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ABSTRACT 

There has been a lot of recent interest in the formalization 
of the relational data model (RDM). Many approaches may be 
characterized as ones oriented mainly towards declaring the 
components of the RDM and their interrelationships. Other 
approaches provide a tool for manipulating the components of 
RDM so that research topics on the model can be specified 
exactly. The latter approaches are based on formal specification 
methods such as denotational semantics or abstract data types. 
Some in the data base community experience them quite complex 
and cumbersome. 

The goal of the approach of this paper is of the latter kind. 
However, special attention is being paid to avoid the complexity 
of the formal specification methods because our notations and 
definitions are based on set theory. We attempt to provide an 
exact, convenient and general tool for specifications and proofs 
concerning various topics like relational query languages, query 
optimization, relational data base restructuring, data base design, 
etc. 

i. INTRODUCTION 

Many different formulations of the relational data model [8] 
have been presented. They vary with respect to terminology, 
notation and the degree of precision and formality. The 
application environment determines the degree of precision and 
formality. Informal [27] and semi-formal definition are 
appropriate for end user quidance whereas formal and precise 
definitions facilitate exact specification of relational data 
base systems and proofs of theorems concerning RDM. This paper 
has been mainly intended for research work with RDM, and 
therefore the definition is formal and precise. 
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Specification methods with strong mathematical orientation 
have been applied (e.g. [ 7,23,13,313) to define RDM or 
some of its parts exactly and formally. So far, the most 
formal specification methods have not been widely used in the 
data base area. Some in the data base community experience 
them complex and difficult because they often require mastering 
unfamiliar notations. In this paper we aim at giving mathe- 
matically exact definitions for the essential concepts of the 
relational data model without the complexity of the existing 
formal specification methods. The definitions are based on 
set theory so familiarity with the usual set theoretic notation 
is the only required background knowledge. 

Delobel [12] points out well-foundedly that the word 'relation' 
is used sometimes confusingly in the data base literature to 
mean both the structural description of tuples (schema level) 
and the set of tuples (instance level). Due to this, the 
term relation value, denoting the set of tuples, has been used 
in recent publications [15,26]. Very often in the context of 
RDM we must consider components belonging to schema and instance 
levels together. Therefore, in this paper we define conciously 
the components of RDM such as tuple, relation, relational data 
base so that they contain both the structural descriptions 
(schemata) and the instances. Likewise, the operations of the 
relational algebra are defined in such a way that the result 
relations of the operations contain their schemata, too. The 
fixed togetherness of the schema and instance level is appropriate 
in order to avoid separate instance/schema consideration° 

The purpose of this paper is not to introduce all possible which 
may be included in the relational data model. Here, we are 
satisfied to introduce the framework which defines the essential 
concepts of RDM. We have tried to create such an approach 
that provides a flexible and mathematically sound tool for 
research on different features of RDM. 

2. BASIC NOTATIONS 

In addition to the usual set theoretic notation we need finite 
n-tu~!2§ in our formalism. 

Notational convention i: The finite n-tuples are denoted between 
angle brackets, for example <a,b,c>. 

Notational convention 2: Two n-tuples r I and r 2 are 

concatenated by <rl,r2 >, for example if rl=<a,b> and 

r2=<c,d,e> then <rl,r2>=<a,b,c,d,e>. 

Notational convention 3: The ith component in the n-tuple r 
is denoted by r[i], for example if r=<a,b,c,d,e> then r[3]=c. 

In the formalism we shall manipulate indices. 

Definition i: Indices are finite n-tuples consisting of natural 
numbers. 
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When we later on shall give formal definitions of concepts 
associated with RDM we take some new notational conventions. 

3. RELATIONAL DATA MODEL 

3.1. Tuple component and tuple 

A relation consists of tuples and tuples of tuple components. 
As mentioned above tuples and tuple components must contain 
their descriptions, too. Here, the complete description both 
of a tuple component and of a tuple consists of five components. 

The formal representation of a tuple component and of a tug!e: 
They are represented as (r,X,AN,Ix,f x) where 

r is an instance of the tuple component or of the tug!e, 
X is a ty~e_2f, the tuple component or of the tup!e, 
AN is a set of attribute names of the tuple component or 

of the ~P!2, 
I is a set of indices and x 
fx:AN÷Ix is a naming function. 

Consider first (r,X,AN,I ,f ) in the case that it describes 
a tuple component. We sh~llXlater on define the operation which 
constructs tuples from tuple components represented in this 
way. The component X is always some domain. Domains can be 
either a~plication independent domains or a~plication dependent 
domains. Application independent domains are general sets 
(primitive type§) such as the sets of integers (int), real 
numbers (real), character strings (char) etc. 

In data base applications we have sometimes situations where 
we want to emphasize that only some values are permitted in 
our data base. Thus, we define application dependent domains 
which are specific for a particular data base. Application 
dependent domains can be defined either 

by expressing a predicate for some primitive type, for example 
E-AGE={x~intIi6~x~64} or 

by listing explicitely the elements of the set, for example 
COLOUR={red,blue,green~. 

The instance of the tuple component is always some value of X, 
that is rEX. For tuple components IANI=II I=i (we denote 
by IZl the number of elements of Z). TheXset AN consiste 
only of one attribute name and the set I contains the index 

x 
<i> only. Furthermore, the naming functlon f has the form: 
fx(a)=<l> where the attribute name a is the ~lement of the 
set AN. For example, t]=(iii2,int,{E-CODE},{<i>},f(E-CODE)=<i>) 
would be the complete description of one tuple component. 

A tuple is constructed from a finite number of tuple components. 
For this purpose we define the generalized concatenation operation 
of ~uple com~gnents and of tu~!2s. In the definition we need 
the operation ~ which, in turn, is defined between the index 
set I x and the non-negative integer n. 
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Definition 2: IxOn={<i+n>l<i>eI x} 

The generalized concatenation operation of tuple components 
and of tuples will also be applied later on in the definition of 
the relational algebra. 

Definition 3: 

AN2,Ix2,fx2) 

ANinAN2=~. The concatenation operation <tl,t2 > 

the tuple (<rl,r2>,Xl×X2,ANluAN2,Ixlxx2,fxl×x2) 

Ixlxx2=IxlU (Ix2$ I Ixl I) and 

Let tl=(r I, Xi,AN l,Ixl, fxl) and t2=(r2,X 2, 

be two tuple components or tuples such that 

constructs 

where 

fxl×x2:ANlUAN2÷Ixl×x2 

(a) , if acAN 1 fx 1 

fxlxx 2 (a) = (a) • I I , if 
fx 2 Ix I aeAN 2 

The result of the concatenation operation is always a tuple. 
For example, let t2=(SMITH,char,{E-NAME},{<i>},f(E-NAME)=<i>) 
be another tuple component. Now <tl,t2 > , is the tuple 
(<iii2,SMITH>,intxchar,{E-CODE,E-NAME},{<i>,<2>},{f(E-CODE)=<i> 
f(E-NAME)=<2>}). 

It is typical of a tuple that in the sets AN and I there 
X can be more than one element. Any tuple can be constructed 

by repeating the concatenation operation defined above finitely. 
L 

Definition 4: Let t l,t 2,t 3,...,t n be any tuple components 

n 
then the tuple constructor ~_iti means the following sequence 

of concatenations <...<<tl,t2>,t3 >,...,tn>. 

For example, if t~ is the tuple component (5819.20,real, 
{SALARY},{<i>},f(S~LARY)=<i>) and tl,t 2 are tuple components 

described above and to= ~t i then t o is the tuple 
i=l 

(<1112, SMITH, 5819.20>, int×charxreal, {E-CODE,E-NAME, SALARY}, 
{ <i>, <2>, <3> }, { f (E-CODE) =<i>, f (E-NAME) =<2>, f (SALARY) =<3> }) . 

Because the naming function f is bijective it has the inverse 
_I x 

function which is denoted f :I +AN. For example, in the tuple 
X X 

t o fxl(<2>)=E-NAME. 
Consider the formal representation (r,X,AN I ,f ) of the tuple. 

' x x The component r is a finite n-tuple which has been constructed 
from the instances of the tuple components. In the set I 

x 
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there is one index for each factor of the Cartesian product 
expressed in the component X. We utilize this feature in the 
following notational convention: 

Notational convention 4: 
with which the index 
X<3>=real. 

X~ (~EI) means that type in X 
% x 

is associated, for example in t O 

We must be able to refer to the components of the formal 
representation of a tuple component and of a tuple separately. 
For this we use the selection function o. 

Definition 5: Let 
or tuple then oi(t) 
representation. 

t=(r,X,AN,Ix,f x) be any tuple component 
(l~is5) selects the ith component of the 

In the context of the representation of a relation we shall 
also apply the selection function ~ (then i can vary from 
1 to 7). For example, in t 3 above ~i(t3)=5819.20 and 
~2(t3)=real. 

3.2. The projection of a tuple 

Many manipulations require reference to a single tuple component 
of the tuples. 

Definition 6: Let t=(r,X,AN,Ix,f x) be any tuple and <i> an 

index (<i>~I x) then t[<i>]=(r[i],X<i>,{fxl(<i>)},{<l>}, 

ft(fxl(~i>))=<l>) where ft is the naming function of the tuple 
component. 

It is worth noting that t[<i>] gives the complete description 
of the tuple component, for example t0[<3>]=(5819.20,real, 
{SALARY},{<i>},f(SALARY)=<i>), i.e. the tuple component t 3 
above. 

In the definitions of relational operations we apply often 
projections of tuples and therefore we define the projection 
below. 

Definition 7: Let t=(r,X,AN,Ix,f x) 

<i2>,... <i >} any index set such that 
' n 

projection of the tuple 

t[I]= ~t[i]. 
icI 

be any tuple and I={<il> 

IcI then the 
- x 

For example, t0[<2>,<3>]=<t0[<2>],t0[<3>]>=(<SMITH,5819.20>, 

charxreai,{E-NAME,SALARY},{<i>,<2>},{f(E-NAME)=<i>,f(SALARY)=<2>}) 
It is obvious that the projection produces the complete represen- 
tation for the result tuple, too. We can also express the 
projection with attribute names instead of indices. Let A be 
a set of attribute names such that AcAN. We define that 
t[A]=t[ u f (i) ]. In our sample projection the set A was 

ieA x 
{E-NAME,SALARY}. 
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At the formal level we have two basic ways of defining and 
manipulating tuples of relations (see e.g. [30]). We can 
represent them either as labeled n-tulle ~ or as ordered n-tulles. 
Labeled n-tuples can be represent in the form {al:dl,a2:d2,..o, 

an:d n} where al,a2,...,a n are distinct attribute names and 

dl,d2,...,d n are values from the corresponding domains, in 

other words, each value is explicitly associated with an 
attribute [26]. Thus, a Labeled n-tuple consists of unordered 
attribute-value pairs. 

Ordered n-tuples can be represented in the form <dl,d2,...,dn > 

where the values dl,...,d n appear in the same order as their 

domains in the cartesian product of which the relation is a 
subset. In other words, the relative position in an ordered 
n-tuple is important. In our formalism above tuples are 
considered as ordered n-tuples because ordered n-tuples are 
the conventional background structure of the relation. 

In the formalism one index is associated with each component 
of a tuple. The explicit use of indices gives us many benefits. 
They can be used effectively for example to check the compati- 
bility of two attributes. However, we can use in our formalism 
attribute names instead of indices (see the definition of the 
projection of the tuple). This is possible because we have 
the bijective function between the set of attribute names and 
the index set. The following definition of the compatibility 
of attributes illustrates the utilization of the naming function. 

Definition 8: In a tuple (r,X,AN,Ix,f x) two attributes 

A (cAN) and B (cAN) are compatible iff Xf (A)=Xfx(B) . 
Otherwise they are incompatible, x 

In the sample tuple t O where the component X=intxcharxreal 
the attributes E-NAME and SALARY are incompatible because 

Xfx (E-NAME)=X<2>=char and Xfx(SAi_~Ry ) =X<3>=real. The compati-  

b i l i t y  of attributes in two different tuples is defined analogi- 
cally. 

In the structural sense a relation consists of homogenous tuples. 
This requirement is expressed with the concept 'tuples of the 
same type'. 

Definition 9: Let tl,t2,...,tn be any tuples such that 

t i = ( r i , X i , A N i , I x  , f x . ) ,  i = l , . . . , n .  I f  for  any two tup l e s  
l 1 

ti,t j (i~j) the following condition holds Xi=Xj^ANi=ANj^ 

I =I ^f =f then the tuples are of the same type. 
x. x. x. x. 
l 3 l 3 

In other words, tuples of the same type differ from each other 
only with respect to the component r (the instance of the 
tuple). Let t 4 and t 5 be the following tuples t4=(<i155, 
TAYLOR, 5500.40>,intxcharxreaI,{E-CODE,E-NAME,SALARY},{<i>,<2>, 
<3>},{f(E-CODE)=<i>,f(E-NAME)=<2>,f(SALARY)=<3>}) and 
t5=(<ii00,DALE,5819.20>,intxcharxreai,{E-CODE,E-NAME,SALARY}, 
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{<I>,<2>,<3>},{f(E-CODE)=<i>,f(E-NAME)=<2>,f(SALARY)=<3>}) 
then the tuples t0,t4,t 5 are of the same type because the 

only difference between them is r-component. 

3.3. Functional dependencies 

Functional dependencies (FDs) have been investigated and used 
widely in the relational data base theory (e.g. [ 9, 2, 6,30]). 
If AN is the set of attribute names for some relation and 
A,BcAN, then, according to Ullman, A functionally determines 
B if, at any moment, any two tuples in the relation with equal 
projections on attributes A also have equal projections on 
attributes B [30]. 

We define FDs first as time-dependent properties of a set of 
tuples of the same type. Let T be such a set, i.e. 
T={(ri,X,AN,Ix,fx) Ji=l,...,n}, and A,BcAN two attribute 

name sets. Now A functionally determines B means that, 
for any pair of tuples ti,tjeT , if the projections ti[A] 

and tj[A] are equal, then also the projections ti[B] and 

tj[B] must be equal. 

Definition i0: Let T={(ri,X,AN,Ix,fx) Ji=l,...,n} and 

A~ANAB~AN. If ti,tjET:ti[A]=tj[A]=>ti[B]=tj[B] then A 

functionally determines B in T. 

Notational convention 5: An FD "A functionally determines B 
in T" is represented as FD=A÷B. 

We take following convention of referring to the components 
of this representation:~ 

Notational convention 6: Let FD=A+B be valid in T. Then 
left(FD)=A and right(FD)=B. 

Definition ii: An 
else non-trivial. 

FD=A÷B is called trivial if BcA and 

In the set T there may be several different FDs. We define 
the set of all valid FDs in T with the function FD-set(T). 

Definition 12: Let T={(ri,X,AN,Ix,fx) li=l,...,n}. 

FD-set(T)={A÷BJti,tjETAA,B~AN:ti[A]=tj[A]=>ti[B]=tj[B]}. 

The function FD-set(T) yields the set of all FDs valid in T. 
An example will be given below when defining the relation 
constructor. The function will be used below in the definition 
of relational algebra (RA) that produces result relations 
with all valid FDs included into the representation. 

It should be noted that the set of FDs given by FD-set(T) is 
valid at the moment of its computation. This notion of FDs 
is not the same as the notion of time-invariant FDs of relations 
as defined by Ullman [30]. Later below we shall introduce the 
application dependent, time-invariant FDs (of relations) and 
methods to define them for the result relations of RA operations. 
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The candidate keys are used for unique identification of 
tuples. One among them is chosen as the (main) key of the 
relation. Keys have many applications in the relational data 
base theory [ 9,30]. A candidate key is such a set of 
attributes A that the tuple projections t[A],teT, uniquely 
identify the tuples t. Candidate keys are also minimal: no 
subset of its attributes has the unique identification property° 

Definition 13: Let T={(ri,X,AN,Ix,fx) [i=l,...,n}. 

cand-keys(T)={AIA~AN^A÷AN~FD-set(T)^~BcA:B÷AN~FD-set(T)} . 

For example, let t0,t 4 and t 5 be the tuples given above 

and T={t0,t4,t5}. Now cand-keys(T)={{E-CODE},{E-NAME}}, i.e. 

attributes E-CODE and E-NAME are candidate keys in T. 

The closure of a set of FDs (say Y) contains all FDs implied 
by the FDs in Y. The closure is derived using the inference 
rules in the following recursive definition, [ 2,3 ]. 

Definition 14: Let T={(ri,X,AN,Ix,fx) li=l,...,n} and ALAN, 

A~@ and Y~FD-set(T). The closure Y+ of Y contains the 
following FDs: 

i. YcY + 

2. A+AEY + 

3. yeY+^zeY+:right (y) =left (z) =>left (y) +right (z) eY+ 

4. yeY+: left (y) ~A=>A÷right (y) EY + 

5. yEY+:A~right (y) =>left (y) +AEY + 

6. yEY+AzeY+: left (y) uleft (z) ÷right (y) uright (z) EY + 

Note that FD-set(T) 
YcFD-set(T). 

contains any closure inferred from 

3.4. Relation 

In this section we consider the formal representation of a 
relation. A relation is constructed from tuples of the same 
type. 

Definition 15: Let T={(ri,X,AN,Ix,fx) Ii=l,...,n} be a finite 

set of tuples of the same type and RN any relation name such 
that RN/AN. Then RN:T (The relation constructor operatio ~) 
constructs the relation 

(U ri,P(X) ,RN,AN,I fp i p(x) ' (x) 'FD-set(T)) ; where 

P(X) is the power set of the type X, 
Ip (X) ={<i> } u{<l, ~> [ ~EI x} 
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fp(x) :ANu { RN}÷Ip (x) 

fp (x) (RN) =<i> 

fP(x) = fp(x) (a) =<l'fx (a) >,aEAN 

Let T={t0,t4,t 5} be a set of tuples described above, now the 

expression E=EMPLOYEE:T constructs for E the representation 
({<iii2,SMITH,5819.20>,<iii5,TAYLOR, 5500.40>,<ii00,DALE,5819.20>}, 
P(intxchar×real),EMPLOYEE,{E-CODE,E-NAME,SALARY},{<i>,<i,i>, 
<i,2>,<i,3>},{f(EMPLOYEE)=<i>,f(E-CODE)=<i,i>,f(E-NAME)=<i,2>, 
f(SALARY)=<i,3>},FD-set(T)). The FD-set(T) has been explicitly 
presented in Appendix. For example, the functional dependency 
fd={E-CODE}÷{E-NAME,SALARY} belongs to the FD-set(T). In this 
case left(fd)={E-CODE} and the expression E-NAMEeright(fd) 
is true. 

This representation corresponds to the following tabular visuali- 
zation of the relation. 

EMPLOYEE(E-CODE,E-NAME,SALARY) 
1112 SMITH 5819.20 
1115 TAYLOR 5500.40 
1100 DALE 5819.20 

Figure i. The tabular representation of the sample relation E. 

We name the components of the relation analogically with the 
corresponding components of the tuple component and of the tuple. 
Any relation is described as seven-tuple (r,X,RN,AN,I x f FD) 
where ' x' ' 

r 

X 
RN 
AN 
I is an index set associated with the relation type 
X 

is a naming function and fx:{RN}uAN+Ix 

FD is a set of functional dependencies. 

is an instance of the relation (The term relation value 
has been used with the same meaning in [15,26].), 
is a relation type, 
is a relation name, 
is a set of attribute names, 

X, 

The components of this representation have the following mathe- 
matical properties 

I ° reX 

2 ° {RN} nAN=  

3 ° IixI=IANI+z 
4 ° The naming function 

5 ° The relation type X 

where each domain D. 
1 

(int,char,real) or some applicatiQn dependent domain. 

6 ° The index set Ix={<l>}u{<l,i>lie{l,...,n}} 

7o U (left (i) uright (i)) cAN 
iEFD 

fx:{RN}uAN+I x is bijective. 

has always the form: P(Di×...×D n) 

(l~isn) is either some primitive type 
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In fact, we can use the points l°-7 ° as an implicit set of rules 
for constructing the formal representation of a relation. 

Consider the components of this representation. The component 
r is a set whose elements are instances of tuples, i.e. it 
includes all rows of the tabular visualization of a relation. 
This means that Irl expresses the cardinality of a relation. 
The cardinality of our sample relation is three. Although r 
itself is a set it is also an element in the set described in 
X (see point i°), i.e. the relation type describes always a 
set whose elements are sets. A relation is defined as a subset 
of the cartesian product DlX...×Dn whereas P(DIX...xD n) 

denotes the set of all possible subset of the cartesian product 
Dix...×D n, i.e. a relation is always an element in this power 
set. 

The index set I is associated with the relation type 
X=P(Di×D2×'''XDn ~" In it the index <I> is associated with 

the whole relation and the index <l,i> is associated with the 
ith domain in the cartesian product DlX...XDn. Thus, if 

is any index (~I x) then X~ means that type with which the 

index ~ is associated. The naming function associates the 
relation name with the index <i> and each attribute name with 
an index of type <l,i> (l~i~n). In other words, we can use 
indices to express a correspondence between attribute names and 
their domains. The component AN contains all attribute names 
of the relation, i.e. I ANI expresses the deqree of the relation. 

The component r in our representation describes the instance 
level. Also, the functional dependency is a concept at the 
instance level. However, it is described with attribute names 
which belong to the schema level. The components X,RN,AN,I x 
and fx describe the schema level. In addition, the component 

X describes the mathematical type of the relation. 

We shall define a relational algebra (RA) where relations are 
described in this way. In other words, the definition is 
based on n-ary relations which contain also their complete 
descriptions. N-ary relations are the conventional background 
structure of the relational model. Quotient relations afford 
an alternative possibility of defining a relationally complete 
RA [16,31]. 

In the definition of the relational algebra we manipulate tuples 
and therefore we need the inverse operation for the construction 
operation of the relation. This inverse operation splits a 
relation into the set of its tuples. 

Definition 16: Let B=(r,X,R,AN,Ix,fx,FD ) be some relation such 
that B=R:T. Then ~B=T. 

The inverse operation for the construction operation of the 
sample relation E is ~E={t0,t4,t5} where each of the tuples 

t0,t 4 and t 5 contains the five components described above. 
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It is easy to see that the following properties hold between 
the construction operation and its inverse operation: ~(A:T)=T 
and A: (~A:T)=A:T. We refer to the complete formal representa- 
tion of a tuple t in the relation R simply by tE~R. 

3.5. Relational algebra 

RA is conventionally defined to manipulate the operand relation 
instances and to produce a result relation instance [ 8,17,27]. 
The explicit manipulation of the schema level components has 
been left to the reader. Our RA produces complete schemas for 
the result relations. It is defined formally and exactly on 
the basis of the formalism developed above. This algebra has 
been extended with FDs from the algebra by Niemi [24]. Using 
indices in the description of the schema components does not 
mean any commitment to the memory representations of the relations. 

In addition to the relation from above, we use P and D as 
sample relations to illustrate the RA operations and the rela- 
tional data base. Formal representations for the relations P 
and D are given in the figures 2 and 3. Only the non-trivial 
FDs are described in the FD-components of the seven-tuples. The 
other FDs are denoted by "...". 

P=({<ili2,SMITH,5819.20>,<Ili5,TAYLOR, 4000.00>,<Ii27,JONES, 
5200.00>,<l100,DALE,5819.20>},P(int×char×real),PROVISION, 
{E-CODE,E-NAME,P-PAY},{<i>,<i,i>,<I,2>,<i,3>},{f(PROVISION=<i>, 
f(E-CODE)=<i,i>,f(E-NAME)=<i,2>,f(P-PAY)=<i,3>},{{E-CODE}÷ 
{E-NAME,P-PAY},{E-NAME}+{E-CODE,P-PAY},{E-CODE,E-NAME}÷ 
{P-PAY},...}) 

Figure 2. The sample relation P 

D=({<SALES,1112>,<SALES,iI00>,<SALES,iii5>,<PROD,ii27>}, 
P(charxint),DEPT,{D-NAME,D-EMP},{<i>,<i,i>,<i,2>},{f(DEPT)=<i>, 
f(D-NAME)=<i,i>,f(D-EMP)=<i,2>},{{D-EMP}÷{D-NAME},{D-EMP} ÷ 
{D-NAME,D-EMP},...}) 

Figure 3. The sample relation D 

The operations union, intersection and difference of RA require 
that their operands are union-compatible [i0]. This is defined 
as follows. 

Definition 17: Two relations Ri=(ri,Xi,RNi,ANi,Ixl,fxI,FDI) 

and R2=(r2,X2,RN2,AN2,Ix2,fx2,FD 2) are union-compatible 

iff Xi=X 2 and otherwise union-incompatible. 

The relational algebra can be defined as follows. Using the 
relation constructor, this algebra finds all result relation 
FDs. As operands we use relations RI=(rl,Xi,RNi,ANi,Ixl,fxi,FDi) 

and R2=(r2,X2,RN2,AN2,Ix2,fx2,FD2) which are any two relations. 

We use the name 1 as the RN-component of the result relations. 
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Definition 18: intersection(RI,R2)=l:{tltE~(rlnr2,Xl,RNi,ANl, 

Ixl,fXl,FDl)~ 

Requirement: Xi=X 2 . 

Note that the inverse operation of the relation constructor ~ 
splits the seven-tuple into a set of tuples which do not have 
FD-components. The relation constructor : then finds the 
result relation FDs as defined above. Intersection requires 
union-compatibility of its operands but allows different attrib- 
ute name sets. We have arbitrarily chosen to use the AN 1 
component of the first operand in the result relation. It is 
equally possible to use the corresponding component of the 
second operand or to create new names by some transformation. 
As ~an example, intersection(E,P)=({<ll12,SMITH,5819.20>,<l100, 
DALE,5819.20>},P(int×char×real),I,{E-CODE,E-NAME,SALARY},{<i>, 
<i,i>,<i,2>,<i,3>},{f(1)=<I>,f(E-CODE)=<i,i>,f(E-NAME)=<i,2>, 
f (SALARY) =<i, 3> },FDi) . 

Definition 19: union(R1,R2)=X:{tltE~(rlur2,Xl,RN1,ANl,Ixl,fXl, 
FD I) } 

Requirement: Xi=X2o 

For example, un!on(E,P)=({<iiI2,SMITH,5819.20>,<iii5,TAYLOR, 
5500.40>,<ii00,DALE,5819.20>,<iii5,TAYLOR, 4000.00>,<Ii27,JONES, 
5200.00>},P(intxcharxreal),l,{E-CODE,E-NAME,SALARY},{<i>,<i,i>, 
<I,2>,<i,3>},{f(1)=<i>,f(E-CODE)=<i,i>,f(E-NAME)=<i,2>,f(SALARY)= 
<i,3>},FDi). 

Definition 20: difference(Ri,R2)=l:{tltE~(rl-r2,Xl,RNi,ANl, 

Ixl,fXl,FDl)~ 

Requirement: Xi=X 2 . 

For example, difference(E,P)=({<ll15,TAYLOR, 5500.40>},P(intx 
charxreal),I,~E-CODE,E-NAME,SALARY},{<i>,<i,i>,<i,2>,<i,3>}, 
{f(1)=<i>,f(E-CODE)=<I,i>,f(E-NAME)=<i,2>,f(SALARY)=<i,3>},FDi). 

Definition 21: p[2~ec~i2n(Ri,A)=l:{t[A]itE~R I} 
Requirement: AcAN . 

This definition is based on the definition of tuple projection 
with a set of attribute names (see sec. 3.2). AS an example, 
projection (E,{E-CODE,SALARY})=I:{t[{E-CODE,SALARY}]ItE~E} = 

({<1112,5819.20>,<1115,5500.40>,<1100,5819.20>}, P(intKreal), l, 
{E-CODE,SALARY},{<1> <i,i> <1,2>}, {f(1)=<l>, f(E-CODE)=<i,i>, 
f(SALARY)=<i,2>}, {{E-CODE}+{SALARY}...}). 

An equivalent way of defining the projection is based on an 
index set instead of a set of attribute names. Tuple projections 
with attribute names vs. indices are analogical to relation 
projections with attribute names vs. indices, respectively 
(see sec. 3.2 for comparison). 
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The restriction (or selection) operation may have any finite 
number of predicates testing the validity of operand tuples 
for inclusion into result. A set of predicates connected by 
Boolean operators is in a canonical form if it is a ~2n~uction 
of predicates [17]. 

Notational convention 7: The predicates are represented as 
triples (ai,~i,bi), i=l,...,n, where ai,bieANiAXf (ai)= 

x 1 
Xf A~i£{ ~,< < > >} 

xl(bi) =' _, , ,- . 

The predicates define a comparison ~ between two attributes 
which are identified by their names. To allow predicates with 
constant values we take the following convention. 

Notational convention 8- In a predicate (a.,~.,b.) either 
---- --" 1 1 1 
a i or b i may be a constant value, denoted by cons i . 

The constant value may be on either side of the predicate. 
However, below we consider only predicates of types (a,~,b) 
and (a,~,cons). In the latter case we require that cons 
Xf (a) i.e. the constant value must be compatible with the 

Xl n 

attribute. The set of predicates is denoted by u (ai,~i,bi). 

Definition 22: restriction(Rl, 

Ol(t[{ai}])wio I (t[{bi}]) } 

f=l 
n n 

u (ai,~i,bi))=l:{tJtc~Rl ^ 
i=l i=l 

Any Boolean predicate can be expressed as a disjunction of 
canonical forms. We leave it up to the reader to construct a 
generalized restriction that allows a disjunction of canonical 
forms as its predicate. As an example of restriction we restrict 
the relation E with predicates containing constants: 
restriction(E,{(E-CODE,~,lll0), (SALARY,=,5819.20)})=I:{tJt~~E^ 
oi(t[~E-CODE}])<IiiOAoi(t[{SALARY}) ])=5819.20}=({<1100,DALE, 

5819.20>},P(intxchar×real),I,{E-CODE,E-NAME,SALARY},{<i>,<i,I>, 
<i,2>,<i,3>},{f(1)=<i>,f(E-CODE)=<i,i>,f(E-NAME)=<I,2>,f(SALARY) = 
<i,3>},FD I) 

Definition 23: product(Ri,R2)=l:{<tl,t2>Jtle~RiAt2e~R2 } 

Requirement: ANinAN2=@ 

For example, product(E,D)=({<iiI2,SMITH,5819.20,SALES,iii2>, 
<iii2,SMITH,5819.20,SALES,ii00>,<iiI2,SMITH,5819.20,SALES,iii5>, 
<iii2,SMITH,5819.20,PROD,ii27>,<iIi5,TAYLOR, 5500.40,SALES,iii2>, 
<iii5,TAYLOR, 5500.40,SALES,ii00>,<iii5,TAYLOR, 5500.40,SALES,iii5>, 
<iii5,TAYLOR, 5500.40,PROD,ii27>,<ii00,DALE,5819.20,SALES,iiI2>, 
<ii00,DALE,5819.20,SALES,ii00>,<ii00,DALE,5819.20,SALES,Iii5>, 
<l100,DALE,5819.20,PROD,l127>},P(intxcharxreal×char×int),l, 
{E-CODE,E-NAME,SALARY,D-NAME,D-EMP},{<i>,<i,i>,<I,2>,<i,3>, 
<I,4>,<i,5>},{f(1)=<i>,f(E-CODE)=<I,i>,f(E-NAME)=<i,2>,f(SALARY) = 
<i,3>,f(D-NAME)=<i,4>,f(D-EMP)=<i,5>},FDi) The attribute 
names in the operands must be unique. 
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n 

u (ai,wi,b i))=l:{<tl,t2>Itle~RI^ _D_efinition 24: ~o_!_n (Ri, R2, 
n i=l 

t2E~R 2 ^ Ol(tl[{ai}])WiOl(t2[{bi}]) } 
i=l 

where each w i is some comparison operator (wie{=,~,.o.}) 

Requirements: i. aiEANi^biEAN 2, i=l,...,n, 

2. Xf (ai)=Xf i=l,. . n , and 
x I x 2 (bi) ' • , 

3. ANinAN2= ~ . 

For example, join(E,D,{ (E-CODE,=,D-EMP) }) =l: {<tl,t2 >Itle~E^ 

t2e~D^Ol (tl [ {E-CODE} ]) =~i (t2 [ {D-EMP}) ]) }= ({<1112,SMITH, 5819.20, 

SALES, 1112>, <1115,TAYLOR, 5500.40,SALES, 1115>, <1100,DALE, 5819.20, 
SALES, 1100> }, P (intxcharxrealxchar ×int) , l, {E-CODE, E-NAME, SALARY, 
D-NAME,D-EMP}, { <i>, <i, i>, <i, 2>, <i, 3>, <i, 4>, <i, 5> }, { f (~) =<i>, 
f (E-CODE) =<i, i>, f (E-NAME) =<i, 2>, f (SALARY) =<i, 3>, f (D-NAME) =<i, 4>, 
f (D-EMP) =<i, 5> },FDi~ . 

The second requirement guarantees compatibility of the attributes 
in the predicates. The third requirement guarantees the unique- 
ness of the attribute names in the result relation. The join- 
operation may be generalized in the same way as the restrict- 
operation to allow predicates that are disjunctions of canonical 
forms. This generalization is not presented here. 

The natural ~2~ is a common variant of join. In natural join 
the comparison operators w., (i=l,...,n), are always equality 
operators (=). Usually th~ natural join is taken on operand 
attributes having common names. In our representation the 
intersection ANInAN 2 determines the common attributes of 

relations R 1 and R 2. If preserved into the results the 

common attributes would be equal. Only the other of them is 
preserved. 

Definition 25: nZ~2!n(RiR2)=I:{<tl,t2[AN2-ANi]>ItlE~Ri^t2eNR2^ 

YbEANlnAN2:tl[{b}]=t2[{b}]} 

Requirement: ANinAN2~ @ . 

In case AN. nAN.=@ we must express the corresponding attributes 
I Z 

in R 1 and R 2 . 

We leave it up to the reader as an exercise to define the 
divis!2n-operation. The RA defined above is relationally 
complete [i0] even without division. If required, a sequence 
of product, projections and differences may be used instead 
of a division [i0]. 

The operations of our RA can be combined into sequences as in 
any other RA. For example, projection (join(restrict(E,{(SALARY,>, 
5600.00) }) ,D, { (E-CODE,=, D-EMP) }) , {E-NAME,D-NAME}) produces 
the relation ({<SMITH,SALES>,<DALE,SALES>},P(charxchar) ,I, 
{E-NAME, D-NAME }, { <i>, <i, i>, <i, 2> }, { f (I) =<i>, f (E-NAME) =<i, i>, 
f (D-NAME) =<i, 2> }, { {E-NAME }+{D-NAME}, {E-NAME }+{E-NAME, D-NAME}, . . . }) . 
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3.6. Inference rules for time-invariant FDs of result 
relations 

The notion of FDs so far used is a time-varying property of 
a tuple set. However, in the relational data base theory the 
main interest is in time-invariant FDs as properties of 
relations [ 3, 6,12,30]. 

Definition 26: Let time] and timer be any moments of time. 
Let-R~-Se-any-relation with relation name RN and functional 
dependencies FD I at time] and y £ FD I. Let T be any set of new 
tuples and the Updated relation R 2 = RN]:NR]UT at time 2. Let FD 2 
be the FD-set of R 2. If at time2-Y 6 FD 2 then y is a ~ime- - 
invariant FD. 

Notational convention 9: 
denoted by FD-i I . 

The time-invariant FDs of R 1 are 

Obviously, the time-invariant FDs of relation R arelincluded 
into the FD-component FD 1 of R I, i.e. FD-i~FD I. 

The time-invariant FDs are dictated by the application area of 
the relational data base and they are (required to be) valid 
irrespective of the particular instances of the relations at 
some moment. Normally the time-invariant FDs also bear some 
meaning with respect to the application. On the contrary, 
many of the time-varying FDs are purely occasional. 

We define the candidate keys of a relation on the basis of 
time-invariant FDs. The selector function ~., i=i,...,7, 
is used analogically to the selector function I oi for tuples. 

Definition 27: Let Ri=(rl,XI,RNi,ANi,Ixl,fxi,FD-il). 

rel-keys(Ri)={AIAcANiAA÷ANi~(~7(Ri))+^~BcA:B÷ANIE(~7(Ri)) +}- 

We apply the definition of closure above in the context of the 
time-invariant FDs, too. 

Below we present inference rules for transforming time-invariant 
operand FDs and those definitely produced by the RA-operations 
into the result relations. The rules define an FD-set for the 
result of each RA operation. This set is substituted for the 
set defined by the relation constructor. The rules do not 
require inspecting the instances of the operand or result 
relations. The rules have been proved in [21]. 

Intersection requires that we are able to express the FDs of 
one operand in terms of corresponding attributes of the other 
operand. For this purpose the function fd-renamin@ is defined 

below. Let R I= (rl,Xi,RNi,ANi, Ixl, fxl,FD 1) and R2=(r2,X2, 
RN2,AN2, Ix2 ,fx2,FD2) be two union-compatible relations. 

Because union-compatible relations are subsets of the same 
Cartesian product (i.e. Xi=X 2) we can establish attribute 

name correspondences through their indices and naming functions 
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and inverse naming functions° 
the expression 

-i 
fxl(fx2(b)) 

For any attribute name bEAN 2 

yields the corresponding attribute in AN 1. For example, the 
relations E and P are union-compatible and such an ex- 
pression gives SALARY and P-PAY as corresponding attributes. 
Using this correspondence the FDs in FD may be expressed 
with corresponding attribute names of AN~. 

Definition 28: Let R I=(rl,xI,RN l,ANl,Ixl,fxl,FD-il) and 

R2=(r2,X2,RN2,AN2,Ix2,fx2,FD-i 2) be relations such that Xi=X 2. 

fd-renaming(fxl ,FD-i2)={ u f-i -i 
'fx2 iEA xl(fx2 (i))÷jEBu fxl(fx2(J)) I 

A÷BEFD-i 2 } 

The time-invariant FDs for the result relations are as follows. 
In the definitions we use Ri=(rl,Xi,RNi,ANi,Ixl,fxi,FD-il) 

,fx2, and R2=(r2,X2,RN2,AN2,Ix2 FD-i 2) In this case the result 

relations of RA operations contain the following FDs. 

Definition 29: In the result relation of intersection(Ri,R 2) 

FD-i=FD-ilufd-renaming(fxl,fx2,FD-i2)- 

Definition 30: 

FD-i=FD-i I . 

Definition 31: In the result relation of 

FD-i={A+BIAcANi^BcA}. 

Definition 32: In the result relation of 

FD-i=FD-ilUFD-i 2 

Definition 33: In the result relation of 
+ 

FD-i={yly~FD-ilAleft(y) uright(y)~A} . 

In the result relation of difference(R1,R 2) 

union ( R 1 , R 2 ) 

product(R1,R 2) 

projection(Ri,A) 

n 

Definition 34 ! In the result relation of restriction(R I, u (ai, 

~i,bi) ) i=l 

FD-i=FD-ilu{{ai}÷{bi},{bi}÷{ai}l~i='='^ai~cons^bi~cons} 

u{D÷{ai}ID~ANiAai~cons^bi=cons^~i-'-'}. 

The result contains the time-invariant FDs of the operand and, 
in addition, for each predicate with ~i-'-' a set of new 
time-invariant FDs. If neither a. = cons nor b. = cons then this 
set contains muhual FDs between h~e . l attributes. If one of the 
attributes (here b~) is cons then all attribute sets DeAN 1 function- 
ally determine theXother attribute (ai) - 
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In the join operation, where predicates with ai6AN 1 and bi6AN 2 are 

the only possible ones, a set of mutual dependencies similar 
to those in restriction is created for predicates with ~.-'-' 
In the natural join this is unnecessary because the dupliclate 
attributes are not preserved into the result. 

n 
Definition 35: In the result relation of join(Ri,R2, u (a i, 

i=l 

~i, bi) ) 

FD-i=FD-ilUFD-i 2 u{{ai}÷{bi},{bi}÷{a i} l~i ='='} 

Definition 36: In the result relation of n-join(Ri,R 2) 

FD-i=FD-ilUFD-i 2 o 

These rules are limited so that at each operation, only the 
operand attribute names, time-invariant operand FDs and the 
parameters of the operation (e.g. predicates, attribute sets) 
are the premises taken into account. Other information that 
might be available in the application area of the data base, 
in the data base schema or in the possible subexpressions 
producing the operands is bypassed. This raises the following 
notes: 

- The result relation of union has only trivial FDs. This 
is because union-compatibility is the only criterion required 
for taking a union. 

- Identification of common subexpressions [18] (e.g. 
union(restrict(R],P]),restrict(R],P~)) ) would sometimes 
allow inferring ~or-preserving) ~dditional FDs into result 
relations. Some techniques for identifying and transforming 
these into equivalent expressions are presented in [29]. 

- Application dependent domains sometimes allow inferring that 
one, none or all tuples in the operands of a restriction or 
join satisfy the predicate or that the comparison operator 

in some predicate may be changed to be '=' (if not so 
already) without affecting the correctness of the result. 
These obviously would allow inferring additional time- 
invariant FDs. 

It should be noted that FDs are but one type of dependencies 
recognized in the relational data base literature. Similar 
inference rules may be defined for the other dependency types 
(e.g. multivalued dependencies [14]), too. 

3.7. Relational data base 

Our formal representation of a relation defined in this paper 
affords a possibility of representing the relational data base 
in such a way that it contains the description (schema) of the 
data base, too. A relational data base consists of relations 
and its schema consists of schemata of these relations. The 
seven-tuple representation of a relation contains both the 
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instance and the schema of a relation. Therefore, a relational 
data base and its description can be represented as a set 
of seven-tuples. Because the relational data base schema 
must define the time invariant properties of relations we 
have time invariant FD's iN relations. Ausiello et al. call 
functional dependencies static constraints in their 6-tuple 
representation of a relational data base schema [ 4,5 ]. 

Definition 37: Let (ri,Xi,RNi,ANi,Ix ,fx ,FD-ii) be the 
1 l 

seven-tuple representation of the relation rel-i then a 
relational data base (rdb) can be defined as follows. 

rdb={rel-l,rel-2,...,rel-n} 

A relational data base is now described exactly as a set where 
we can apply set-valued expressions in the normal way. For 
example, the expression {z]zcrdbAp(z) } gives the set of 
relations for which the predicate P is true. 

Next we give examples on how we can flexibly express different 
kinds of things with the formalism. Our sample data base 
consists of relations E,D,P above, i.e. rdb={E,D,P} 

_S_a_mple expression-i : [ rdb ] 
the relational data base rdb. 
]rdb]=3. 

gives the number of relations in 
In our sample data base 

Sample expression-2: xErdb^oR(x)=RN gives the seven-tuple 
representation of that relati6n which has the name RN. In 
the sample data base the expression xerdb^o3(x)=EMPLOYEE 
gives the relation E. 

Sample expression-3: Let RN 1 and RN 2 be two relation names 

in the relational data base. Now, the expression 

{a[aeo4(xl)no4(x2)^xlcrdb:o3(Xl)=RNl^X2erdb:o3(x2)=RN2 } 

yields the common attribute names of the relations with relation 
names RN. and RN 2. The empty set as the result of the 
evaluation of the expression indicates that there are not such 
attribute names. 

Sample expression-4: u o4(x) defines the content of the 
xerdb 

relation data base. In our sample data base u o4(x)= 
xerdb 

{E-CODE,E-NAME,SALARY,P-PAY,D-NAME,D-EMP} 

Sample expression-5: u o3(x) contains all relation names 
xErdb 

in the relational data base. In the sample data base u o3(x)= 
xerdb 

{EMPLOYEE,PROVISION,DEPT}. 
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Sample expression-6: u o7(x) gives all functional depend- 
xerdb 

encies in the relational data base. 

Sample expression-7: Let A be any set consisting of attribute 
names. Now, the expression 

{x IxerdbAA~O 4 (x) } 

defines those relations from the relational data base which 
contain the attributes in A. If A={E-CODE,E-NAME} then in 
our sample data base this expression gives the set {E,P}. 

Sample expression-8: Let 
pression 

RN be any relation name. The ex- 

{xlxErdbAXlErdb:o3(Xl)=RNAo2(x)=o2(Xl ) } 

selects those relations from the relational data base which 
are union-compatible with the relation whose name is RNo In 
our sample data base {xlxerdbAXlErdb:o 3(xl)=EMPLOYEEAo 2(x)= 

o 2(x I) }={P}. 

Sample expression-9: {xlxerdbA2<IOl(X) I<5AIO4(X)I<3} contains 

those relations whose cardinality is between two and five and 
whose degree is smaller than three. In our sample data base 
the result of this expression is {D} . 

Sample expression-10: 
Now, 

Let A be a set of attribute names. 

{xlxerdbAAecand-keys(~x) } 

gives those relation where A is a possible candidate key° 
The empty set indicates that there is not such a relation in 
the data base. 

Sample expressions do not form a complete list of what we can 
define with the formalism. They are primarily aimed at demon- 
strating how we can express different features of RDM exactly 
and conveniently. Our ultimate purpose is to provide an 
efficient tool to facilitate precise specifications and proofs 
concerning: 

relational query languages, 
relational data base restructuring [22], [283 
consistency of mappings in a relational DBMS architecture 
[i ], 
query optimization [22], 
design of relational data bases and other topics. 
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4. CONCLUSIONS 

We have presented a straigthforward formalization of the 
relational model in such a way that it provides a general 
and exact tool for specifications and proofs concerning 
various topics in the RDM research area. For this purpose 
we have defined all the components and operations of the 
relational model consciously so that the schema and instance 
level descriptions remain together. This formalism, except 
for the FD-component has been applied in the exact specification 
of relational query language and data restructuring. It is 
possible to adapt the formalism for different situations e.g. 
other dependency types may be substituted for the FD-component. 
In the structural sense, the construction operations introduced 
in this paper can be used to represent unnormalized relations 
or power set type relations [19,20] so that they contain their 
descriptions, too [25]. 

There are many papers on the RDM (e.g.[ll,26]) which aim at 
precise representation of its components and their inter- 
relations. In addition to this we provide a formalism that 
allows flexible manipulation of the components. This mean that 
it can be used for exact specification and proofs concerning 
RDM. Because the formalism is based on set theory it avoids 
the complexities and heavyness of notations typical of many 
formal specification-methods borrowed from programming language 
definitation. 

34 



APPENDIX 

FD-set(T)={{E-CODE}÷{E-CODE},{E-NAME}+{E-NAME},{SALARY}+{SALARY}, 
{E-CODE,E-NAME}÷{E-CODE},{E-CODE,E-NAME}÷{E-NAME},{E-CODE, 
E-NAME}+{E-CODE,E-NAME},{E-CODE,SALARY}÷{E-CODE},{E-CODE,SALARY}÷ 
{SALARY},{E-CODE,SALARY}÷{E-CODE,SALARY},{E-NAME,SALARY}÷ 
{E-NAME},{E-NAME,SALA/~Y}+{SALARY},{E-NAME,SALARY}÷{E-NAME,SALARY}, 
{E-CODE,E-NAME,SALARY}÷{E-CODE},{E-CODE,E-NAME,SALARY}÷{E-NAME}, 
{E-CODE,E-NAME,SALARY}÷{SALARY},{E-CODE,E-NAME,SALARY}÷{E-CODEe 
E-NAME},{E-CODE,E-NAME,SALARY}÷{E-CODE,SALARY},{E-CODE,E-NAME, 
SALARY}÷{E-NAME,SALARY},{E-CODE,E-NAME,SALARY}+{E-CODE,E-NAME, 
SALARY},{E-CODE}+{E-NAME},{E-CODE,SALARY}÷{E-NAME},{E-CODE}+ 
{SALARY},{E-CODE,E-NAME}+{SALARY},{E-NAME}+{E-CODE},{E-NAME, 
SALARY}÷{E-CODE},{E-NAME}+{SALARY},{E-CODE}+{E-NAME,SALARY}, 
{E-NAME}÷{E-CODE,SALARY},{E-CODE,EiNAM~}÷{SALARY,E-NAME~{E-CODE, 
E-NAME}÷{SALARY,E-CODE},{E-CODE,E-NAME}÷{SALARY,E-CODE,E'NAME}, 
{E-CODE}÷{E~COBE,E-N~ME,SALARY}i{E-NAME}+{E-CODE,E-N-~4E,SALARY}} 
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