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ABSTRACT

I t  i s  well-known th a t  the  B -tree  d a ta  s t ru c tu re  y ie ld s  e x c e lle n t  w o rst-case  
sea rch  c o s ts  and fo r  th a t  reason  i s  w idely employed in  th e  o rg a n iz a tio n  of 
e x te rn a l  f i l e s  and in  th e  im plem entation of d a ta  b ase s . In  th i s  paper, we examine 
g en e ra l B -tre e s  e m p iric a lly  and compare them w ith  a le s s  r e s t r i c t i v e  s t ru c tu re ,  
th e  g en e ra l multiway t r e e ,  and a more r e s t r i c t i v e  s t r u c tu r e ,  th e  compact B -tre e . 
We compare sea rch  c o s ts ,  in s e r t io n  c o s ts ,  and space c o s ts  of th ese  th re e  
s t ru c tu re s  fo r  bo th  sm all and la rg e  o rders  and in d ic a te  th e i r  r e la t iv e  u t i l i t y  
fo r  la rg e  and sm all d a ta  s e t s .  Although th e re  a re  cases when g en e ra l multiway 
t r e e s  a re  more e f f e c t iv e  than  B - tre e s , th i s  i s  no t th e  case fo r  most p r a c t ic a l  
s i tu a t io n s .  Compact B -tree s  a re  a ls o  shown to  degrade ra p id ly  in  the  presence of 
in s e r t io n s  and a re  th e re fo re  only u se fu l fo r  s t a t i c  d a ta  s e t s .

0, In tro d u c tio n

Tree s t ru c tu re s  of v a rio u s  types a re  w idely used to  s to re  d a ta  to  perm it 
e f f i c i e n t  a c c e s s , in s e r t io n  and d e le tio n  o p e ra tio n s . This paper i s  concerned w ith  
th e  o rg a n iz a tio n  of d a ta  on secondary s to rag e  media. In  th i s  ca se , th e  choice of 
v ia b le  t r e e  s tru c tu re s  i s  sev e re ly  r e s t r ic t e d  because of th e  g re a t  d if fe re n c e  in  
speed of memory-to-memory and device-to-m em ory o p e ra tio n s , as w ell as because of 
the  problem of space u t i l i z a t i o n .  Because of t h e i r  e x c e lle n t  w o rst-case  and 
reaso n ab le  average-case  access p ro p e r t ie s ,  B -tree s  C23 or th e i r  v a r ia n ts  have 
become th e  t r e e  s tru c tu re  of cho ice .

In  th i s  paper, we examine g en e ra l B -tree s  e m p iric a lly  and compare them w ith  
a  le s s  r e s t r i c t i v e  s t r u c tu r e ,  th e  genera l multiway t r e e ,  and a more r e s t r i c t i v e  
s t r u c tu r e ,  th e  compact B - tre e , a s to ra g e -e f f ic ie n t  B -tree  v a r ia n t .  In  th e  next 
s e c tio n , th e  d a ta  s t ru c tu re s  of in te r e s t  a re  d e fin e d . In S ection  2, some 
a n a ly t ic a l  work on th e  e f f ic ie n c y  of multiway t r e e s  i s  p re sen ted . S ection  3 
d isc u sse s  th e  em p irica l methods th a t  were used. S ection  4 compares vario u s  
p ro p e r t ie s  of th e  t r e e s  under c o n s id e ra tio n , and S ection  5 tak es  up the  is su e  of 
th e  dynamic behav ior of compact B -tre e s .
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1. D e fin itio n s

In t h i s  s e c tio n , th e  d a ta  s tru c tu re s  of i n te r e s t  a re  d efined .

B-TREES. A B -tree  of order M £2 ,3 ,53  i s  a t r e e  in  which no ■ node co n ta in s  more 
than  M-l keys; a l l  nodes, excluding  th e  ro o t ,  co n ta in  a t  l e a s t  (M-l) d iv  2 keys; 
a l l  leaves a re  a t  th e  same le v e l ;  and any n o n -lea f node w ith  N keys has N+l 
c h ild re n . (We a re  using  "order" as i t  i s  used in  £7,103 ra th e r  than as in  £3,53. 
We a re  in te re s te d  in  th e  use of B -tree s  as s to r a g e / r e t r ie v a l  s t ru c tu re s .  As such, 
th e  nodes of th e  B -tree  co n ta in  keys from an ordered  s e t .  Each n o n -lea f node has 
one fewer key than  c h ild re n , and, o rd e rin g  th e  keys in  th e  node k . , k_, . . . ,  kN, 
th e  fo llow ing  co n d itio n s  must ho ld : k. i s  g re a te r  than  a l l  th e  keys in zth e  f i r s t  
su b tree  of th e  node, a l l  th e  keys in  th e  i - t h  su b tree  (l<i<=N) a re  g re a te r  than 
k. , and le s s  than  k . , and k„ i s  le s s  than  a l l  th e  keys in  th e  (N + l)-th  su b tre e . 
An a lgo rithm  fo r  in s e r t in g  keys in to  B -tree s  may be found in  £2 ,3 ,53 .

COMPACT B-TREES. A compact B -tree  £6,73 i s  a space-optim al B -tre e . Following 
Rosenberg and Snyder £73, compact B -tree s  may be c h a ra c te r iz e d  as fo llow s. Let 
th e  p r o f i le  of a dep th  d B -tree  of k keys be th e  (d+ 2 )-tup le

(v
O ' V d+1 )

where v . i s  th e  number of nodes a t  th e  i - t h  le v e l in  the  t r e e  and v . . equals 
k+1. Note th a t  vQ i s  1 s in ce  th a t  i s  th e  ro o t le v e l ,  and v .  . corresponds to  th e  
d iv is io n  of th e  key space in to  k+1 in te rv a ls  defin ed  by th e  k keys in  th e  t r e e .  
Rosenberg and Snyder £73 prove th a t  an order M B -tree  i s  compact i f  and only i f  
fo r  0<=i<d, v.=  rVi+i/K) • In  o th e r words, to  c o n s tru c t a compact t r e e  fo r  k 
keys, maximize th e  number of nodes a t  the  low est le v e l  f(k+ l)/M | ; th en , working 
up, maximize th e  nodes a t  succeding le v e ls .  The e f f e c t  of th i s  i s  to  maximize 
bo th  b ranching  and key d e n s ity  in  th e  lower le v e ls .  In  a d d itio n  to  th i s  
c h a ra c te r iz a t io n  of space optim al B -tre e s , Rosenberg and Snyder £73 a ls o  prove 
t h a t ,  re g a rd le ss  of o rd e r , fo r  la rg e  d a ta  s e t s ,  th e  search -tim e co s ts  of th ese  
t r e e s  a re  n e a rly  op tim al.

There i s  no known e f f i c i e n t  a lgo rithm  fo r  com pactness-preserv ing  in s e r t io n  
in to  a compact B -tre e . Rosenberg and Snyder suggested  p e r io d ic  com paction, 
perhaps co n cu rren tly  w ith  p e r io d ic  backups. Between com pactions, in s e r t io n s  and 
d e le tio n s  in to  the s t ru c tu re  a re  to  be c a r r ie d  out in  th e  usual B -tree  fa sh io n .

M-TREES. A m u ltiw ay -tree , or M -tree, of o rder d i s  a g e n e ra liz a tio n  of a b inary  
sea rch  t r e e .  Such a t r e e  has th re e  k inds of nodes: le a f  nodes, which have no 
c h ild re n , sem i-lea f nodes w ith  ex a c tly  d-1 keys bu t fewer than  d c h ild re n , and 
in te r n a l  nodes w ith  d-1 keys and d c h ild re n . (Note th a t  a node w ith  ex a c tly  d-1 
keys and no c h ild re n  i s  bo th  a le a f  and a s e m i- le a f .)  Used as a s to r a g e / r e t r ie v a l  
s t r u c tu r e ,  th e  usual o rd e rin g  p ro p e rty  holds among th e  keys in  a node and i t s  
su b tre e s . An example of an o rder 5 M -tree i s  given in  F igure  1 .1 .

To in s e r t  a  key in to  an M -tree , a search  i s  made fo r  th e  ap p ro p ria te  le a f  or 
sem i-lea f node. In  the  case of a le a f  node w ith  fewer than  d-1 keys, the  new key 
i s  in s e r te d  in to  th e  le a f  node. In  th e  case of a sem i-lea f node, a new le a f  node 
i s  c re a te d . The key i s  s to re d  in  th e  new le a f  node, which becomes th e  c h ild  of 
th e  sem i-lea f node in  such a way as to  p reserv e  th e  o rder c o n d itio n . ( I f  the  
p a ren t node had d-1 c h ild re n  b efo re  the  in s e r t io n ,  then  i t  i s  no longer a 
sem i-lea f node but an in te rn a l  node.) Thus, M -tree growth takes p lace  a t  the  
le a v e s , as in  conven tional b in ary  t r e e s .  F igu res 1 .2a and 1.2b i l l u s t r a t e  two 
su ccessiv e  a d d itio n s  of keys (4 and 83) to  an M -tree of o rde r 5 (F igure 1 .2 a ) . 
The sea rch  fo r  a node fo r  key 4 y ie ld s  a sem i-lea f node. The c re a tio n  of a  new 
le a f  fo r  4 causes th e  sem i-lea f node to  become an in te rn a l  node (F igure 1 .2 b ). 
The sea rch  fo r  a node fo r  key 83, y ie ld s  a le a f  node. The in s e r t io n  of 83 in to  
th a t  l e a f ,  r e s u l t s  in  the  le a f  becoming a sem i-lea f (w hile rem aining a le a f  as 
w e ll , s in ce  i t  has no descendants) (F igure 1 .2 b ).



Choosing among th e  above in fo rm ation  s t ru c tu re s  invo lves making a number of 
t r a d e - o f f s ,  in c lu d in g  space-tim e and average-case  v s . w orst case . In  g e n e ra l, the  
papers and tex tbooks on th e  su b je c t make l i t t l e  or no mention of M -trees and 
emphasize th e  tim e c o s ts  of s to rag e  and r e t r i e v a l  o p e ra tio n s , ra th e r  than  s to rag e  
c o s ts .  For example, Comer C33 w rite s  th a t  " the balancing  mechanism Cof B -trees3  
uses e x tra  s to rag e  to  lower th e  ba lanc ing  c o s ts  (presum ably, secondary s to rag e  i s  
inexpensive compared to  r e t r i e v a l  t im e )."  In  th e  o r ig in a l  a r t i c l e  of Bayer and 
McCreight C23 proposing  B - tre e s ,  the  emphasis was on f in d in g  a b a lanc ing  scheme 
such as th a t  employed in  AVL t r e e s  C l ,43 bu t which would be a p p ro p ria te  fo r  
secondary s to ra g e . (The AVL b a lan c in g  mechanism i s  in a p p ro p ria te  fo r  secondary 
s to rag e  because, u n lik e  th a t  of th e  B -tre e , i t  does not r e s t r i c t  th e  changes i t  
makes in  th e  t r e e  s t ru c tu re  to  a s in g le  pa th  from th e  ro o t to  th e  p o in t of 
in s e r t io n . )  Although Bayer and McCreight do r e f e r  to  th e  s to rag e  u t i l i z a t i o n  
lower bound of 50% as a b e n e f i t ,  i t  appears th a t  they were co n sid erin g  hashing  
and r e la te d  indexing schemes as "com petition". There i s  no mention of M -trees in  
th a t  paper or i t s  re fe re n c e s  ( fo r  example, C83). The read er re ce iv e s  the  
im pression  th a t  B -tree s  a re  p re fe ra b le  to  M -trees because they provide f a s te r  
access tim e , a lb e i t  a t  an in c re ased  s to rag e  c o s t .  In f a c t ,  as th i s  paper shows, 
t h i s  i s  no t th e  case a t  a l l .



2. An A nalysis of M-Trees

One can g e n e ra liz e  th e  a n a ly s is  of search  c o s t fo r  b in a ry  t r e e s  C93 to  
M -trees of o rde r d as fo llo w s. Assume th a t  th e re  a re  n>d-l d i s t in c t  keys w ith  
v a lu es  of 1 through h. Assume th a t  th e  f i r s t  d-1 keys to  a r r iv e  a re  th e  s e t

Cil '  V  *d-2 ' * d - lJ
and t h a t ,  w ithou t lo s s  of g e n e ra l i ty ,  i . < i ,  . fo r  j = l . . . d - 2 .  For convenience, 
d e f in e  3  •’

i Q=0 and i d=n+l.

A fte r  th e  rem aining n-d+1 keys a r r iv e ,  th e  t r e e  has the  re p re s e n ta tio n  shown 
in  F igu re  2 .1 .

The exp ressions in  th e  su b tree s  in d ic a te  th e  number of keys in  each su b tre e . 
Let a be th e  average sea rch  p a th  len g th  fo r  any key in  any o rd e r-d  M -tree of n 
keys. Eet

be th e  average sea rch  pa th  len g th  fo r  any key in  any n-key o rd er-d  M -tree, 
assuming th a t  t i ^  i 2 r • • • ,  i d_2 , ^ - 1 ^  i s  the  s e t  keys in  the  fo o t. Then,

C il ......... i d - l 3
an + W r 1

5 = 1
(1+ai  - i  - l 1

5 5-1

By averag ing  over a l l  

a n = cTnTd-1)

p o ss ib le

n-d+2

W 1

£ i . . . i ,  <C (n,d-l) in  number), al  Q.-1 n
n-d+k+1 n

i k=1k - l +1 1d - l " 1d-2+i

-i- f t  'VVr— .,-Vr^

i s  found:



There i s  a one-to -one correspondence between the su b tree s  shown in  F igure
2.1  and th e  term s of th e  innerm ost sum (over j from 1 to  d ) . The c o n tr ib u tio n  of
each term to  th e  t o t a l  sum equals th e  c o n tr ib u tio n  th a  .the corresponding  su b tree  
to  th e  average sea rch  pa th  le n g th  of th e  e n t i r e  s e t  of .¡trees. Since no su b tree  i s  
fav o red , each su b tree  and th e re fo re  each term  makes th e  same c o n tr ib u tio n  to  th e  
t o t a l .  Thus, we can l e t  th e  j= l term  re p la ce  a l l  th e  o th e r term s by w eighting  i t  
w ith  d , th e  number of term s in  th e  j-sum . Thus,

n-d+2 n-d+k+l
___ X ____

n C (n ,d -l) r ~  ‘
V 1 W i

1 d-1 +

+1 1d - l -1d-2+1

j~ d-1 + d ( i 1- l ) ( l+ a i  _1T~|

s in ce  i = 0 .  S ince th e  summand in  the  th i s  equa tion  i s  independent of a l l  in d ices  
save i^ ,  th e  equa tion  can be re w rit te n  a s :  l

an
_ 1 _

n C În ,d - l)
n-d+2

m = l
d (m -l) ( 1+a .m-l C(n-m,d-2)

i
!

s in ce  th e re  a re  C(n-m,d-2) term s in  th e  o u te r sum of the  prev ious equa tion . With 
some re a rra n g in g , and using  the f a c t  th a t

n -d +2
?—  (d-l+ d(m -l))C (n-m ,d-2)
m=l

n-d-1
( d - l ) £ l  C(n-m -l,d-2> +

m=0 i<

n-d+1
(15 mC(n-m -l,d-2) 
m=0

= (d - i)C (n .d - l)  + dC(n,d) n C (n ,d - l ) ,

th i s  can be re w rit te n  as

d n-d+1
a„ = 1 + ----------- 5 m C (n-l-m ,d-2)a .n _. . . . m x.n C (n ,d -l) m=l

Although we have been unable to  o b ta in  a c losed  form, th i s  r e la t io n  is  
u se fu l in  p rov id ing  num erical r e s u l t s  fo r  M -trees, as  w ell as fo r  judging the  
c o rre c tn e s s  of s im u la tio n  r e s u l t s  fo r  M -trees and B -tre e s .

Using th e  same techn iques as were used above, th e  fo llow ing  r e la t io n s  fo r  
th e  average number of nodes and the  average number of leaves fo r  M -trees may a lso  
be d e riv ed :

Nn
. n -d+1

1 + ---- - —  d  C(n-l-m ,d-2)N
C (n,d-1) m=l m

(Number of Nodes)

i
. n-d+1

L = ----------- C (n-l-m ,d-2)L  (Number of leaves)
n C (n,d-1) m=l m

Values deriv ed  from th ese  exp ressions were th e  same as the 
d e riv ed  q u a n t i t ie s  p re sen ted  in  subsequent s e c tio n s .

em p iric a lly



3. S im ulation  Methodology

General B -tree s  and even M -trees a re  e x c e p tio n a lly  d i f f i c u l t  o b je c ts  to  
d e sc rib e  a n a ly t ic a l ly .  Since our in te r e s t s  a re  pragm atic as w ell as a n a ly t ic ,  and 
as a  f i r s t  s te p  towards a b e t t e r  th e o r e t ic a l  understand ing  of th ese  o b je c ts ,  the  
r e s u l t s  in  th i s  paper a re  p rim a rily  em p iric a l. S im ulations were c a r r ie d  out by 
c o n s tru c tin g  random ( in  Y ao's C103 sense) t r e e s  by repea ted  in s e r t io n  of keys 
genera ted  by a n o n -rep ea tin g , uniform , pseudo-random number g e n e ra to r . This 
method was used to  co n s tru c t, bo th  g en era l B -tree s  and M -trees. Compact B -tre e s , 
on th e  o th e r hand, were co n stru c ted  by s o r t in g  the  s e t  of keys used to  gen e ra te  a 
B -tree  or M -tree and b u ild in g  the (unique) compact B -tree  which i s  most skewed to
th e  l e f t ,  u sing  th e  a lgo rithm  suggested  by Theorem 2 .2  in  C73.

QUANTITIES OF INTEREST. The q u a n t i t ie s  th a t  we have in v e s tig a te d  a re  th e  time 
c o s ts  fo r  th e  in s e r t io n  and r e t r i e v a l  of reco rds and th e  s to rag e  u t i l i z a t i o n  of
th e  e n t i r e  f i l e  s t ru c tu re .  The time co s t of a sea rch  or an in s e r t io n  i s
considered  to  be th e  number of i / o  o p e ra tio n s  invo lved , th a t  i s ,  th e  number of 
nodes accessed . I t  i s  assumed th a t ,  except fo r  a very lim ite d  b u ffe r  c a p a c ity , 
a l l  the  nodes of th e  f i l e  s t ru c tu re  re s id e  in  secondary s to ra g e . Thus, th e  time 
co s t of a  r e t r i e v a l  of a reco rd  from e i th e r  a B -tre e , compact B -tre e , or M -tree 
i s  th e  number of n o d e -v is i ts  req u ired  to  f in d  th e  node in  which th e  reco rd  
re s id e s  or to  v e r ify  i t s  absence from the  s t ru c tu re .  The time co s t of an 
in s e r t io n  in to  an M -tree i s  the  number of reads re q u ired  to  f in d  th e  ap p ro p ria te  
node fo r  th e  in s e r t io n ,  p lu s  an a d d it io n a l  w rite  to  update th a t  node. I f  the  
l a t t e r  was a sem i-lea f -, then  y e t ano ther w rite  o p era tio n  i s  counted, s ince  
in s e r t io n s  in to  sem i-leaves re q u ire  th e  a l lo c a t io n  and w ritin g  of a new le a f  
node. The tim e co s t of an in s e r t io n  in to  a B -tree  or compact B -tree  i s  the  number 
of reads req u ired  to  f in d  th e  c o r re c t  le a f  node fo r  in s e r t io n ,  p lus th e  w ritin g  
out of th a t  l e a f ,  p lus tw ice the  number of s p l i t s  r e s u l t in g  from th e  in s e r t io n .  
This i s  because i t  i s  assumed th a t  th e  b u ffe r  ca p ac ity  i s  s u f f ic ie n t  to  ho ld  a l l  
th e  nodes in  a pa th  in  th e  t r e e  (o b v ia tin g  a d d it io n a l  reads) and because each 
s p l i t  n e c e s s i ta te s  th e  w ritin g  of an a d d it io n a l  s ib l in g  node and th e  p aren t of 
th e  s p l i t  node (two w rite s  per s p l i t ) .  (Note t h a t ,  s t r i c t l y  speaking , one cannot 
" in s e r t"  in to  a compact B -tree  using  the  above method, s in ce  such an in s e r t io n  i s  
l ik e ly  to  d estro y  com pactness. We speak of in s e r t io n  in to  a compact B -tree  as a 
non-com pactness-preserv ing  o p e ra tio n .)  As d esc rib ed  above, th e  compact B -tree s  in  
th e  s im u la tio n  were skewed to  th e  l e f t ,  th a t  i s ,  the  compact B -tree s  were 
c o n s tru c ted  in  such a way th a t  th e  f u l l  nodes in  a given le v e l  were p laced  to  the 
l e f t  of those  th a t  were no t f u l l .  Because of t h i s ,  the  in s e r t io n  cost 
measurements fo r  th ese  t r e e s  would be h ig h er than  those  fo r  th e  b e s t  compact 
B - tre e s . However, an inform al a n a ly s is  and some measurements show th a t  th i s  b ia s  
i s  n e g lig ib le  in so fa r  as th e  b a s ic  r e s u l t s  of th i s  paper a re  concerned.

The s to rag e  u t i l i z a t i o n  fo r  any of th e  types of t r e e s  i s  k /( (d - l)N )  where k 
i s  th e  number of keys p re se n t in  th e  t r e e ,  N th e  number of nodes in  th e  t r e e ,  and 
d th e  o rd er of th e  t r e e  ( i . e .  d-1 i s  th e  maximum number of keys th a t  can be 
p o ss ib ly  s to re d  in  a s in g le  node).

For each d i s t in c t  t r e e  in  a sample s e t  of randomly genera ted  t r e e s  of a 
p a r t ic u la r  ty p e , o rd e r , and f i l e  s iz e ,  the  s to rag e  u t i l i z a t i o n ,  average r e t r i e v a l  
co s t and average in s e r t io n  co s t were computed. The average r e t r i e v a l  co s t fo r  one 
t r e e  i s  th e  time co s t fo r  sea rch ing  averaged over a l l  k keys in  th e  t r e e .  
(U nsuccessful searches a re  no t co n sid e red .) The average in s e r t io n  co s t fo r  one 
t r e e  i s  th e  time co s t fo r  in s e r t in g  a key averaged over a l l  k+1 in te rv a ls  defined  
by th e  k keys p re sen t in  th e  t r e e .  Each of th ese  s in g le - t r e e  q u a n ti té s  were 
averaged over th e  e n t i r e  sample s e t  th a t  was genera ted  fo r  t r e e s  of a  p a r t ic u la r  
ty p e , o rde r and f i l e  s iz e .

MEASUREMENT. To measure th e  average sea rch  co s t fo r  a p a r t ic u la r  t r e e  generated  
by th e  s im u la tio n , a sum of th e  pa th  leng th s  from th e  ro o t to  each key was 
computed and d iv ided  by th e  number of keys. To measure th e  s to rag e  u t i l i z a t i o n ,  a 
sim ple procedure fo r  counting nodes and keys was employed, in  con junc tion  w ith  
th e  ex p ressio n  fo r  s to rag e  u t i l i z a t i o n  above. F in a l ly ,  to  measure th e  expected 
in s e r t io n  co s t fo r  a p a r t ic u la r  t r e e  genera ted  by th e  s im u la tio n , th e  co s ts  of 
in s e r t io n  in to  each of th e  k+1 in te rv a ls  in  th e  key-space ( in  a k-key tr e e )  were 
averaged.



VALIDITY. The v a l id i ty  of th e  s im u la tio n s  was v e r i f ie d  by computing q u a n t i t ie s  
th a t  could be c a lc u la te d  a n a ly t ic a l ly .  For example, th e  s to rag e  u t i l i z a t i o n  of 
B -tre e s  was compared w ith  th e  r e s u l t s  of Yao CIO], th e  s to rag e  u t i l i z a t i o n  of 
compact 2-3 t r e e s  was compared w ith  the work of Rosenberg and Snyder C73, and th e  
s to rag e  u t i l i z a t i o n  and sea rch  c o s ts  of M -trees were compared w ith  th e  a n a ly t ic a l  
r e s u l t s  in  S ection  2. The d if fe re n c e s  between a n a ly t ic a l ly  ob ta ined  r e s u l t s  and 
those  ob ta ined  through s im u la tio n  were (a b so lu te ly ) sm all and w ith in  the 
s t a t i s t i c a l  e r ro r  of th e  s im u la tio n . Furtherm ore, th e se  comparisons showed th a t  a 
sample s iz e  of 32 was s u f f ic ie n t  to  a t t a i n  th e  d e s ire d  accuracy . Along w ith  th ese  
p re c a u tio n s , th e  usual s t a t i s t i c a l  concerns reg ard in g  adequate pseudo-random 
number g en e ra tio n  were v e r i f ie d .

4 . E m pirica l R esu lts

In  th i s  s e c tio n , we compare th e  observed p ro p e r tie s  of M -trees, B -tre e s , and 
compact B -tre e s .

SEARCH TIME. Table 4 .1  shows th e  h ig h er search  time co s t of B -tre e s , expressed  as 
a percen tage d if fe re n c e  r e la t iv e  to  M -trees. F igure 4 .1  p lo ts  sea rch  tim e co s t
versu s f i l e  s iz e  fo r  B - tre e s , M -trees and Compact B -tree s  of order 9. In  Table
4 .1 , th e  la rg e  v a r ia t io n s  in  s ign  and ab so lu te  value a re  not due to  s t a t i s t i c a l
f lu c tu a tio n s  a sso c ia te d  w ith  th e  em p irica l work, bu t ra th e r  a re  due to  th e  n a tu re  
of th e  B -tree s  and M -trees them selves. On th e  whole, M -trees a re  lower in  sea rch  
tim e c o s t than  B - tre e s , sometimes by as much as 25%. On th e  o th e r hand, as can
a ls o  be seen from th e  Table 4 .1 , th e re  a re  s i tu a t io n s  where M -trees do worse in
th i s  re g a rd , though a p p a ren tly  not by more than 5 or 6%. In  f a c t ,  as one 
co n sid e rs  la rg e r  and la rg e r  f i l e  s iz e s  fo r  a  p a r t ic u la r  o rd e r , a c y c l ic a l  
behaviour i s  observed in  th e  r e la t iv e  d if fe re n c e  between B -tree  and M -tree search  
tim e c o s t .  For example, consider o rder 13, th e  fo u r th  column of e n t r ie s  in  Table
4 .1 . For 500 keys, th e  B -tree  i s  a t  a 4% disadvan tage w ith  re sp e c t to  th e  M -tree. 
As keys a re  added, however, th e  B -tree  gains f i r s t  a 2% advantage (a t  750 k ey s) , 
and then  a 6% advantage (a t  1000) keys. This i s  due to  th e  f a c t  th a t  over 
extended p e rio d s of key in s e r t io n s ,  B -tree s  w i l l  no t grow in  h e ig h t (one of th e i r  
c h ie f  advantages over M -tre es). At 2000 keys, th e  B -tree  advantage in  search  time 
over M -tree has d isappeared— and th e  B -tree  i s  now a t  a 14% d isadvan tage . This 
i s  because a t  some p o in t between 1000 and 2000 keys th e  B - tre e s ' ro o t s p l i t  and 
th e re  was an in c re a se  in  h e ig h t.  Follow ing t h i s ,  th e  M -tree advantage sh rin k s  to  
8%, 4%, 2% (3000, 4000, 5000 keys r e s p . ) u n t i l  once aga in  th e  B -tree  ga in s a 
s l ig h t  advantage (a t  6000 k eys). This advantage p e r s i s t s  u n t i l  h e ig h t growth 
(between 9000 and 10000 k ey s) , when th e  d if fe re n c e  becomes 11% in  favor of th e  
M -trees. This type of behaviour may be observed fo r  a l l  o rd e rs  (Table 4 .1 ) .

1 Keys
Order 3

Table 4.1
Per Cent Higher Search Time Cost 

Of B -tre e s  Over M -trees

5 9 13 17 21 41

| 500 -2 .0 5.8 19.1 4.2 15.1 24.2 0.8
| 750 3.2 -1 .3 11.5 -2 .1 8.2 15.9 -3 .7
| 1000 -0 .8 -0 .7 6.6 -6 .4 3.9 11.2 -7 .4
| 2000 1.0 3.3 -3 .6 14.3 -5 .5 1.8 23.7
| 3000 1.4 -2 .4 14.5 8.3 20.4 -3 .2 16.3
| 4000 2.4 2.8 11.1 4 .5 16.1 -6 .8 12.3
| 5000 -0 .1 7.5 8.0 1.7 13.0 16.8 9.5
| 6000 -0 .4 5.1 5.6 -0 .4 10.6
| 7000 1.0 3.2 3.8 -2 .2 8.7
| 8000 1.9 1.6 2.2 -3 .7 7.1
| 9000 3.0 0.2 0.8 -3 .5 5.7
| 10000 1.7 -1 .1 -0 .4 11.3 4.5

1 A n e a a tiv e  value in d ic a te s  B -tree  s u p e r io r i ty .



Table 4 .2  compares th e  sea rch  time co s t of M -trees and compact B -tree s  and 
shows th e  s u p e r io r i ty  of low o rder compact B -tree s  in  t h i s  a re a . As can be seen 
from th e  F igure 4 .1  and Table 4 .2 , compact B -tree s  have search  time co s ts  
s u b s ta n t ia l ly  lower than  th a t  of e i th e r  B -tree s  or M -trees fo r  low o rd e rs . This 
advantage d isap p ea rs  a t  h igh  o rd e rs , where the c y c l ic a l  behaviour th a t  
c h a ra c te r iz e s  th e  B -tree /M -tree  d if fe re n c e  re ap p ea rs , a lthough  more favo rab ly  fo r  
th e  compact B -tree .

Table 4 .2
Per Cent Higher Search Time Cost

Of M -trees Over Compact B- t re e s

1 Keys 
1

Order 3
.

5 9 13 17 21

| 500 15.7 14.5 10.3 -5 .5 -16 .2 -25 .0
| 1000 11.6 3.4 -8 .1 5.2 -4 .9 -12 .0
| 2000 20.5 13.0 2.1 14.1 4.6 -2 .5
| 3000 13.4 17.7 7.3 -9 .4 9.5 2.5
| 4000 16.7 4.1 10.7 -5 .5 12.7
| 5000 19.1 6.7 13.1 -2 .7 -13 .8
| 6000 20.9 8.8 15.0 -0 .5 -11 .4
| 7000 12.0 10.5 -5 .0 1.3 -9 .5
| 8000 13.4 12.0 -3 .4 2.8 -7 .9
| 9000 14.6 13.2 -2 .0 4.1 -6 .5
| 10000 15.7 14.2 -0 .8 5.2 -5 .2

1 A neorati ve value in d ic a te s  M -tree s u e e r io r i tv .

FIGURE 4.1: Average Search Time Cost Vs. File Size (in thousands of keys) At Order 9.



STORAGE. Table 4 .3  p re se n ts  th e  s to rag e  u t i l i z a t i o n s  of B -tree s  and M -trees of 
se v e ra l o rd e rs  ana f i l e  s iz e s .  F igure 4 .2  p lo ts  th e  s to rag e  u t i l i z a t i o n  of 
B - tre e s , compact B -tree s  and M -trees as a fu n c tio n  of o rd e r , fo r  a f i l e  of 10000 
keys. S torage u t i l i z a t i o n  fo r  B -tree s  and compact B -tree s  shows no dependence on 
o rd e r; fo r  B - tre e s ,  i t  ranges from 67 to  71%, fo r  compact B -tree s  from 92 to  
n e a rly  100%, independent of o rd e r . S torage u t i l i z a t i o n  fo r  M -trees on th e  o th e r 
hand, shows a s tro n g  dependence on o rd e r. I t  i s  not w idely re a l iz e d  th a t  fo r  
o rd e r 3, M -trees a re  su p e r io r ( in  s to rag e  on ly , no t in  sea rch  c o s t)  to  B -tre e s , 
and even fo r  o rder 5 they a re  co m p e titiv e , a lthough  they a re  never su p e rio r to  
compact B - tre e s .)  T h e re a f te r , th e  s to rag e  u t i l i z a t i o n  plummets fo r  h igher o rder 
M -trees. F igure 4 .2  i l l u s t r a t e s  dram atic d e c lin e  r e la t iv e  to  B -tree  s to rag e  
u t i l i z a t i o n .

i Keys

Table 4.3
S torage U t i l iz a t io n  Of B-Trees And M-Trees

Order 3 5 9  13 17 21
-

| 100 0.68 0.67 0.66 0.70 0.67 0.64
0.83 0.64 0.46 0.39 0.34 0.28

| 200 0.67 0.68 0.68 0.67 0.70 0.69
0.84 0.65 0.45 0.35 0.32 0.32

| 500 0.67 0.68 0.68 0.68 0.68 0.68
0.83 0.64 0.46 0.36 0.29 0.25

11000 0.67 0.68 0.68 0.68 0.68 0.69
0.83 0.64 0.46 0.37 0.31 0.26

12000 0.67 0.68 0.68 0.68 0.68 0.69
0.83 0.64 0.46 0.36 0.31 0.27

(5000 0.67 0.67 0.68 0.68 0.69 0.68
0.83 0.64 0.46 0.36 0.30 0.27

Lower e n t r ie s  a re  s to rag e  u t i l i z a t i o n s  fo r  M -trees.
Compact B -tree  u t i l i z a t i o n s  a re  a l l  near 0.99

Compact B-Tree

B-Tree

M-Tree



INSERTIONS. The cost of in s e r t io n s  fo r  M -trees i s  c o n s is te n t ly  lower than th a t  
fo r  B -tre e s . F igure 4 .3  and Table 4 .4  i l l u s t r a t e  t h i s .  By comparing Table 4 .1  
w ith  Table 4 .4 , i t  may be seen th a t  as much as h a lf  th e  d if fe re n c e  and most of 
th e  v a r i a b i l i t y  of the  d if fe re n c e  i s  due to  the  advantage th a t  M -trees have in  
sea rch -tim e over B -tre e s . The d if fe re n c e  th a t  cannot be accounted fo r  by search  
time i s  more or le s s  co n stan t over the  o rders  and f i l e  s iz e s  considered . That 
component r e s u l t s  from th e  s p l i t t i n g  co s ts  of B -tree  in s e r t io n s .  S p l i t t in g  i s  a 
much more freq u en t event when in s e r t in g  in to  compact B -tre e s . The co s t of 
in s e r t io n s  fo r  compact B -tree s  may be as much as tw ice th a t  of B -tree s  and 
M -trees fo r  s u f f ic ie n t ly  la rg e  f i l e  s iz e s .  This may be seen in  Table 4 .5  which 
compares in s e r t io n  co s t between B -tree s  and compact B -tre e s .

Table 4.4
Per Cent Higher In s e r t io n  Time Cost

Of B -trees Over M -trees

Keys Order 3 5 9 13 17 21

500 24.3 30.0 42.2 34.1 43.8 48.6
750 28.3 22.2 35.4 24.5 35.8 41.8

1000 23.3 22.7 30.4 19.3 30.4 38.2
2000 22.5 24.2 19.4 36.5 18.9 27.8
5000 19.5 25.6 27.1 22.5 38.4

P o s itiv e  values in d ic a te  M -tree s u p e r io r i ty .

Table 4.5
Per Cent Higher In s e r t io n  Time Cost 

Of Compact B -trees  Over B -trees

Keys|O rder 3 
1

5 9 21 41 101

500 41.9 30.9 7.9 28.9 0.8 11.8
1000 44.2 42.0 34.6 27.0 0.3 5.5
2000 45.6 36.2 43.6 27.2 28.3 0.0
5000 44.9 42.9 40.4 16.0 44.7 0.8

10000 45.9 42.3 45.4 38.8 44.4 0.0

P o s it iv e values in d ic a te s u p e r io r i ty  of B -trees over Compact B -trees

FIGURE 4.3: Average Insertion Cost Vs. File Size (in thousands of keys) For Order 13



5. D egradation of Compactness

C onsidering  only th e  p ro p e r tie s  d iscu ssed  in  th e  above s e c tio n , fo r  h igher 
o rd e rs , i t  i s  p re fe ra b le  to  use compact B -tree s  provided th a t  e i th e r  th e  number 
of searches i s  s u b s ta n t ia l ly  g re a te r  than the number of in s e r t io n s  or s to rag e  
c o n s id e ra tio n s  outweigh concerns of speed, AND th e  compaction p rocess can be 
undertaken  in  con junc tion  w ith  th e  backup o p era tio n  a t  a convenient tim e. This is  
because M -trees a re  h o p e le ss ly  s to rag e  in e f f ic ie n t  a t  h igh o rd e rs , and compact 
B -tree s  use s ig n i f ic a n t ly  le s s  s to rag e  than B -tre e s . Furtherm ore, compact B -trees  
provide somewhat f a s te r  r e t r i e v a l s  and dec ided ly  slower in s e r t io n s  than  do 
B - tre e s .

U n fo rtu n a te ly , compact B -tree s  a re  advantageous only in  the  con tex t of d a ta  
bases which a re  very n o n -v o la t i le .  F igure 5 .2  p lo ts  the  d e c lin e  in  s to rag e  
u t i l i z a t i o n  as new keys a re  in s e r te d ,  w ithout recom paction, in to  compact B -tree s  
of v a rio u s  o rd e rs , w ith  an i n i t i a l  s iz e  of 10000 keys. The d e c lin e  i s  s m a lle s t, 
though not in s ig n i f ic a n t ,  fo r  the  lower order t r e e s ;  fo r  h igh  o rd e r , such as 41, 
a f t e r  a 0.5% in c re ase  in  f i l e  s iz e ,  more than h a lf  the  s p a c e -u t i l iz a t io n  
advantage of the  compact B -tree  over an o rd inary  B -tree  i s  lo s t .  A fte r a 1.4% 
in c re a s e , th e re  i s  no advantage, and by 2%, th e  once-compact t r e e  i s  a t  a decided 
d isad v an tag e . T h e re a f te r ,  i t s  s to rag e  u t i l i z a t i o n  plunges to  near pessim al 
le v e ls .  Rosenberg and Snyder C73 prove a n a ly t ic a l ly  th a t  fo r  o rde r 3, the  
advantage p e r s i s t s  u n t i l  a t  l e a s t  2.5% a d d it io n a l  in s e r t io n s  have been made. Our 
em p irica l r e s u l t s  in d ic a te  th a t  fo r  low o rd e rs , th e  advantage p e r s is t s  fo r  q u ite  
a w hile lo n g er.

I n te r e s t in g ly ,  the  in s e r t io n  in e f f ic ie n c y  ( r e la t iv e  to  B -tree s ) of compact 
t r e e s  p e r s i s t s  a f te r  i t s  space advantage has d isap p eared . Table 5 .1 , which 
d isp la y s  a number of p ro p e r tie s  of o rder 41 compact B -tree s  as in s e r t io n s  a re  
made, dem onstrates t h i s .  For example, fo r  an o rder 41 compact B -tree  w ith  an 
i n i t i a l  s iz e  of 5000 keys, a f te r  2% growth, w ith  s to rag e  u t i l i z a t i o n  f a l l e n  to  
64%, th e  in s e r t io n  co s t i s  s t i l l  20% g re a te r  than th a t  of a random B -tree  (and 
62% g re a te r  than  th a t  of an M -tre e ) .

I f  f i l e  growth con tinues fo r  a s u f f ic ie n t ly  long p e rio d , even i f  no 
recom paction tak e s  p la c e , the s to rag e  u t i l i z a t i o n  w il l  r i s e .  Furtherm ore, i t  w il l  
e v e n tu a lly  aga in  exceed the  s to rag e  u t i l i z a t i o n  of a random B -tre e , and th en , 
once aq a in , f a l l  below th a t  of the  B -tre e . As more keys a re  added, th e  s to rag e  
u t i l i z a t i o n  shows a dampened o s c i l l a t io n  about the average s to rag e  u t i l i z a t i o n  
fo r  random B -tre e s . This is  seen in  F igure 5.1 and in  Table 5 .1 . This i s  a lso  
seen in  Table 5 .2 , which, d isp la y s  the peaks and troughs of s to rag e  u t i l i z a t i o n ,  
a long  w ith  o th e r p ro p e r t ie s ,  as keys a re  added to  an o r ig in a l ly  compact order-21  
B -tree  of 5000 keys. From Table 5 .2 , i t  may be seen th a t  in  th i s  in s tan ce  th e re  
a re  2 troughs before the s to rag e  u t i l i z a t i o n  s t a b i l i z e s  around the value 0 .69 , 
a f t e r  the  a d d itio n  of n ea rly  10000 a d d it io n a l  keys.



Table 5.1
Changes In  P ro p e r tie s  During In s e r t io n s

To 5000-Key, Order 41 Compact B- tr e e

i Tree % A dditions S torage Search In s e r t io n
1 Type To Tree U t i l iz a t io n Cost Cost

| RANDOM B-■TREE 0.0 0.680 2.964 4.061
| COMPACT TREE 0.0 0.992 2.975 7.329
| C0MPACT+ 0.2 0.904 2.973 5.823
| C0MPACT+ 0.4 0.854 2.971 5.684
| COMPACT* 0.6 0.810 2.970 5.548
| C0MPACT+ 0.8 0.775 2.968 5.425
| C0MPACT+ 1.0 0.744 2.967 5.313
| C0MPACT+ 1.2 0.716 2.966 5.195
| C0MPACT+ 1.4 0.691 2.964 5.083
| C0MPACT+ 1.6 0.672 2.963 4.995
| C0MPACT+ 1.8 0.658 2.963 4.918
| C0MPACT+ 2.0 0.644 2.962 4.842
| C0MPACT+ 3.0 0.601 2.959 4.583
| COMPACT* 4.0 0.575 2.957 4.394
| COMPACT* 5.0 0.558 2.956 4.254
| C0MPACT+ 6.0 0.548 2.955 4.157
| C0MPACT+ 8.0 0.546 2.955 4.082
| C0MPACT+ 10.0 0.551 2.955 4.050
| COMPACT* 20.0 0.592 2.958 4.000
I C0MPACT+ 30.0 0.641 2.961 4.000
| C0MPACT+ 40.0 0.690 2.964 4.004
| C0MPACT+ 50.0 0.733 2.966 4.015
| C0MPACT+ 60.0 0.761 2.968 4.053
I C0MPACT+ 70.0 0.759 2.967 4.070
I C0MPACT+ 80.0 0.748 2.967 4.109
| COMPACT* 90.0 0.722 2.966 4.136
1 C0MPACT+ 100.0 0.690 2.964 4.125

FIGURE 5.1: Decline In Storage Utilization Due To Insertions Into A Compact B-tree 

of Order 21 (Storage Utilization Vs. Percent Growth)



| Table 5.2 
Peaks And Troughs In  S torage U ti l iz a t io n During Course Of

1 In s e r t io n  Of Keys In to  Compact Order-21 B -tree of 5000 Keys

1 Tree Type % A dditions Storage Search In s e r t io n
To Tree U t i l iz a t io n Cost Cost

1 COMPACT B-TREE 0.0 0.992 2.950 5.856
1C0MPACT+ 13.0 0.583 3.915 5.168
1C0MPACT+ 59.0 0.726 3.932 5.120
1C0MPACT+ 119.0 0.679 3.927 5.162
1C0MPACT+ 171.0 0.689 3.928 5.140
1C0MPACT+ 191.0 0.688 3.928 5.146

FIGURE 5.2: Storage Utilization Vs. Percent Growth In Initially 

Compact B-Trees Of Initial Size 10000 Keys.



6. C onclusions

The above r e s u l t s  may be in te rp re te d  in  se v e ra l ways. I f  we ignore the 
demand fo r  h igh  order imposed by p r a c t ic a l  c o n s id e ra tio n s  in  d a ta  base 
im plem entation, we no te  th a t  M -trees may be p re fe ra b le  to  th e i r  B -tree  
co u n te rp a rts  a t  low o rd e rs . In p a r t i c u la r ,  an M -tree of order 3 i s  p re fe ra b le  to  
a 2-3 t r e e  (a B -tree  of o rder 3 ). (Order 3 M -trees outperform  2-3 t r e e s  in  
s to rag e  and in s e r t io n ,  and a re  roughly the same in  search  c o s t s . ) Although 
compact B -tree s  a re  most robust a t  o rder 3, i t  i s  a t  th i s  o rder th a t  th ese  
s t ru c tu re s  provide the le a s t  s to rag e  advantage over M -trees (99% v s. 83% sto rag e  
u t i l i z a t i o n ) .  Furtherm ore, the  r e la t iv e  search  cost advantage d isappears q u ite  
qu ick ly  as in s e r t io n s  a re  made in to  the  compact 2-3 t r e e .

On th e  o th e r hand, we may tak e  in to  account th e  requirem ent fo r  h igh  order 
when th ese  s tru c tu re s  a re  used in  secondary s to rag e  media. At h igh  o rders  
(2 1 ,4 1 ,1 0 1 ), we see th a t  M -trees a re  unusable because of th e i r  d is a s te ro u s  
s to rag e  u t i l i z a t i o n .  I t  i s  a ls o  c le a r  th a t  u n less  the  s tru c tu re  i s  very 
n o n -v o la t i le ,  the  use of compact B -tree s  provides no genuine improvement in  
s to rag e  u t i l i z a t i o n .  Even i f  th e  s tru c tu re  i s  growing very slow ly , the  use of 
compact B -tree s  doubles in s e r t io n  cost and a t  h igh  o rder p rov ides l i t t l e  search  
co s t advantage over th a t  of a random B -tree .

We conclude th a t  compact B -tree s  should only be used w ith  g re a t  c a u tio n , 
th a t  u n less  w orst-case  concerns o v errid e  average case perform ance, M -trees a re  
p re fe ra b le  to  2 ,3 - t r e e s  and o rder 5 B -tre e s , and th a t  o th erw ise , of th e  
s t ru c tu re s  considered  h e re , o rd in ary  B -tree s  w ith  no compaction a re  th e  p re fe r re d  
s t ru c tu re s .  In a d d it io n , we f in d  th e  s tro n g  average case performance of low order 
M -trees in t r ig u in g ,  and in tend  to  exp lore  the  p o s s ib i l i ty  of employing some type 
of b a lanc ing  scheme to  extend th i s  type of performance to  h igher o rd e rs .
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