeéntation theory. They are used to remove

redundancy and update anomalies from databases, to
speed query processing, and as a means of distribut-
ing a database. Vertical decomposition enjoys a quite
detailed theory.

‘Less attention has been accorded “horuontal”
decomposition—taking subsets of the tuples in a rela-
tion through selection and recovering the relation by
a union of the subsets. We shall call these sub-
sets' fragments, although we give the term a more
restricted meaning than others. In the SDD-1 dis-
tributed database system [R*, RG], fragments are the
result of both vertical and horuonta! decomposmon
In SDD-1, the predicates used to define the fragments
are quite simple. Ceri and Pelagatti [CP], Dayal and
Bernstein [DB] and Epstein, Stonebraker and Wong
(ESW] have also examined fragments defined by more
complex predicates than those in SDD-1.

Thus, while the theory of vertical decomposltxon,
built from the projection ‘and join operators, is quite
general, in the sense that projections onto arbitrary
sets of the original scheme are permitted, the analogous
theory of horizontal decomposition, based on selection
and union, has not been developed in great generality.

It is the purpose of this paper to develop such a general .
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theory of fragments.

 One way we differ from previous authors concerns
the disjointness condntlon for aelectnon conditions; we
do not assume that fragmenta are dxsjomt. Further, we
do not assume that we are representing only a single
relatlon with the fragments. ‘Rather, we imagine thaj
a number of different relations, albglt with the same
scheme, might be defined from the fragments. We shall
model a system in which there are several relations
interacting by conceptually “forwardlng tuples to one

another, rather than a single system rnnl:rn"lnv the

allocatnon of tuples to fra.gments

2. The Model

The scenario we envision‘is a set of physical relations
over a single relation schéme, perhaps geographically
separated, and a set of virtual relations defined by
selection and union from pbysical relations aad other
virtual relations. Virtual relations may be views, or .
they' may be relations defined as “temporaries” in a

complicated expression. From this point we call all of

‘these relations fragments, even though some fragments

are entire relations of interest, and there might be no
single relation of which all fragments are part: We
illustrate such a situation with the folowing example.
The fragmenta are defined over the relation scheme:

= {DATE, CITY, ADDR, OWNER, ARSON?
DAMAGES, INSURER} -

_ The fragments contain informatlion about struc-
tural fires in California. For this example, tuples over
R will be called “fires.” There are three physical frag-
ments over R: sf, Ia and arson. The [ragments af and Ia
reside in San Francisco and Loa An_gcles, respectively,
and may contain fires for any city in the state, except
that ‘all San Francisco fires must be in sf only and all Los
Angeles fires must be ig Is only. The arson fragment is
maintained in Sacramento, and contains all fires ¢ that
are arsons (ARSON = “yes”). All fires from al‘ and Ia
that are arsons must also be in arson. All arson fires
that took place in San Francisco or Los Angeles must
also be in sf or /a, respectively. There are also three




virtual fragments:

costly: contains all ﬁres t from sfor la
where {(DAMAGES) > $10,000

notable: contains all fires ¢ from costly where
t(DAMAGES) > $100,000 and all fires ¢ from
‘arson where {(DATE) > 1 Jan 1980

recent: contains all fires ¢ from sf or la
where {(DATE) > 1 Jan 1981

We note certain behaviors that result from the
definition and restrictions on these six fragments. An
insertion into sf may require an insertion into arson,
and an insertion to arson may require an insertion into

. Ia, but these requirements never hold at once. An
insertion mto sf never causes an insertion into arson
that ‘in turn causes an insertion into la. If we want
to process a query on the fragment recent, and the
condition $(CITY) = “San Francisco” is specified, we
do not have to access the la fragment to construct

_ the portlon of recent needed to process the query.
- Finally, if we want to query notable for all fires where
#(CITY) = “San Francisco” and {ARSON?) = “yes”
and {INSURER) = “United Insurance,” we have a
choice of either accessing arson or sf to get the required
portion of notable. The choice is important, since one

- or the other of these physical fragments may be at the
site where the query was posed.

. We now present a formalism to model situations
such as the fire fragments. The model will let us deduce
automatically the kinds of behaviors illustrated above,
as well as give us a means to define updates on virtual
fragments. We shall not distinguish physical and vir-
tual fragments for the moment; the distinclion will be
made after some initial definitions.. In usual relational
notation, relations in a database can be distinguished
by their. schemes. The relation scheme can thus serve
to name relations. Here, however, all relations, or frag-
ments, have the same scheme, 30 we need to incorporate
names for fragments into the scheme. A fragmentation
scheme S is a quadruple (R 7, Q, P) where
1. R is aset of attributes, that is, the relation scheme

for all fragments,

2. ¥ = {F,F,,...,F,} is the set of fragments
names, -

3. Q is the set of restriction predicates, and

4. P is the set of transfer predicates. @ and P will

be explained in detail later.
; A state f for fragmentation scheme § is a map-
ping from 7 to finite relations over scheme R. For
F € 7, the F-fragment under state f is f(F). Where
Jfis undérstood, we shall use “fragment F” for “«p.
fragment under state f.” When discussing fragmenta-
tion schemes, frequently we shall use “fragment” for
fragment name. The distinction should be made clear
by context.

The predicates used in Q and P are necessary to
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restrict the set of states on the fragmentation scheme.
We shall not give a specific language to express these
predicates. Rather, we assume that the language is
based upon the language used to express the conditions
on selections in the database system at hand. We make
some requirements for legal predicates:
1. Predicates have only a single free variable, w}uch
is a tuple variable over scheme R.
The value of a predicate on a tuple depends only
on that tuple and not on the contents of any. frag-
ments. That is, the predicate can be evaluated by
examining the tuple in isolation.
The set is closed under “and” (A) and “or” (V).
Implication of predicates is decidable. That is, we
can detect if P = Q is a tautology, where P and
Q are predicates.
For predicate P and tuple ¢, P(t) denotes the value
of P on t. We also use fragment names to deno&e
predicates that represent membqrsl'up in the fragment..
That is, if F is a fragment name and f is a state, then
Fy(t), or F(t) where f is undetswod is true exactly
when t € f(F).

‘We now detail the collections of predicates Q and
P. For each fragment name F in ¥, there is restriction
predicate Qp in Q.1 Qp limits the set of tuples thay
may appear in the F-fragment of a state. A state f
satisfies Q if Fy(t) = Qp(t) for all tuples ¢. In the
fires example, the sf fragment could have the restt,xctlon
predicate t{CITY)5£ “Los Angeles” and the arson frag-
ment could have the restriction predicate t(ARSON?)-—-
“yes.” We reiterate that the predicates in Q need apt be
mutually disjoint. Neither does some restriction predl-
cate need to be true for every possible tuple over R.
There may be tuples that are not permitted in any
fragment. When the set F' of fragment names 7 is
{Fl,Fz, W Fn}, we ‘shall. a.bbrevmte Qp‘ to Q. For
cach pair of fragment names F and G in ¥, we.may
have, but are not requn'ed to have, a transfer predi-
cate from F' to G, Prpg, in P.} Prg indicates wluch
tuples in the F-fragment of a state must also be in the
G-fragment. State f satisfies Ppg if, for all tuples ¢, ). .

F(t) A Pra(t) = G(t)

For instance, in the fires example, the transfer predicate
from sf to arson could be {ARSON?)="ycs.” When ¥
is {F1,Fa,...,F,}, we use P;; interchangeably with
Pgirj.

We have a diagrammatic means to. depict a frag-
mentation scheme § = (R,¥,Q,P). We give a
directed graph where nodes represent fragment names
and associated restriction predicates and edges repre-
scnt transfer predicates. Nodes are labeled inside by a
fragment name and outside by a restriction predicate:

2.

t Strictly speaking, Q is a mapping that assocla.m Qr with F

for each Fin 7.
$ Again, strictly speakmg, P is a partial mapping from ¥ X ¥

to predicates.



t(A) 5% 3 true
A B
@ tA) < {B) o7
t(A) = ¢(B)
¢(B)=1
YA) = ¢B)
Fig. 1
Qr Q¢
Ppg
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A portion of the graph for the fires example is
#{CITY)5%“Los Angeles” t{ARSON?)="yes"

t(ARSON?)="yes"
o—*

For fragmentation scheme § = (R,%,0Q,P), a
state f for S is legal if it satisfies Q and P. For the
fragmentation scheme in Fig. 1, where R = {A, B},
the state f where

1(F) =A_l.B. (F) =4 f(F3)=‘AlB
113 1 113
21 1’ , 2|2

212

is legal. The state g where g(F) = f(F1), o(Fa) =
F(F2), and g(Fs) is

ity

Al B
1 1
1 3

is not legal, both because the transfer predicate Pyy re-
quires tuple <2,2> to be in fragment Fy, and because
Q; is false on <1,3>.

Some fragmentation schemes only have trivial legal
states. The only legal state for - :

true false
true

is f where f(F) = @ and f(G) = 0. Notice also that
there is no need for P;; to be less restrictive than Q;.
Formally, if P;; does not imply Q:, then P;; can be
replaced by P;; A Q; with no effect on the set of legal
states. If P;; is less restrictive than Q;, we may have
an inconsistency, where a tuple is implied by P;; to be
in F;, and implied by Q; not to be in Fj. We shall
avoid such inconsistencies by requiring that Py = @;.

- A fragmentation scheme

S =(R,{F1;Fl,”°lF;!}’Q)P)

is well-formed if P;; = Q; A Q; for 1

<

]
—

& -
> W

v 5§
We assume all fragmentation schemes henceforth are
well-formed. For shorthand, we allow P;; to stand for

Pi; A Qi A @;. For example,

@ @j
true
@ @
represents ‘
Qs Q;

QiAQy

O .
It is slightly easier to see that the first diagram requires
fragment F; to be a subset of fragment F;. ’

3. Physical and Virtual Fragments

We shall now distinguish between those fragments that-
are actually stored and those that are constructed from
stored fragments. We extend a fragmentation scheme
§ to be quintuple (R, ¥, §, Q, P) where

g= {GI,G2)°--.9GJ|} Q f

is the set of physical fragments. The fragments in
F — G are virtual fragments. In diagrams, physical
fragments will be circles and virtual fraginents will be
squares. The fires example is diagrammed in Fig. 2.
We assume Qyecent, Qeuﬂy md,Qhot@blc are the “or”
of the respective incoming traunsfer predicates, and do
not show these predicates. '

This model of fragmentation seems quite powerful
because of the variety of situations it can describe. For
example, in addition to the complex interactiors among
relations illustrated in the fires example, it ¢can be'used.-
to describe the special case where one fragment is the
disjoint union of several fragments, as follows. If virtual
fragment F; is to be the disjoint union of physical
fragments Fy, F3 and Fy, then @3, @3, and @4 must be
mutually disjoint predicates, @2VQ3VQ = Q1, Py =
Q:, and P;y = Q,, for 2 < i'< 4. A fragment F can
be made a “universal” fragment—that is, F' contains all
the tuples from every fragment-—by letting Qp =true’
and Pgr = Qg for every other fragment G. (Actually,
we shall see that the transfer predicates only need to
come from the physical fragments.)

The state of a fragmentation system

$=(R,7,6,2,P)

" depends on values for the physiqal fragments. A pbyﬂ-

cal state g for S is a mapping from § to rclations over

R. What we before called a state we shall now call a
complete state. Complete state f extends physical state

. g if f and g agree on §. Physical state g corresponds
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to complete state f if g is the restriction of f to §.



HCITY)5%
“Los Angeles”

t(ARSON?)
= uye.-

t(DATE)> H{CITY)=

H(ARSON?)

=.ye.-
-¢(DAMAGES)> HDATE)>
$10,000 “Los Angeles” 1 JAN 80

¢CITY)5

“San Francisco®

t(DAMAGES)>
$100,000

Fig. 2

Physical state g is feasible if there is a legal compléte
state f that extends g. Consider the fragmentation
- scheme diagrammed in Fig. 3, where R = {A,B}. In

the diagram, A and B abbreviate t(A) and #(B). The

physical state g where
g(F1)=A|B G(Fz) A B

13
7

- g(Fq) =
2 2
313
73

is feasible, because it can be extended to the legal com-
plete state f where

f(F3)=
212
313

Note that <7, 3> is not in g(F3), because the transfer
predicate “B = 3" from F; to F; is really short for
“B=3A(A=23V B=4)." However if,

g(Fy) =
212
44
| 713

then g is not feasible, since any extension J would have
<3, 3> in f(F3) because of P35, and then <3, 3>
‘would have to be in f(Fy) because of Pj4.

We want a physical state to represent a unique

complete state. However, a feasible physical state may
have many legal extensions. In the scheme shown in
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Fig. 4

Fig. 4, any physlcal state g satisfying Q3 and Qg is
feasible. Any extension of f where g(F3) U g(Fy) C
J(Fy) = f(F2) is legal (as are many others). We take
the minimum legal extension as the complete state a
physical state represents. We must show such a m\pi-
mum extension always exists.

If f and f’ are complete states for fragmentation
scheme S, then f N f' is the complete state for §
defined by [f N f/}(F) = SF) O f'(F). The following

is straightforward.

Lemma 1: If f and f' are legal complete states for
fragmentation scheme § that extend a physical state g
for S,then f N flisa legal extension of g. For example,
let § be the scheme in Flg 4 and let g be the physical
state where

g(F3) =A

and g(Fy)= A

-
www
g -
-~

The complete states f ard f’ where

4



'(F) =
and f '(Fg) = A|B
113
714
343
are both legal extensions of g. Hence so is f N f/, which

has
[f NN (F)=[fn f)(Fs) =4: .1:
L o 7‘ "4“

. Lemma 1 says we can define the minimum legal
extension of a feasible physical state g as the legal com-
plete state f such-that for any other legal extension f’,

J(F) C f/(F) for all fragment names F. Let § denote
the minimum Jegal extension of a feasible phyaical state
g. There is a (conceptually) simple algorithm to deter-
mine if a physical state g is feasible, and if so, to find
9. We initialize g so that 3(G) = g(G) for 6 € § and
§(F)=0for F€ 7 - §. Considering all pairs of frag-
ments F and F’, we add to §(F") all tuples ¢ such that
t € §(F) and Pppa(t) is true. If at any point we ad
new tuple to a physical fragment G, we know g is not
feasible. Otherwise, we keep considering pairs of frag-
ments until no changes can be made, at which point §
has the correct value.

Theorem 1: The above algorithm correctly computes
9.

Proof: An easy induction on the number of tuples
added to relations shows that each must be present.in
any extension of g. Since nothing else is added to any
relation, the result must be minimal. If we try to add a
tuple to a physical relation, then it too must be there,
since if it is not, there can be no legal extension of g.

4., The Complete Transfer Matrix

We can compute § given a feasible physical state g. It
does not seem likely that circumstance would demand
that all of § be computed at once. It seems more
likely that a particular query on a fragmented database
would only be interested in §(F') for a single fragment
F. We would like to optimize the calculation of §(F).
Especlally, we would like to know when-we could get by
with consulting less than all of the physical fragments
to determine the value of §(F). Given fragmentation
scheme § = (R, #,§, Q, P) and fragment name F in
¥, an access set A for F is a subset of § such that §(F)
can always be found using a fixed computation on the
fragments g(G) for G in A. ‘

Obviously, { G } is always an access for any physi-
cal fragment G, although access sets for G not including
G could exist. We are more interested in access sets for
virtual fragments. We shall not attempt to characterize
8 “best” access set for a fragment, since our model
does not deal with the actual configuration of hardware
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supporting the fragmentation scheme. Surely a “best®
access set depends on the allocation of physical frag--
ments to processors, the point at which the fragment
is being constructed, the communication costs between
processors, and how fast predicates can be evaluated on
each processor. Our model does not incorporate any of
these factors. We simply assume there is some way of
evaluating the desirability of different access aets, and
concentrate on determmmg when a set A C 9‘ is an
access set for a given fragment By .

To help us with this problem we deﬁne what is es-'

sentially a transitive closure of a set of transfer predi-

cates.. Let § = (R,7,6,0,P) be a fragmentatwn
scheme where F = {Fy,Fy,... F.} The tranafer
matrix C for § is an n X n matrix of predicates. The
i—j entry of C, Cy;, is the weakest predicate such'that
Fi(2) A Cii(t) = Fy(t) for all legal complete states of -
S. The transfer matrix tells us directly which tuples in
a fragment F must also be in.a fragment G in a legal

state. Transfer matrices will also let us define insertions

and deletions on virtual fragments and help to optimize
queries. For example, in Fig. 3, CuisA=B,Chais
A= B =3 and Cy; is false. We give a constructive
definition of C. We shall assume the transfer predicate
P;j exists for all 1 < 4,5 < n. Let Py; = @; and let.

Pij=false if it is not axphcxtly mentioned in . P. Let
a path from fragment Fﬂ to fragment Fy; be any se:
quence of fragment names Fu s Figy+ .., Fix. The label
of such a path p is given as

L —Pﬁia APy Avee AP‘.-—:‘&

The label of a path from F to G is essentially thp
transfer predicate from F to G along that path, The
cost from F; to Fj is ‘the du,]unctxon of all the labels of
paths from F; to Fj,

A
papath L,
from Fy to F;

It is the cost from F; to F; that is the C,, entry of the
transfer matrix for S.

Theorem 2: C;; computed as above is the wea.kest
predicate C for wliich F{t) A C(t) implies Fy(t).

Proof: It is easy to check:that each Ly, and therefore
the disjunction of the L,’s, satisfies the desired condi-
tion, Fi(t) A Cy;(t) = F; (t)

‘Conversely, suppose there is a C" satlsfymg F.;
C = Fj, yet there is a tuple ¢ for which C(t) is true,

while Cy;(t) is false. Start with a state h in which F; -

contains ¢, and all other virtual and physical fragments

are empty. Extend h by inserting tuples into whatever
fragments we raust, using the same algorithm that we
use to extend physical states to complete states. Since
C(t) and F(t) are both true, Fj(f) must be true in the

‘extension of state h. l"ollowmg the extension algorithm,

we see that there must be some path from F; to F; that




forces the presence of ¢ in Fj., For this path p, Ly(t)
holds, so C;;(t) holds. The set of permissible predicates
is a closed semiring in the sense of [AHU}, where V is
addition, A is multiplication, false is the additive iden-
tity and true is the multiplicative identity. There is in
[AHU] a general algorithm for computing pairwise costs
in a digraph, where the edges are labeled by elements
from a closed semiring. Suitable chioices for the semir-
ing yield algorithms for computing a regular expression
from a finite automation, the transitive closure of a
digraph, and shortest paths in a network. Using our

-nmnnna of nredicates. we et an aleorithm for comput-

f predicates, we get an algorithm
ing the entnes in a transfer matrix. This speclalﬂatxon
of the algorithm follows; it uses auxiliary predicate-
valued variables {Cf, [1<4,i<n0<k<n}

for i := 1to n do C¥ := Py;
for k:=1tondo
foralll <i,j <ndo
Cij = Ck-l Vv (Ck-l A (Ck—-l *
forﬂll<t,;<udo v
Cyij == CYy;

The * here is the closure operator,‘ deﬁhe__d as
. P* —fa.lseVPV(PAP)V(PAPA'P)V

Clearly P* = P in this semiring. It turns out that
C%, is always Py, which is Qy, so that mnermost
assignment statement can be replaced by

Cl = C v CETA QuACE

‘Intuitively, this simplification means that we need not

consider transfer predicates along paths that cross
themselves. The label for such a path is always sub-
sumed by the label of the correspondmg ‘path without
the cycle. We note a few properties of the transfer
matrix and its computation.

Theorem 8: If the fragmentation system is well-
formed, ie., P;; = Q; A Q; for all { and j, then the
transfer matrlx will be well-formed. That is, Cg; =

Qi A Q; for all ¢ and j. :

Proof: This observation is easily proved mductrvely
with the hypothesis C’" = Q¢ A.Qj. The transfer
matrix can be used to check feasibility of a physical
state g. Testing Fift) A Cy;(t) = Fj(¢) for all pairs of
physical fragmente F; and F; suffices.

Theorem 4: The value of a vu'tual fragment F, under
complete state § can be expressed with the transfer
matrix by

Fit) ="\ F()ACi(t)

Feg

Proof: Theorem 2 tells us we do not compute toe
much on the right side, since Cy; is the weakest pos-
sible transfer predicate. Theorem 1 tells us the right
side is not too little, since tuples belong in Fj if and

ACHY
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A>2

oy

B>5

Fig. 5

only if some path transfers them there from a physical

-The above equatlon can be mterpreted in rehtional

algebra as :
#(F;) = Uf‘c'if(a(ﬂf))

. -
riey

5. Insertion and Deletinn

The principle we espouse for defining insertions and
deletions to fragments is that a request to update &
fragment §(F) implies whatever ehanges are neeeua.ry‘

to transform it to a feasible phyélcal state h, where
h(F) reflects the desired’ change '

Insertion of a tuple tinto a physlcal fragment Gis
fairly simiple to describe. Tuple ¢ is added to G and to
any other physical fragment H such that Caa(t)-true
(Here we are using Cp¢r; for Ci;.) Insertion into a vir
tual fragment cannot be defined in the same manner,
since there i3 no guarantee that, the change in the vir,
tual fragment will cause any change in the correspond-
ing physical state. For example, in Fig. 5, inserting the
tuple <4, 4> into virtual fragment ¥ necessitates. no
change in the physical state, hence the tuple will not be
present when F i is next. constructed from the physical
fragments.

Another problem is that a tuple ¢ maerted into
some virtual fragment F may also be transferred to
physical fragment G because Cr¢(t)=true, but may
have Ccp(t)—false so the tuple is not tra.nsferred
back when F is conttruct.ed from the physlcal st&te
To insert tuple t into a virtual fragment F, since ‘we
want such an insertion to have an effect, we must
place the tuple in some ‘physical fragment G such that
Car(t)=true. Thus insertion of tuple ¢ mto fragmeué
F has two steps, possxbly
1. First, ¢t is added. to every physncal fragment G

where C’pa—true Say these insertions cause the
physlcal state to change from gtoh.
If A(F) does not contain ¢, then tis msert.ed mto
some physical fragment G where C’cp(t) s=true
, The insertion into G also entails’ updates in physi-
- cal fragments to whlch G must transfer t.
This two-step procedure has the desired effect on F
while preserving legality of complete states. However,
there may be no such G into which to insert . We



define a virtual fragment F as .insertable if
Qp(t') =) V Ccp(t)

Geg

That is, in any complete state, any tuple that can
legally belong to fragment F' can be placed in some
physical fragment that will transfer the tuple to F'. All
physical fragments G are by definition insertable, since
Cee = Pge = Qg- Note that a virtual fragment F
can always be made insertable by strengthening Q.

Although the nondeterministic nature of the inser-
tion algorithm at step (2) may seem undesirable, it does
give leeway for optimising insertion requests. Going
back to the fires example, an insertion into recent for a
fire in San Jose can be carried out on sf or Ia, depending
on the site of the update request. However, it is pos-
sible to test if there will ever.be any choice in updating
a given virtual fragment. We define a virtual fragment
F to be deterministic if

Qr(t)= \/ Crol(t) A Carlt)
Geg

" That is, any tuple ¢ that can belong to F must be
transferred to some physical fragment G that transfers
t back to F.

Deletion can be defined uniformly for all frag-
ments. A request to delete tuple ¢ from fragment F
causes t to be removed from any physical fragment G
where Cgp(t)=true. Such a transformation has the
required effect on F while preserving legality of the
complete state. However, we have no guarantee that
inserting tuple ¢ into fragment F' and deleting tuple ¢
from fragment F' are necessarily inverses as far as the
physical state of the database is concerned. We define a
fragment F to be faithful if for every physical fragment
G, Crc(t) = Cgr(t). That is, if insertion of tuple ¢
into F necessitates insertion of ¢ into G, then deletion
of t from F will result in the deletion of ¢ from G.

We can summarise the above points in the follow-
ing three theorems, each of which is a straightforward
application of definitions.

Theorem 5: Insertion of an arbitrary tuple ¢ satisfying
Q@r into virtual fragment F can be effected by insertion
into one or more physical fragments if and only if F is
insertable.

Theorem 8: Let F be an insertable fragment. Then
our proposed insertion algorithm never causes us to
choose an extra physical fragment into which ¢ is in-
serted at step (2) if and only if F is deterministic.

Theorem 7: If fragment F is faithful, then insertions
and deletions from F are inverse operations on the
state.

Note that our algorithm for constructing the Cpg’s
gives us an efficient test for each of these properties,
modulo the efficiency of tautology testing. That is, if
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we assume that for the sorts of transfer functions en-
countered in practice, recognizing fautologies will not
be too difficult, then the entire algorithm will run in an
acceptable length of time. In the most general cases, -
we cannot even decide tautologies, so we cannot assert
a theorem guaranteeing performance of the algorithm.

G. Querying Fragmentls Construction and

Selection

An important use for the concepts we have developed
is in optimization of queries about virtual fragments.
Our transfer predicates generalise disjoint unions, and
in effect allow us to create a generalized union operator-
for an extended relational algebra. In particular, sélec-
tions on virtual fragments can be integrated with the
notation already developed, allowing us to lmplement
such selections by a minimal set of retrievals on physi-
cal relations. ‘

In the simplest case of querying a virtual fragment,
where we want the entire fragment, we need to con-
struct the fragment from the physical state. As we
have noted, an access set for a virtual fragment can
be smaller than the set of all physical fragments, We
examine here how to test whether a set A of physical
fragments is actually an access set for a virtual frag-
ment F. In the more complicated case where a query
involves a selection from a virtual fragment, we could
construct the entire fragment and then do the selection.
However, prior examination of the selection predicate
may allow us to use a partial construction (one that
does not access all physical fragments in an access set)
of a virtual fragment to be used to evaluate the selec-
tion query. We show that determining which physical
fragments will suffice for a given selection reduces to
the problem of testing for an access set.

Given a feasible physical state g, we have seen that
for a virtual fragment F, §(F) is formed by taking all
the tuples in each physical fragment G that satisfy the
complete transfer predicate Cqp. However, if we know
for some physical fragment H € § that any tuple that
H transfers to F is also present in some other phypical_
fragment that will transfer the tuple to F, then H need
not be accessed to construct §(F). More formally, we'
have the following.

Lemma 4: Let § = (R, 7, G, Q, P) be a. frag—
mentation scheme where 7 = {Fy,Fy,...,Fp}, and
let C = [C;;] be'the complete transfer matnx for S.

Let F be a virtual fragment with an access set A =
{G,Hl,Hg,...,Hk} Qg. A =A—-{G} is an access
set for F if and only if

Cor(t)= \| Cen(t) A Cur(t)
HeA'

Prﬁof: If the above is not satisfied for some tuple ¢,
then we can place ¢ in G and F, yet not have ¢ appear in




any of H,,...,H that forces ¢ to be in F. Therefore,
we shall not be able to deduce from A’ the presence of
tin F. '

To test whether a set A C § is an access set
for a virtual fragment F, start with § and eliminate
fragments in G — A one at a time. If each fragment
removed satisfies the condition of Lemma 4 with respect
to the remaining fragments, then A is an access set for
A

- We are now prepared to apply the above ohser-
vation to the problem of optimizing queries involving
selection on a virtual fragment. We can view the result
of a selection on a virtual fragment as another virtual
fragment. If we want og(F) for virtual fragment F,
where S is the selection predicate, we can imagine a new
virtual fragment F’ in the fragmentation scheme. We
let @5 = true and add the transfer predicate Ppp
S A Qp, as shown below.

* of scheme

true
F ¥ 34

Determining what physical fragments to access to
compute o5(F) is now the problem of determining an
access set for F' in this augmented scheme. Let C =
[Cij] be the complete transfer matrix for the original
fragmentation scheme. We need the complete transfer
matrix C’ for the augmented scheme. Since any trans-
fer from the rest of the scheme to F’ must be through
F, C' can be computed directly from C by
1. Clgy = Cgn for G,H # F',

2. Clopr = true; ‘

3. C'mg = falsefor G # F'; »

4. Cgm =Cagr ASAQpF for G# F'.

Having found an access set A for F’, it is straightfor-
ward to compute

SAQF

os(F)= | os(G)

GeA

7. Further Queitions

Our model cannot express qualifications such as “Every
tuple in fragment F' must be in fragment G; or in frag-
ment Gp.” Another qualification that cannot be ex-
pressed is “Fragments Fy and F; are always disjoint,”
unless that condition happens to follow from the restric-
tion predicates for F'; and F,. Are there simple exten-
sions of the model that will allow such qualifications
and still yield simple algorithms for insertion and dele-
tion into virtual fragments, commutativity of “union”
with selection, and the other useful properties?
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