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Abstract

In this paper we study the expressive power
of the logical data model LDM, mtroduced m
[KV84] We show that cven though the log-
1al data model 19 semantically powerful, 1t 18
not overly poweiful so as to be intractable. We
demonstrate 1t from thice aspects  Farst, we
study the complexaty of checking integrity con-
stramts, and we show that 1t 13 no more diffi-
cult than chedking integrity constramts m the
relational mwodel  Secondly, we show that the
logic of the model 15 essentsally fitst-order That
means, {or example, that one can use a stan-
dard theorem-prover ather m the database de-
aign process or for deductive query answering

UWork supportcd by AFOSR grant 80 0242

4Part of the work 1ported here was done wiile tlus

author was visitmg IBM Rescarch Laboratory at San
Jose, Cahformia Rescarch at Stanford Umiversity
was supportcd by a gift from Systemn Development
Foundation

Permission to copy without fee all or part of this matenal 1s granted

provided that the copies are not made or distributed for direct

commercial advantage, the ACM copyright notice and the title of the

publication and 1ts date appear, and notice 1s given that copying 1s by

permussion of the Association for Computing Machinery To copy

otherwise, or to republish, requires a fee and/or specific permission

© 1985 ACM 0-89791-160-1/85/005/0180 $00 75

180

Finally, we prove the surprising result that the
ability to define c<ycles does not, m a certamn
sense, add any power to the model Thus, any
cyclhic schema can be converted to an “equiva-
lent” acyclic schema

1 Introduction

Until 1ecently most work on database theory has
focused on the relational model [Co70], mamly
due to 1ts clegance and mathematical simplic-
ity compared to the other models Some of this
work has pomted out varnious disadvantages of
the 1elational model, amoung them ats lack of se-
mantics and the fact that 1t lorccs the data to
have a flat structure that the 1cal data does not
always have [Co79] [ScSw75] [SmSm77]

Several recent papers have addressed thas
problem by trying to fmd a more semantically
motivated data model, sce tor example [HM78]
and [Sn78] These models, however, do not have
the solid mathematical foundation that the re-
latsonal moddd has More recently, two general
mathematical rameworks were mtrodwced  Ja-
cobs [Ja82] descubes database logic, a mathe-
malical model for databases that generalizes the
thice prinapal data models  the elational, In-
erarchical and network models  Also, Iull and
Yap [IIu82] descuibe the format model, which
generalhizes the relational and hieraichical mod-
cls

In [KV84] we pomted out some shortcom-
mgs of these models  Farst, both these mod-



cls are unsatisfactory mn their ability to logically
restructure data, 1e, the abiity to query the
database  Wlile Hull and Yap ignore the is-
suc of a data sublanguage, Jacobs’ treatment 18
an overkill - his query language enables one to
write noncomputable queries [Va83] TFurther-
more, both approaches fail to model a signmif-
1cant aspect of herarchcal and network data-
basc management systems, which 1s the abihty
to use wirtual records Virtual records are essen-
tially pomnters to physical records, and they are
used to avoid redundancy m the database [U182]
Note that virtnal records mtroduce cyclicaty not
only m the schema level but also at the instance
level

As an alternative we proposed the logical
data model (LDM) [KV84] The logical data
model umfies and generalizes the three prine-
pal data models, mcludimg the ability to use vir-
tual records The essential feature of the model
18 the separation between the date space and
the address space  The model also consists of a
logic, m wluch mtegrity constramts can be spec-
tficd, and a query faclity, consisting of equiva-
lent procedural (calcnlus-like) and nonprocedu-
ral {(algebra-like) query languages An attiac-
tive featme of this query facihity 1s that answers
to queries do not have to be flat, 1 ¢, relations,
but can have semantially motivated structure
as well  Thus, for example, the answer to a
query over a network database can alvo have a
network stiucture

In thus paper we discuss the expressive power
of the logical data model Two components of
the model scem to be very powertul  the abil-
ity to torm scts of data and the abalty to de-
fine «ydes  Grving the model too much power
mught be counterproductive, 1t 18 the power of
database logic [Ja82] that makes it nontecursive
[Va83] We show here that even though the log-
wal data model 18 semantically powarful, it 18
not overly powcrlul <o as to he mtiactable We
demonsirate this tom three aspects  First, we
study the complexaty of checking wtegrity con-
stramts, and show that 1t 18 no more dithcult
than chedking mtegrity constraints w the rela-
tronal model {as stndied m [Va82]) Seccondly,
we show that the logic of the model 18 essen-
t1ally Iust-order That means, for example, that
one can use a standard theorem-prover either m
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the database design process [BBG78] [MMSU81]
or for deductive query answering [NG78] [Re84].
Fmally, we prove the surprising result that the
ability to define cycles does not, m a certain
sensc, add any power to the model Thus, any
cyclic schema can be converted to an “cquiva-
lent” acychic schema

The paper 1s orgamized as follows  Section 2
contamms a short description of the logical data
model Fo1 a fuller exposition the 1cader 18 re-
ferred to [KV84] Scction 3 examines the com-
plexaty of checking integrity constrains in the
model Section 4 shows that LDM-logic 13 cs-
sentrally first-order Finally, Section 5 describes
how to climinate cycles in LDM-schemas

2 The Logical Data Model

2.1 Schemas and Instances

In the logical data model (LDM), schemas arc di-
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node The posaible types are basic type, com-
position, and collection (there 1s o fourth type,

classification, which we ignore here for the sake
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of brevity)

1 Dase type, written (O Nodes of this type

containt the data stored 1 the database

2 Composition, written @ Nodes of this
fype contamn tuples whose components are
taken from the successors ol the node

[
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An wnstance of a schema 18 an assignment of
a et of values to caci node We use the notation
I{n) lor the set of values assigned to the node
w by the mstance T J{e) consists of a set of I-
valucs, with corresponding r-valucs  Intustively,
r-values constitute the data space, and l-values
constitute the address space The mstance of a
node consists of set of l-values, with an r-value
assigned to cach of themy Formally, the l-values
are clements of a fixed set L (usually taken to be
the set of natural numbers) We require that the
mstances of distinet nodes be disjoint We also
have a function r on L, that assigns r-values to



these l-values, and we require that the r-values
be of the coirect form, depending on the type of
the node, as follows

Ifl € I(v) then

1 1of v s of type O, then (1) must be m the
data domam D,

2 af vis of type @ wath chuldren vy, vy,
then r(l) must be a tuple (I, ,l,) where
for cach I, I, € I(v,), and

3 of v 1s of type O, and w 1s 1ts child, then
r(l) must be a subsct of I(w)

2.2 Logic

Let S be a schema  Each variable over S has
a fixed sort, where the sorts are nodes of §
The sorts restrict the possible values the vari-
able may take For example, if z 18 a variable
of sort v, then = can take only values m I(v)
We shall usually subscript the variable with its
sort,c g, z, We also have countably many con-
stants, ranging over the domam D

Definition 1 An atomic formula over S 13 one
of the following

1 =z, 7 v,, meanmng that the Fvalue of 2, 18
the t! component of the 1-value of y,,

2 ry € ¥y, meamng that the lvalue of ¢, 18
a mamber of the r-value of yy,

3 &y =1 Y, meanmg that the l-values of =z,
and g, are equal

4 z, =, y,, meanmng that the r-values of z,
and y,, are equal

Ty =, d, where d 18 a constant, mcamng
that the r-value of &, 18 d
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In cach of these atomnc formulas, v and w are
requued to be ol types {or which the formula s
meanmghul  For example, £y, € yy can be used
only when w 18 of type O and v 1s 1ts duld
We theu dehne well-formed foimulas over S 1
the usual way = ;é(ly, 1) means that ¢ 1s
satisfied by Iy, ,l, m the mstance I, and 18
defined m the usual way
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3 The Complexity of In-
tegrity Checking

In this section we mvestigate the complexaty of
checking mtegrnity  That 18, we have mtegrity
constramnts that are sentences m LDM-logic, and
a database 1s “legal” iof and only if 1t satisfies the
constramts TFollowing [Va82], we use two mea-
sutes of complexaty, data complezity and expres-
sion complenty Intwtively, data complexity 18
the complexaty of testing satisfaction of a fixed
sentence, m terms of the size of the database
Expression complexity, on the other hand, 18 the
complexaty of testing satisfaction of sentences on
a fixed database, m terms of the length of the
sentences  (To measure complexaty we clearly
have to assume that all mstances arc fimite )

More formally, the data complexity of LDM-
logic 18 the complexaty of the sets

Gr(S,¢) = {I| I 13 an mstance of § and |= ;¢},

where § 18 a schema and ¢ 13 a sentence over §
The expression complexaty of LDM-logic 18 the
complexity of the scts

Gr'(8,1) = {¢ | = 14}

where S 13 a schema and I s an mstance of §
Note that Gr(S,¢) 18 a sct of mstances, while
Gr'(S,I) 13 a set of sentences

Theorem 1:

1 Tor every schema S and every sentence ¢

over S, the set Gr(S5,¢) 13 m LOGSPACE

2 Tor cevery schema S and every mstance T
of S, the set Gr'(S,I) 13 m PSPACE

3 There 1 a schema S and an mstance I of
S such that the st Gr'(S,1) 18 logspace
complete m PSPACE 1

Thus the data complexity ol LDM-logic 18
LOGSI’ACE and the expression complexity of
LDM-logic 18 PSPACE Smue analogous results
hold for the relational model, we see that in-
tegnty checkmg m the logical data model is not
more difficult than m the relational model.



4 LDM-Logic is First-Order

In this section we show that LDM-logu 18 essen-
t1ally first-order, that 1s, 1t has a proot theory, 1t
is compac b and 1t satisfies a Lowenhenun-Skolein
theorem  We prove this by reducing LDM-logic
to a many-sorted first-order logic with equality
We mention m contrast that Jacobs’ database
logic [Ja82] s mherently a higher-order logic
that does not have any of the above properties

Let £ be an LDM-logic over a schema S
We shall construct a corresponding many-sorted
first-order logic with cquality £/ as follows L’
will have a sort v for each node v of the schema,
and one spccial sort d, which corresponds to the
domamn D from which the data are taken L'
has vartables ranging over all the soits, except
for the speaal sort d

L' has the following relation and function
symbols For cach node w i § of type O with
child v, £’ lias a binary relation symbol €, be-
tween elements of sorts v and w  For cach node
w ot type O with v as its 1" (luld, £’ has a
function symbol 7y, , from sort w to so1t v Intu-
tavely, 7y, maps lvalues to the 1/ ® components
of therr r-vatlues For each node v of type O, £’
has a function symbol [, fiom sort v to sort d
Finally, the constants of £ are also constants of
L' of vort d

Gwin an L-formula ¢ we convert 1t to an

L'-ounula F(4), as follows
1 F(-"v"rl'/m) 180y = 7rw,t(:'/w)

2 F(ry € Yyuw) 18 2y € Yo (we nse nfix no-
tation)

3 Flzy =1Y0) 18 Ty =Yy

4 F(x, =, y,) depands on the type of v and
w For example, if v and w ae of type O,
then F(Tu =y 1/m) ™ fv(‘rv) == fuv("/m)

5 F(ry = )18 fory) =¢

The mappmg of nonatomic L-formulas to £'-
formulas 18 strasghtforward Given an mstance
I of S, we can construct a structure F(I) of L'
as follows The domaun corresponding to cach
sort v, except for d, will be the sct I(v) The
dowam correspoudimng to the sort d will be the
sct D The mterpretation of my, , will map cach
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! € I{w) to the 1** component of 1ts r-value, and
the inteipretation of f, will map cach ! € I(v)
to 1ts r-value  Finally, the mterpietation of €,
will be a subset of I(v) x I(w), where v 1s the
child of w, such that the par (I;,05) 15 1 this
relation off 1y € r(lp)

Theorem 2: For any [-sentence ¢, we have

e P=F(I)F(¢) |

We now want to define o mapping from the
first-order logic £’ to the LDM-logic £. Each
atomi formula m the fitst-order logic £’ must
be either of the form ¢; = t; or t; €, ta We
shall only show here how to dcal with the latter
case, the former 18 dealt with m o sumlar way

In the latter case, tp must be of sort w, and
ty’s sort must be w', the child of w Smce each
fu maps a term to one of sort d, and there are no
function symbols from sort d, the only possible
form the terms ¢; and t3 can have is

=Ty, Tu,, 1,1,.-,7ru,1,,(-ru)a
and
2= T30 Tom 1 1T, (Uv)
We ntroduce new variables 25, 28 , 2t

2 2 2
and z;, 2y, s 2y,

mto the L-formula

(3=L) (322 Welm,zl A Azl m T

w' I w! wy
-2 2 .2 1 2
A“m"rjl zvl A Az 7er"/v A Zot € 2w

Um

. and convert t; €, t2

We then convert nonatomc L'-lorinulas mto
L-formulas m the obvious way If ¢ 18 a for-
mrla m £/, we shall use the notation L{¢) for
the resulting L-formula  We then convert any
structnre I of £/ mio an mstance L(I) of S,
anch that the following theoremn holds

Theorem 3* For any L'-sentence ¢, we have

Frd o Fpal(e) B

We note that if ¢ 13 an L-sentence, then
L(F(¢)) 18 logically equivalent 1 £ to ¢ Sun-
darly, off ¢ 13 an L'-sentence, then F(L(4)) 18
logically cquivalent to ¢

From the above two theorems, the following
results about LDM-logic follow.



Corollary 4: (Validity) Let ¢ be a LDM-
sentence  Then ¢ 18 vahid of F(¢) is vahd, and
vice-versa ||

Corollary 5 (Compactness) Let  be a set
of LDM-scntences over a schemna § Then ¥ 18
satishable iff every fimite subset of ¥ 18 satisfi-
able §

Corollary 6. (Lowenheim-Skolem) Let T
be a set of LDM-sentences over aschema § If S
18 satisfiable, then 1t 18 satisfiable by a countable
model 1

While the latter two corollaries are of theo-
retical mterest, the Vahdity Corollary has also
a practical <ignificance It unplies that with
the appropriate mterface we can use a stan-
dard theorem-prover cither m the database de-
sign process or for deductive query processing

(see [BBG78] [MMSU81] [NG78] [Re84])

5 Elimination of Cycles

In the logical data model cycles can exists not
only m the schemas but also in the data, c g, of
r(l) €1 for some k-value I, then we have a cycle
m the data  This feature of the model has its
price For example, as explamed m [Ku85), 1t 1s
not dear how to construct the cycles in the first
place  Indeed, the query languages defined m
[KV84] canuot construct new cydes  Further-
more, m updating a yche database one cannot
deal with one node at a tune, rather one has
to update all the nodes on the cydle sunultane-
ously, Thus, w view of tlus price, we would hike
to study the expressive power of cycdles Namnely,
are there applications that cannot be modelled
without (ycles? Consider the followmyg example

Example 1. Tig 1 shows an example of a
cyclic schema of o a database that stotes the in-
formation about procedure calls m a program
Llements m I{v) represent procedures, elements
m I(u) represent procedure names, and clements
m I(w) represent sets of procedures  Thus, of
z € I(v) and =(r) = (y,z), then r(y) 18 the
name of the procedure z, and r(z) 13 the set
of procedures called fiom . Note that if o pro-

cedure calls 1isell, then we have a cyde m the
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Figure 1 Cyclic Schemna

1)

V2

Figure 2 Equivalent Acychic Schema

data  An acyche schema that mtuttively seems
to “capture the same mformation” s shown n
Tig 2 Blements m [(v,) represent procedure
cntitics, clements m I{u) represent procedure
nams, clements m J{w) represent sets of pro-
cedures, and clements m I(v;) represent the re-
lationship “procedure calls procedures” Jf

To formalize the idea of “capturing the same
mformabtion,” we use the followmg defiation,
which 18 dosdly relatad to the notion ol query-
cquivalence of [1Iu84]

Definition 2: Let S and T be schemas Then
T domanates S of there 18 a mappmg f of n-
stances of § to mstances of T, such that for
cach quaiy @ on § there 18 a query Qg on T
such that @ (I) 1 somorphic to Q4(f(I)) for
all matances I of § We say that S and T are



equivelent if each of them dominates the other

The defimtion of equivalence depends, of
course, upon one’s choice of a query language
I [KV84], we defined two query languages for
the logical data model, one procedural and the
other nonprocedural, and proved their equiva-
lence We recall the definition of the nonproce-
dural language A query on a schema S consists
ot

1 An acychc schema S’

2 A collection of formulae, one (¢,) for cach
node v of 8’ The formula ¢, must satisfy

(a) There 1> only onc free variable m ¢,
and 1t 18 of sort v

(b) All other variables are bound, and
their sorts arc either nodes of S, or
are descendants of v  (Intwitively,
¢, describes what data should be at
node v, m terms of the mstances of
nodes that have alrcady been con-
structed )

In [KV84] we showed how to construct the result
of the query “bottom-up,” and proved that the
result 13 unique up to 1somorphisin

It can be shown that the two schemas i Ex-
ample 1 are equvalent, provided that the rela-
tionslup represented by vy 1 functional, 1 ¢, for
every procedure there 13 a nque set of proce-
dures that 1t calls  We now describe a genetal
transformation from cyche schiemas to equiva-
lent acychic schemas The general idea 18 to
break cyeles by ercatmg composition nodes that
represent the cyclic relationships

When we try to break cycles m arbitrary
«ychie schemas, we notice that m several patho-
logical cases it will not work  First, the cy-
de has to contain a D-node at wluch to break
it lven al the cycle has a O-node, this node
may have ouly one child, whih would leave us
with a duldless OQ-node after bicaking the cy-
dde What all these examples have m common
18 that m cach case the schema relates l-values
to l-values, and never 1clates them to the actual
data  Intuibively, pure relationships between I-
values do not correspond to anything m the “real
woild * Tlus motivates the tollowinyg defimtion.
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Definition 3: A schema S 1s called well-formed
if fiom cach node m the schema, therc 18 a path
to a node of type (O

Our transfoimation will apply only to well-
formed schemas Let S be a well-formed cyclic
schema It 18 casy to sce that S must have a
node v of type € that 18 1 at least one cyde,
and has at least one (huld that 18 not m any
cycle (for example, see Fig 3) We break all the
cyddes that go through the node » as follows (sce
Fig 4) We ieplace the ©-node v by two nodes
vy and vy  All mcoming edges to v 1n § except
those m the (ydes now enter vy All ontgomng
edges from v except those m the (ycles now leave
from vy

Lemma 7: Let S be a well-formed cychic schema
It we break a cydde m S as descnibed above, the
resulting schema 4 also well-formed |

Tlus lomma shows thal we can repaatedly
break (ydles an the schema, at cach step getting
a new well-loimed scheina

Lemma 8¢ If S 13 well-formed, then repeatedly
breaking the (ycddes, no matter m which order
nodes ab whiach to break the cycles are sclected,
cventunally yields an acydic schema T
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Tigure 4 After Breaking the Cycles

We now have to show how to convert an n-
stance I of S mto an mstance f(I) of T Assume
that we got from S to T by breaking one cycle
C as above (the general construction if there 18
more than one cycle will follow casily from this).
L-values m mstances of nodes dufferent from v,
that neither have v as parent or as (luld are un-
changed Each Ivalue m I(v) 15 replaced by a
parr of lvalues, one m f(I)(vy) and the other m
J(I)(v2), the second bemg the duld of the first
We then modily the 1-values m the parents and
culdien of v, m o fanly straightlforward way

Lemma 9: Let S, T and [ be as above Then,
for cach query (Jy on S, there 18 a query Qg on
T such that Q(I) 13 1somorphc to Qo(f(I)) for
all mstances I of § Thus, T dommates S 1

To show that § and T are cquvalent, we
have to show that & dommates 77 This 18
not, however, tiue m general  The problem 18
that the relabionships that represent the cydes
have to be functional  That 4, cach 1-value m
S(I)(ve) 1¢ the duld of exactly one lvalue m
J(IH{vy) Tlus motivate the folowmg defimition

Definition 4* A constrained schema is a par
(S, ), where S 19 a schema and @ 18 a sentence
over S  An mstace I of § 18 an mstance of

(S, ®) of |= .
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It turns out that i1t 18 quite easy to cap-
ture the functionality constramnt by constramed
schemas Thus rather then transform S to T,
we transform it mto (T, ®) for an appropriate

L]

Theorem 10: For any well-formed schema S,
there exists an equivalent acyclic constramned
schema (T,®) &

The reader may ask why we have bothered
to mtroduce c¢ycles into the logical data model if
they do not add any cxpressive power The an-
swer to that 1s two-fold TIirst, without introduc-
mg «ycles we could not prove that they do not
add any cxpressive power Seccondly, we have
only shown that, accoiding to a certan mea-
sure, cycles do not add any expressive power
But 1t 18 not clear that this mcasure 18 the ul-
timate one  We belicve that the issue of cycles
deserves further study
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