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Abstract

Nonlinear recursive queries are usually less efficient
m processing than linear recursive quenes It is therefore
of mterest to transform non-linear recursive queries into
linear ones We obtain a necessary and sufficient condi-
tion for a doubly recursive rule of a certamn type to be
logically equivalent to a single linear recursive rule

obtamned 1n a specific way

1. Introduction

Many proposals [BMSU, BaRa, GaMa, HalLu,
HeNa, IoWo, Ioan, LaYa, Naug, Sacc, Ullm, Vard, YuZh,
Zam] have been made to optimze recursive queries in

deductive databases Among these proposals, some

[BSMU, Chan, HaLu, HeNa, TrYu, YuZh, etc] are
mtended to process lnear recursive queries and others
[BaRa, CeGL, Ullm] are intended to process more general

nonlinear recursive quertes One of the reasons for
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optimuzing linear recursive queries 1s that, in the "real
world”, such quenies are encountered most frequently
[BaRa] On the other hand, nonlinear recursive queries
also arise [Vard] and the algonthms proposed to solve
nonlinear recursive queries are usually less efficient than
those proposed for linear recursive queries We observe
that, many nonlinear recursive quernes are 1n fact logically
equivalent to some linear recursrve quenies A famous
example would be the ancestor query which has appeared
in many papers [BaRa, Chan, etc] By identifying such
nonlinear recursive queries and converting them nto
equivalent linear recursive queries, we are able to utihze
the more efficient hinear-recursive-query-processing algo-
rithms

In a previous paper [TrYu], we have given a
method to convert a nonlinear recursive rule imnto a
sequence of linear recursive rules (A simlar but not
dentical convertion appears in [CeGL]) and a sufficient

condition on the placement of vanables in a rule to

convert a doubly recursive rule into a single linear recur-
sive rule
This paper 1s an extension of [TrYu] We give

a necessary condition on the placement of variables in the



rule to convert a doubly recursive rule of a certain type
into a single lear recursive rule The necessary condi-
tion stated in this paper 1s a slight generalization of the
sufficient condition given m [TrYu] By modifying the
proof given m [TrYu], 1t can be shown that the necessary
condition 1s also a sufficient condiion Thus, for the
doubly recursive rule of the type, the condition turns out
to be both necessary and sufficient

An analogy of the result obtained in this paper
15 as follows In relational database, a distinction 1s made
between tree queries and cyclic queries [BeCh, YuOz]
where tree queries can be optimzed “easily” but cychc
quenes can not The result 1s useful not only m query
optimuzation, but also in database design and graph theory
[BFMY, GoSh]}

In this paper, we attempt to obtamn a similar
result for deductive databases 1e we attempt to
differentiate the "simple” linear recursive quenes from the

more complicated nonlinear recursive quenes The first

step 15 to find a necessary and sufficient condition for a
doubly recursive rule to be equivalent to a linear recur-
sive rule

It has recently been shown [BKBR, Shma] that
the problem of whether a non lmear recursive rule is
equivalent to some linear recursive rule 1s undecidable
In Section 2, we give the defimtions and notations used mn
this paper and bnefly review the previous results 1n
[TrYu] In Section 3, the necessary condition for a dou-
bly recursive rule of certan type to be logically
equivalent to a single linear recursive rule obtained 1n a

specific way 1s stated along with a number of comprehen-
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sive examples The necessary (and sufficient) condition
can be easily checked A proof of the result 15 given

Section 4

2 Defimtions, Notations and Previous Results

A deductive database consists of two types of
relatons or predicates (predicates and relations will be
used interchangeably throughout the paper), the base rela-
tions and the deductive relations The set of all base rela-
tions form the extensional database, EDB, in which, the
base relations are stored physically The set of deductive
relations form the intensional database, IDB, in which,
the deductive relations are deduced from the base rela-
tions and deductive relations by using the sets of rules
defining them

A rule defining a deductive predicate 15 a
function-free, Horn clause of the form B — AjA, Ay
with head B and body A A, Ay

A (directly) recursive rule 1s a rule with the
head predicate B appearing m the body at least once If
B appears 1 the body exactly once, then, the rule 1s
called a linear recursive rule Otherwise , the rule 1s non-
linear recursive A doubly recursive rule 1s a nonlinear
recursive rule with two occurrences of the head predicate
appearing 1n the body of the rule

Let s be a recursive predicate of arity n The
recursive rule defimng s will mnvolve n distinct umiversally
quantified vanables, denoted by X = (x; x xy) In
the body of this rule, there will be p 2 0 distinct existen-
vanables, denoted by

tially quant:fied

U= (u uy u,) The umversally quantified vari-



ables, X, which appear 1n the head of the rule ( and pos-
sibly 1n the body of the rule ) are called the distinguished

vaniables, the existentially quantified variables, U, which

occur 1n the body of the rule are the non-distinguished
varniables For each predicate, of anty g, in the body of
the rule, g arguments are selected from the vaniables of X
and U Such selection 1s denoted by a formal matrix pro-
duct (X,U)H = (x; x5 Xy Uy Uy up)H, where H
15 a (n+p)xg 0-1 matrix with exactly one 1 mm each
column, and 1s called a selector If x; (u,) 15 at the k'
argument position n the matrix product, we say that H
selects x; (u,) and places 1t at position k

Let s(x; xo x,) be a recursive predicate
For a constant vector

defined by a set of rules

A=(q;a a,), (a; ay a,) 15 a tuple of s

IDB if s(a; a, a,) can be established by a fimite
rule/goal tree simlar to that defined m [Ullm] by trnm-
ming unnecessary "or" branches, 1e if there exists a
substitution 6 which assigns constants to all distinguished
and non-distinguished varables, such that, by applyng 0
to all nodes 1n the rule/goal tree, each leaf node umfies
with a tuple m EDB and the root of the tree unifies with

s@ a4

Example 2 1 Let s be defined by
re  S(Xp Xz X3) — f(x; X5 X3)
I S(Xg X9 X3) —s(X; Xy up) r(uy X uy) s(uy Xy X3)
where r, 15 an exit rule and r, 1s a recursive rule
If the EDB contains f(a; a; by), f(by a;cy),
f(cy a5 a3), r(b; a; by) and r(c; a, cp), with a’s, b’s and

c’s bemng constants, then s(a; a, a;) can be established by
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the rule/goal tree shown 1 Fig 2 1 since by applyng
0= {a1/x1,a2/x2,a3IX3,b1/u1,b2/u2,c1/v1,c2/v2}

to the rule/goal tree, each leaf node unifies with a tuple m

the EDB and we obtain s(a; a, a3) at the root

s(x) X3 X3)
o

\\\\\

s(x; Xpuy)  r(u; xpup)  s(uz Xp X3)

I~
S
f(x; xau) s xpvy)  1(ViXp vy)  8(Vp Xg X3)
I
f(u X2 V1) f(va X3 X3)
Fig 21

Note that, the tree in Fig 2 1 1s constructed by
applying a rule to each s-node Each time when a rule 1s
apphied to an s-node, the head of the rule unifies with the
s-predicate and each predicate mn the body of the rule

becomes a child node of the s-node The non-

distinguished variables may have to be renamed 0

Let s(X) and t(X) be two predicates of the same
anty and defined over the same domains We say that,
8$(X) mmplies (X), denoted by s(X)==>t(X), 1f every tuple
msisatuplemt s(X)and t(X) are logically equivalent,
denoted by sX)<==>¢(X), of sX)==>t(X) and
t(X)==>s(X)

Our previous results show that, 1t 15 always pos-
sible to convert any nonlmnear recursive rule mto a
sequence of linear recursive rules However, when the
number of linear recursive rules in the sequence 1s large,

the computation could be very efficient. Therefore, 1t 15

of interest to determine the conditions which make a non-



hnear recursive rule be logically equivalent to a single
lLinear recursive rule

In [TrYu], we considered two deductive pred:-
cates defined by the following sets of rules

O 1 sX -iX)
. sX) - s@EUZY) (X 0W) s(X,U)Z)

@m r. X)) -X)
r, s X - f(XU)Z) i((XU)W) si(X,0)Z%)
where 1, 15 the exit rule, 1, 15 the recursive rule, f and r

are base predicates and Z!, Z2 and W are selectors The
1, of (I) 1s a doubly recursive rule and the r, of (IT) 15 a
linear recursive rule (II) 1s obtamed from (I) by replac-
mg the first occurrence of the recursive predicate in the
body of the recursive rule by the body of the exit rule It
can be shown s;(X)==>s(X)

One of the results reported in [TrYu] s a
sufficient condition for s and s; to be logically equivalent

If s and s, are defined by (I) and (II), respec-
tively, and (1) each distinguished variable, x;, 1s selected
by at least one of the selectors Z! or Z2, and the selected
vanable 1s placed at position j, and (1) W selects only
non-distinguished vaniables, then s;(X)<==>s(X) indepen-

dent of the data

Example 22 Let s and s; be defined by

r. sxy) -f(xy)
r s(xy) —-sxuruv)s(vy)

re sixY) -fxy)
r, §si(xY) —f(xu)r(uv)s;(vy)
then s and s; satisfy the sufficient condition, thus

81 (X)<==>s(X) for any EDB

In the next Section, we show a shightly more

general condition to be necessary for a restricted type of

rules

3 The Main Result

In this paper, the rules which we consider are
defined by (I) and (I) with the following additional
assumptions
Assumption 1.

The rules are range restricted, 1e  every dis-
tnguished vaniable has to appear i the body of
each rule This assumption 15 commomly used
[Reit, BaRa]

Assumption 2.

The recursive rule, r, 1s of the following
type There exist two non-distinguished vanables,
u, and u, such that, (1) u, 1s selected and placed at
some position 1; by Z., placed at some position 1,
by W, but 1t 1s not selected by 72 (u) v 18

selected and placed at some position j; by Z2,

placed at some position J, by W, but 1t 1s not

selected by Z' The restriction on the rule may be
1llustrated by Fig 31

7! w y A
( u, ) ( u] u, ) ( uJ )
1 2 1 h
Fig 31

Assumption 3

For every distinguished vanable, x), selected
by Z! or 72 or both, X, 18 placed at exactly one

position by each selector, 1e a Z-selector is not
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allowed to place a distinguished vanable to two or

more positions 1n the same predicate

Example 3 1 The following rule satisfies these assump-

tions
S(x; X9 X3) — s(x; u; up) r(wy us) s(x; uz X3)

whereu, =u;, 1 =2, =1, 94y =u3, 3 =2and =2
The main result we obtan 1s the following pro-

position

Proposttion 3 1
Let s and s; be defined by (I) and (II), respec-
tively, and satisfy Assumption 1, 2 and 3 A necessary
condition for s(X)<==>s;(X) independent of data 1s that,
m rule r,
) each distinguished variable, Xp, 18 selected by at least
one of the selectors Z! or Zz, and the selected vari-

able 1s placed at position j, and

@ if x, 15 selected by W, then both Z' and Z? select x,

and place 1t at position }

A proof of the result 1s 1n Section 4 Here, we
give a comment on the connection of the Proposition 3 1
with the previous result in [TrYu]

The necessary condition in Proposition 31 15 a
shght generalization of the sufficient condition given n
[TrYu], in the sense that, distinguished vanables may
appear n W However, 1n spite of the generalization, the
proof of the sufficient condition supphed in [TrYu] can
be generalized to show that the necessary condition stated
Thus, the conditions (1) and

here 18 actually sufficient

(1) stated 1n Proposition 3 1 are necessary and sufficient
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for the rules satisfying Assumptions 1, 2 and 3 A
number of examples are given below to illustrate the

result

Example 3 2 Let s and s, be defined by

Te S(Xl X3 X3) - f(xl X2 X3)

o 8(X) Xz X3) — §(X; X5 up) Uy Xy u;) s(uy X5 X3)

Lo 81(x) X2 X3) — f(x; X5 X3)
o s1(xg X3 X3) — f(x) x5 uy) r(uy Xz up) §5(uy X5 X3)
It 15 easy to see that both the conditions (1) and
(1) stated n Proposition 3 1 are satisfied Therefore, by
using the same technmques used mn [TrYu], we can show

that s(X)<==>5,(X) independent of data

Example 33 Let s and s, be defined by

T S(X; X9 X3) — f(x; Xy X3)
I S(X) X3 X3) — 8(X3 Xp Uy) r(uy X Up) S(X| X, uy)
Te  81(X; X3 X3) — f(x; x5 x3)
I S1(X) X3 X3) — f(x3 X3 uy) r(u; Xz up) 85(X; Xz uy)
Note that these rules satisfy the Assumptions
But necessary condition (1) 1s violated, since x; 1s
selected, but 1s not placed at position 3 by Z! If the
EDB contains only the followng tuples f(a; a; by),
f(as a; ¢,), f(b; a5 ¢;), r(b; ay by) and r(c; a, c,), then,

(a; a, a3) 15 a tuple of s but not a tuple of s;, as shown

Fig 32

Example 3 4 Lets and s, be defined by

S(Xl Xy X3) - f(Xl X9 X3)

""1

8(Xq X3 X3) — 8(X; Uy uy) r(uy X, u3) S(U3 X3 X3)

[

4

e 81(x) X2 X3) = f(x; X3 X3)
r S1(X1 X2 X3) — f(x) v up) r{uy X3 u3) §1(u3 X3 Xg)

it

o d



s(a; a; a3)
/// A b
- -
AY
s(az a; uy) r(u; ay uy) s(a; a3 uy)

/ \\\ \ [

s(uy 8 vy) 1(vy 3y vy) s(ay a, vy) (b ay by) f\(\al a by)
f(b1 a Cl) I'(Cl as Cz) f(3.3 a9 Cz)

Fig 32

The necessary condition (u) 1s not satisfied
because that x, 1s selected by W, but not by Z! If the
EDB contains only f(bs a; a3), f(c3 by by, f(a; ¢; c2),
1(b, a, b3) and r(c; a; c3), then (a; a; a3) 15 a tuple of s

m IDB, but 1s not a tuple of s,

4 Proof of Proposition 3 1

In this Section, we give a proof of Proposition
31 Let s(X)<==>8;(X) for any X and the equivalence 15

independent of data contamed m EDB We now show

that the rule has the properties (1) and (u) as stated in
Proposition 3 1 by setting s(A)<==>$;(A) n a particular

EDB with the following properties

(1) there exist three constant vectors

A=(a 2 ay)
B =(by by by)
C=(c; ¢y <p)

with all a’s, b’s and ¢’s distinct to each other, and

() there are two relations, f and r, which contain the

following tuples only f((A,B)Z?),
f((((ABYZH,O)ZY,  f((AR)ZN,C)ZD), 1((AB)W)
and 1((((A,B)Z'),C)W) (In order to avoid writing too

many parentheses, 1n the remaining part of this Sec-
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tion, we use a shorthand which leaves out all
parentheses and commas, eg  (((A,B)Z)),0)Z2 15

written as ABZ'CZ2, and

() A s a tuple of s 1n IDB and the mimimal rule/goal

tree to establish s(A) 1s the one shown m Fig 4 1

Since s and s; are equivalent, s;(A) can be esta-
blished by a finute rule/goal tree of the form as shown in
Fig 42 That 1s, there exists a substitution which let
each leaf node of the tree unify with a tuple m EDB, so

that, s;(A) can be obtained at the root

s(A)
-~ \\ -~
S(ABZ) (ABW) S(ABZ2)

s(ABZIICZI) 1(ABZ!CW) s(ABZ!CZ?) f(ABZ?)
!

|
f(ABZ!CZ!)

f(ABZ!CZ?)
Fg 41
$1(X)
fXDZ)" XDW) §,(XDZ?)
f(XDZ’EZ") 1(XDZ2EW) s,(XDZ?EZ2)
Fig 42

The substitution requires that mn the s, tree, each

vanable in X, D, E, , 1s substituted by exactly one value

from {a; a, by by ¢y cp} In the rest of

the proof, we do not differentiate X from A, since x=2,

for 1<i<n



In order to obtamn the requrements on Z!, Z?
and W of the set of rules, we will unify each leaf node n

§; tree with some node 1 s tree, which 15 a tuple 1n the

EDB
The crucial facts that we frequently reference n

our proof are

Fact 1 There 1s at least one tuple n EDB which unifies
with a leaf node 1n the tree of s,

Fact 2 The tree of s, 1s fimte

Fact 3 By Assumption 2, the restrictions on the tuples
m our EDB can be stated as follows
31 ¢, 1s at position 1; n f(ABZ!CZ!), but 1s not in
any other f tuples
32 ¢, 1s at position j; m f(ABZ'CZ?), but 1s not n
any other f tuples
33 In f(ABZ'CW), ¢, and , are at positions 1, and
12, respectively
34 b, 1s at position J; m f(ABZ?), but 1s not 1n any
node of the subtree rooted by s(ABZ!)
35 In 1(ABW), b, and b, are at positions 1, and jp,
respectively
36 b, 1s at posiion 1; m s(ABZ!), but 15 not in
f(ABZ?)
Before we proceed any further, there are some
notes about the structure of the trees of s and s that we

would like to make
1  We choose the tree of s to be of the form as shown
i Fig 41, because 1t 1s the smallest non-trivial tree

for s(X)<==>5,(X)
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2 Smce §;(X)==>s(X), the tree of s; has at least 4 lev-
els, as shown in Fig 4 2, otherwise 1t can easily be
shown that s(A) will have a smaller tree

In the proof of Proposition 3 1, we will find a

umque umfication for each leaf node m s; tree As a

result, we shall establish a set of properties for Z!, Z2 and

W Then, conditions (1) and (u) of Proposition 3 1 will

be easily derived from these properties

Let the EDB, s and s; be defined as given
above We start to find the unifications for leaf nodes in
s tree

Consider the node r(XDW) There are only two
r tuples, f(ABZ!CW) and r(ABW), which may umfy with

1t

Case 1 r(XDW) unifies with r(ABW)
By Assumption 2 and Fact 35, d=b, and b,
15 at posttion 1 m node f(XDZ!), d;=b, and b, 1s at

position j; in $;(XDZ?) Thus by Fact 31 and 36,

f(XDZ') must umfy with f(ABZ!CZ?) By
Assumption 1, d;=b, must appear m some child

node of s,(XDZ?)

Subcase 1 dj=b, and b, 1s at some position 13 1 node
f(XDZ?EZ!)

That 15, Z! selects x, and places 1t at post-

tion 13 By Fact 34, f(XDZ?EZ!) may possibly

unify with f(ABZ?) only Buat, if that 15 the case,

there 15 no tuple to unify with (XDZ?EW), because

the value of e, 1n f(XDZ?EW) can only be b, or c,,

but none of them 1s 1 f(ABZ?), by Fact 31 and



Fact 36 Thus we obtain a contradiction to Fact 1

Subcase 2 d=b, and b, 15 at some position t i node
1(XDZ?EW)

Thus W selects x; and places 1t at position

t. Therefore, a, 1s at position t mn r(ABW) Thus

1(XDZ2EW) can not unify with f(ABW) By Fact

34, (ABZ!CW) can not umfy with r(XDZ2EW)

Thus there 1s contradiction to Fact 1

Subcase 3 d=b, and b 15 at some posiion j3 1n

s;(XDZZEZ?)
That 1s, 72 selects Xy, and places 1t at posi-

ton j3 The tree structure below s,(XDZ’EZ?)

depends on whether the rule r. or the rule r, 1s
apphied

Subcase 31 1, 1s applied There 1s a single

leaf node, f(XDZZEZZ), under the s; node, and b, 1s

at posttion J3 mn 1t Since 3, 1s now at position j3 In

f(ABZ?) and by Fact 3 4, b, 15 not in the other two

f tuples, there 1s no tuple to umfy with
f(XDZ*EZ?)
Subcase 32 1, 1s applied By Assumption

1, d=b, must appear m some child node of
$,(XDZ?EZ?) Then sumilar arguments in the three
subcases can be applied repeatly Thus we obtan

contradictions to either Fact 1 or Fact 2

Case 2 Since Case 1 1s shown to be impossible, we
must have r(XDW) umfy with r(ABZ!CW)
Let this umfication be denoted by Ul By

Fact 3 3, Ul imphes that d;=, and d;=¢,
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We first consider d=c, Now, c, 1s at posi
tion 1; 1n f(XDZ') by Assumption 2 By Fact 1 and

Fact 31, f(XDZ!) must umify with f(ABZ!CZ!)

We denote this umification by U2 From Ul and
U2, we immediately obtain several properties of the

selectors

Prop 1 For every distinguished vanable, x,, selected by
7! the vanable 1s placed at position 1

This 1s because that, if Z! selects x, and

places 1t to some position k, then a, 15 at position k

n s(ABZ!) (see s tree m Fig 4 1), and U2 imphes

that, a, 1s at position k m f(ABZ!CZ!), thus, 1t 1s

also at position 1 1n S(ABZ!) Therefore, a, 18 at

both position 1 and posiion k m s(ABZ!) By

Assumption 3, k=1

Prop 2 For every distinguished vanable, x,, selected by
W, x, 18 also selected by Z!

This can be shown by leting W select x,

and place 1t to some position p Then, Ul imphes

that a, 15 at position p m r(ABZ!CW), thus 1t 1s also

m s(ABZ!)

Prop 3 Any x, not selected by Z! 1s selected by Z*
This is because that, Z! can not select all
x’s, since otherwise, by Prop 1, the recursive rule
of s induces an infimte loop Therefore, this pro-
perty follows from Prop 1, 2 and Assumption 1
Consider the vector X By Prop 1, 2 and 3,
the set of positions 1n X can be partitoned mto

three sets, P(X, Z1), P(X, Z!'W) and P(X, Z!-W),



such that, position j 15 mn P(X, E) iff x; 15 not
selected by Z%, 1t 15 m P(X, Z'W) iff x, 15 selected
by both Z' and W, 1t 18 1 P(X, Z!-W) iff x, 15

selected by Z! but not by W

Prop 4 All non-distingwished vanables selected by Z!
are placed at positions in P(X, ?), and Z! fills
all positions 1n P(X, ?) with non-distinguished
vanables

This follows from Prop 1 and Prop 2
directly i

We now return to Ul whuch mmplies dj=c,
Now, c, 1s at position j; 1n sl(XDZZ) We want to

determine 1n which set of P(X, Z!), P(X, Z'W) and

P(X, Z'-W) the position J; 15

Claim 1 Position j; 1s not m P(X, Z!W)
To show this, we assume the contrary and
let W select x, and place 1t at some position p
Thus, ¢; 1s at position p n r(XDZzEW), a 1s at
position p m r(ABW) and at position }; 1n s(ABZ')
and therefore at position p m r(ABZ!CW) Smce
both tuples of r mn the s tree have a, at position p,

r(XDZ2EW) can not umfy with any of them.

Claim 2 Position j; 1s not in P(X, Zh
To see this, we let position j; be n
PX, f) By Prop 3, Z? selects x,, and places 1t to
some position hy;, which may or may not be in

PX, Z%)

Case 1 h; 1s not m P(X, Z%)
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Consider node s;(XDZ?EZ?), c, 1s now at posi-

tion hl

Subcase 1 rule r, 1s apphed to s;(XDZ*EZ?)

A leaf nod f(XDZ?EZ?) 1 obtamed and c; 15
at position h; m 1t By Fact 32, f(XDZ?EZ?) can
not unify with f(ABZ!CZ!) nor with f(ABZ?) By
Prop 4, some b 1s at position h; m f(ABZ!CZ?)

Thus, there 1s no tuple to umfy with f(XDZ?EZ?)
Subcase 2 1, 1s apphed to node s,(XDZ?*EZ?)

We obtam a new f node f(XDZ?EZ’GZ') as
a chuld of s;(XDZ?EZ?) for some non-distinguished
variable vector G By Prop 1, ¢, 1s at position h; n
f(XDZ?EZ*GZ') Thus, we can apply the same
argument as mn Subcase 1 to obtamn a contradiction

to Fact 1

Case 2 hy1s m P(X, zZhH

Therefore, by Prop 3, we let Z2 select xy,
and place 1t at some position h, which, agam, may
or may not be m P(X, Z1) Consider s,(XDZ?EZ?),
a, 1§ at position hy now If hy 15 not in PX, ET),
the similar arguments as i Case 1 are applicable to
obtamn a contradiction If hy 15 1 P(X, ET), then,
the argument here can be applied repeatly  Since
there 1s a fimite number of positions mn P(X, E), a

contradiction to Fact 1 must occur

Prop 5 Position j; 1s n P(X, Z1-w)

Ths 1§ from Claim 1 and Claim 2



Prop 6 For every position 1 mn P(X, ?), 72 selects X,

and places 1t to some position n P(X, ?) and
all positions m P(X, Z!) are filled, by Z, wath
x’s previously at positions m P(X, Z-)

This 15 because the follows If 1 1s
P(X, Z"), then 72 selects x,, by Assumption 1 and
Prop 3 Let Z2 place x, at some posiion q If
position q 1s not mn P(X, E), by Prop 1 and 5, x,
(equivalently, a)) 1s at position q and ¢, 15 at posi-
ton j; i f(XDZ?EZ') By the defimtion of
PX, E), a, 1s not 1n any node of the subtree rooted
by S(ABZ!) (see Fig 4 1) By Fact 32, ¢ 15 not in
f(ABZ?) Therefore, no tuple can umfy with
f(XDZ?EZ') Thus q must be m P(X, ZI) Let X’
be the set of x’s at positions in P(X, ?) Since the
number of x’s 1n X’ 1s the same as that of positions
m PX, ?), each position i P(X, ?) 15 occupied
by some x in X’

Now, we go on to find the umifications for
remaming leaf nodes By Prop 1 and 5 and
unsfication U1, c, 1s now m f(XDZ’EZ') By Fact
1 and Fact 3 2, this imphes that, f(XDZ?EZ!) must
unify with f(ABZ!CZ?), denoted by U3 By Prop
4, the posmons m P(X,Zl) mn f(XDZ?EZ!) are
occupied by the e’s and the positions mn P(X, E) n

S(ABZ!) are occupied by the b’s Thus, by Prop 6,

the positions mn P(X, —ZT) mn f(ABZICZZ) are occu-
pied by the b’s Smce f(XDZ?EZ') umfies with
f(ABZ!CZ?), each ¢ 15 equal to some b By

Assumption 2, e, at position 1, 1n 1(XDZ2EW) 18
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equal to some b By Fact 3 3, 1(XDZ2EW) can not
unify with r(ABZICW) Thus, 1t must unify wath

r(ABW) We denote this unification by U4

Prop 7 For every x, selected by W, x, 15 selected by Z2

and 1s placed at position 1

This 1s because that, if W selects x, and
places 1t at some position p, then a, 1s at position p
m r(ABW) Consider node r(XDZ2EW), let the
vanable at position p be y By Prop 2, y appears at
position 1 1 node f(XDZ?EZ!) Thus U4 implies
y=a, and U3 mmphes that a, 1s at position 1
f(ABZ1CZ?) Thus, by Prop 2 and Assumption 3,
72 selects a, (equivalently, x,) and places 1t at posi-
tion 1

By Assumption 2, U4 also implies that e=b,
1s at position J; m s,(XDZ?EZ?) If rule r, 15
applied to 1t, we obtamn three child nodes,

f(XDZ?EZ’GZ"Y), (XDZ2EZ2GW) and

$,(XDZ?*EZ*GZ?) for some non-distinguished var-
able vector G By Prop 1 and 5, b; 15 at position J;
m f(XDZ?EZ?GZ') By Fact 3 4, f(XDZ?EZ’GZ")
can not umfy with f(ABZ!CZ!) nor with
f(ABZ!CZ?) Thus, f(ABZ?) 1s the only remamning
candidate However, if the two nodes umfy, then
the positions mn P(X, ?) in f(ABZ?) are occupied
by a’s by Prop 6 and the corresponding positions in
f(XDZ2EZ?GZ') are occupied by g’s, by Prop 4
Thus each g 1s equal to some a By Assumption 2,

1(XDZ?EZ*GW) has the a value at position 1,



Thus there 1s no tuple to umfy with
1(XDZ2EZ?3GW) By Fact 33 and 35 Therefore,
only the rule r, can be apphied and the umfication,
denoted by U5, 1s to umfy f(XDZzEzz) with

f(ABZ?)

Prop 8 For every x, selected by Z%, x, 1s placed at pos-

tion 1

This can be shown as the follows By Prop
7, Prop 8 1s true for all x’s selected by both Z? and
W For each x, selected by Z? but not by Z', let x,

be placed at some posiion p Then, a, 15 at

position p m f(ABZ?) and X, 18 at position p 1n
$;(XDZ* By Prop 6, position p 1s mn P(X, Z)
Also by Prop 6, all positions mn P(X, ?) n
$;(XDZ?), and therefore the same positions in
f(XDZ?EZ?) are occupted by x’s Thus, U5
requires x, to be at position p m f(XDZ2EZ2), and
which 1 turn, imphes that x, 1s at position 1 m
$;(XDZ?) Smce x, 15 at both position 1 and posi-
tion p, by Assumption 3, p=1 For each x, selected
by both Z! and Z2, but not by W, let Z2 place x, to
some posiion jJ Note that posiion 1 18
P(X, Z!-W) Position j 15 also m P(X, Z!-W),
since 1t has just been shown that Z2 places each
vanable xy 1 P(X, i) v PX, ZIW) to positton k
Let the vanable at position j in f(XDZ?EZ?) be y
Then, y 1s at position 1 m $(XDZ?) and by Prop 1,
it 15 also at position 1 m f(XDZ?EZ!) U5 implies

y=a, If y 1s a non-distinguished varable, then, U3
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mmplies y=c, for some ¢, and therefore, we have a
contradiction since there 1s no ¢ f(ABZZ) Thus,
y must be a distinguished variable and y=x,

Now, we obtamn all umifications of the leaf

nodes 1 s, tree and a set of properties of Z!, Z2 and W

It 15 easy to see that, Prop 1, 3 and 8 imply condition (1)
and Prop 1, 2 and 7 mmply condition (1) of Proposition

31 O

5 Conclusion

This paper 15 an extension of our previous
work We give a necessary condition on the placement
of vanables to convert a doubly recursive rule of res-
tricted type 1nto a single linear recursive rule This con-
ditton 18 a shght generalization of the sufficient condition
that we obtamned previously and 1t can also be proved
sufficient by using the techmques m [TrYu] What we
have achieved 1s the identification of a condition which
differentiates a (doubly) nonlinear recursive rule from a
trivial nonhnear recursive rule (one that 1s logically
equivalent to a linear recursive rule) We believe that the
techniques employed 1n this paper and 1n [YuZh] will be
useful 1n analyzing recursive rules

We now comment on the Assumption 1, 2 and
3 Assumption 1 1s essential for the analysis

The motivation of using Assumption 2 1s that,
by letung s(A)<==>$;(A) m a particular EDB, with a
non-trivial mimmal tree of s(A), 1t can be proved that, the
recursive rule must have the following property

z! ( 72 ) shares some non-distinguished vanable(s)

with exther Z2 (Z! Yor W



By this property, rules are divided into different
types according to how the variables are shared
Assumption 2 corresponds to the type of rules 1n which,
Z! and W share some non-distinguished vanable(s) and
72 and W share some other non-distinguished vanable(s)
Thus, rules satisfying Assumption 2 satisfy the property
given above We intend to generalize the result of this
paper to include other types of rules

Assumption 3 15 not really required With a
further generalization of the necessary condition of Propo-
sition 3 1, we can release Assumption 3 and allow a dis-
tinguished variable to be placed at more than one posi-

tions by Z! and/or 72
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