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Abstract 

Nonlmear recursive quenes are usually less efficient 

m processmg than lmear recurswe quenes It is therefore 

of mterest to transform non-lmear recursive quenes mto 

hnear ones We obtam a necessary and sufficient con&- 

bon for a doubly recursive rule of a certam type to be 

logically eqmvalent to a smgle lmear recursive rule 

obtamed m a specific way 

1. Introduction 

Many proposals [BMSU, BaRa, GaMa, HaLu, 

HeNa, IoWo, Ioan, LaYa, Naug, Sacc, Ullm, Vard, Yuzh, 

Zam] have been made to optnmze recursive quenes in 

deductive databases Among these proposals, some 

[BSMU, Chan, HaLu, HeNa, TrYu, YuZh, etcl ~KZ 

mtended to process lmear recursive quenes and others 

[BaRa, CeGL, Ullm] are mtended to process more general 

nonlmear recursive quenes One of the reasons for 
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ophnuzmg linear recursive queries 1s that, in the “real 

world”, such quenes are encountered most frequently 

[BaRa] On the other hand, nonlinear Ecurslve quenes 

also anse Ward] and the algonthms proposed to solve 

nonhnear recurSwe quenes are usually less efficient than 

those proposed for linear recursive quenes We observe 

that, many nonlmear recursive quenes are in fact logically 

equivalent to some lmear recurswe quenes A famous 

example would be the ancestor query which has appeared 

m many papers [BaRa, Chan, etc] By ldenwmg such 

nonhnear recursive quenes and convertmg them mto 

equivalent lmear recursive quenes, we are able to utilize 

the more efficient hear-recursive-query-processmg algo- 

nthms 

In a previous paper [TrYu], we have given a 

method to convert a nonlinear recursive rule mto a 

sequence of hnear recursive rules (A smular but not 

identical converhon appears 111 [CeGLI) and a sufficient 

con&tion on the placement of vanables m a rule to 

convert a doubly recursive rule mto a single linear recur- 

sive rule 

THIS paper IS an extension of [TrYu] We give 

a necessary con&fion on the placement of vanables m the 
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rule to convert a doubly recursive rule of a certain type Slve examples The necessary (and sufficient) condition 

mto a single lmear recurswe rule The necessary condo- 

hon stated m this paper 1s a shght generahzatlon of the 

sufficient con&bon given m [TrYu] By mtifymg the 

proof given m [TrYu], it can be shown that the necessary 

con&fion is also a sufficient con&tion Thus, for the 

doubly recursive rule of the type, the con&tion turns out 

to be both necessary and sufficient 

An analogy of the result obtamed m this paper 

1s as follows In relational database, a dlstmchon 1s made 

between tree quenes and cychc quenes [BeCh, YuOz] 

where tree quenes can be optmuzed “easily” but cychc 

quenes can not The result 1s useful not only m query 

optmuzation, but also m database design and graph theory 

[BFMY, Gosh] 

In this paper, we attempt to obtain a smular 

result for deductive databases 1 e we attempt to 

tiferenhate the “simple” linear recurswe quenes from the 

more comphcated nonlmear recurswe quenes The first 

step 1s to find a necessary and sufficient condmon for a 

doubly recursive rule to be equivalent to a linear recur- 

swe rule 

It has recently been shown [BKBR, Shma] that 

the problem of whether a non lmear recursive rule 1s 

equivalent to some hnear recursive rule 1s undecidable 

In Section 2, we give the defimhons and notafions used m 

this paper and bnefly review the previous results m 

[TrYu] In Section 3, the necessary condition for a dou- 

bly recursive rule of certam type to be logically 

equivalent to a single lmear recursive rule obtamed m a 

specific way 1s stated along with a number of comprehen- 

can be easily checked A proof of the result 1s given m 

Section 4 

2 Definltlons, Notations and Previous Results 

A deductive database consists of two types of 

AahOnS or prdcates (predicates and relations will be 

used mterchangeably throughout the paper), the base rela- 

tions and the deductive relations The set of all base rela- 

hens form the extensional database, EDB, m which, the 

base relations are stored physically The set of deductive 

relations form the mtenslonal database, IDB, m which, 

the deductive relahons are deduced from the base rela- 

tions and deductive relations by using the sets of rules 

definmg them 

A rule defining a deductive prticate IS a 

function-free, Horn clause of the form B - AlA, A, 

with head B and body A,A, A, 

A (Wtly) recurslve rule 1s a rule with the 

head prticate B appearmg m the body at least once If 

B appears m the body exactly once, then, the rule 1s 

called a linear recursive rule Othemse , the rule IS non- 

bnear recursive A doubly recursive rule 1s a nonlmear 

recursive rule with two occurrences of the head predicate 

appearmg m the body of the rule 

Let s be a recursive ptilcate of anty n The 

recursive rule defimng s will involve n dlstmct universally 

quantified vanables, denoted by X = (xl x2 xn) In 

he body of this rule, there will be p 2 0 Qstmct exlsten- 

hally quantified vanables, denoted by 

u = (Ill u2 L+,) The umversally quantified van- 
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ables, X, which appear m the head if the rule ( and pos- 

slbly m the body of the rule ) are called the dmngmhed 

vanables, the existentially quantified vanables, U, which 

occur m the body of the rule are the non-dnttnguhed 

vanables For each prdcate, of anty g, m the body of 

the rule, g arguments are selected from the vanables of X 

and U Such selection 1s denoted by a formal matnx pro- 

duct (X,U)H = (x, x2 %I Ul u2 uJH, where H 

IS a (n+p)xg O-l matnx with exactly one 1 m each 

column, and 1s called a selector If x, (u,) 1s at the kti 

argument position m the mamx product, we say that H 

selects x, (u,) and places it at position k 

Let s(x1 x2 xJ be a recursive predicate 

defined by a set of rules For a constant vector 

A = (a1 a2 ad. (al a2 ;a) IS a tuple of s in 

IDB d s(al a2 a& can be estabhshed by a finite 

rule/goal tree smdar to that defined m [ullml by mm- 

mmg unnecessary “or” branches, 1 e If there exrsts a 

substitution 0 which assigns constants to all &stmgunhed 

and non-dlstmgmshed vanables, such that, by applying 8 

to all nodes m the rule/goal tree, each leaf node unifies 

with a tuple m EDB and the root of the tree umfies with 

s(al a2 4 

Example 2 1 Let s be defined by 

re a1 x2 x3) - fbl x2 x3) 

l-r s(xl x2 x3) - sbl x2 ~1) r(q x2 ~2) s(u2 x2 x3) 

where re 1s an exit rule and rr 1s a recursive rule 

If the EDB contams f(a, a2 bl), f(b2 a2 cl), 

f(c2 a2 a3), r(bl a2 b2) and r(ct a2 cz), with a’s, b’s and 

c’s being constants, then s(al a2 a3) can be established by 
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the rule/goal tree shown m Fig 2 1 smce by applying 

0 = {allx~,a~/x~,a~/x~,b~lut,b~/u~,c~/v~,c~h~} 

to the rule/goal tree, each leaf node umfies with a tuple m 

the EDB and we obtam s(a, a2 a3) at the root 

f(u2 ?, Vl) 

Fig 2 1 

‘1 
s&2 x2 x3) 

I 
f(v2 x2 x3) 

Note that, the tree m Fig 2 1 IS conslructed by 

applying a rule to each s-node Each hme when a rule 1s 

applied to an s-node, the head of the rule unifies with the 

s-pr&cate and each predicate in the body of the rule 

becomes a chid node of the S-node The non- 

dlstmgulshed vanables may have to be renamed q 

Let s(X) and t(X) be two pre&cates of the same 

anty and defined over the same domams We say that, 

s(X) lmphes t(X), denoted by s(X)==>t(X), if every tuple 

m s 1s a tuple m t s(X) and t(X) are logically equivalent, 

denoted by s(X)<==>t(X), If s(X)==>t(X) and 

t(x)==>s(x) 

Our previous results show that, It 1s always pos- 

sible to convert any nonlmear recursive rule mto a 

sequence of lmear recursive rules However, when the 

number of lmear recursive rules m the sequence 1s large, 

the computation could be very mefficlent. Therefore, It 1s 

of mterest to determme the conditions which make a non- 



hear recurswe rule be logically equivalent to a & 

hnear recursive rule 

In [TrYu], we considered two deductive @- 

cates defined by the followmg sets of rules 

(1) r, s(X) - f(x) 
r, s(X) - NXW’) r((x,UW) s(WJ)Z*) 

(W r, s1m - f(X) 

r, SdW - NXW) r(KU)W) sl(o[,U)Z2) 

where r, 1s the exit rule, r, IS the recurwe rule, f and r 

are base prerllcates and Z’, Z* and W are sektors The 

r, of (I) 1s a doubly recurswe rule and the r, of (II) 1s a 

hnear recurswe rule (II) IS obtamed from (I) by replac- 

mg the first occurrence of the recurslve pticate m the 

body of the recursive rule by the body of the exit rule It 

can be shown sl(X)==>s(X) 

One of the results reported m [TrYu] IS a 

sufficient con&tron for s and s1 to be 1oguAly equivalent 

If s and sl are defined by (I) and (II), respec- 

hvely, and (I) each &stmguished vanable, x,, is selected 

by at least one of the selectors Z1 or Z*, and the selected 

vanable is placed at position J, and (ii) W selects only 

nonktmgulshed vanables, then q(X)<==>s(X) mdepen- 

dent of the data 

Example 2 2 Let s and s1 be defined by 

re s(x Y) - f(x Y) 

rr se Y) - s(x u) T(u VI s(v Y) 

I-e Sl(X Y) - f(x Y) 

rr ~16 Y) - f(x u) r(u 4 sdv Y) 

then s and s1 satisfy the sufficient con&bon, thus 

sl(X)<==>s(X) for any EDB 

In the next Section, we show a shghtly more 

general con&Uon to be necessary for a restncted type of 

rules 

3 The Man Result 

In this paper, the rules which we cons&r are 

defined by (I) and (II) with the followmg additional 

assumptions 

Assumption 1. 

The rules are range resmckd, 1 e every &s- 

tmgmshed vanable has to appear m the body of 

each rule This assumphon IS commomly used 

Pelt, BaRa] 

Assumptton 2. 

The recurwe rule, r, is of the followmg 

type There exist two non-&stmgmshed vanables, 

u, and u,, such that, (1) II, is selected and placed at 

some posItion q by Z’, placed at some posltion l2 

by W, but It is not selected by Z* (11) uj 1s 

selected and placed at some poslhon ~~ by Z*, 

placed at some poslhon J* by W, but it is not 

selected by Z’ The resmchon on the rule may be 

illustrated by Fig 3 1 

Z’ W 22 
( Ul ) ( u, % ) ( ‘J ) 

11 32 12 Jl 

Assumption 3 

Ag 3 1 

For every drstmgulshed vanable, x1, selected 

by Z’ or Z* or both, xJ IS placed at exactly one 

position by each selector, 1 e a Z-selector IS not 
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allowed to place a &stmgmshed vanable to two or 

more poslfions m the same wcate 

Example 3 1 The followmg rule satisfies these assump- 

hons 

S(XI x2 x3) - s(x1 ~1 ~2) r(u1 ~3) s(x2 ~3 x3) 

where u, = ut, 1t = 2, i2 = 1, u, = u3, ~1 = 2 and ~~ = 2 

The mam result we obtam 1s the followmg pro- 

poslhon 

Proposition 3 1 

Let s and sl be defined by (I) and (II), respec- 

tively, and satisfy Assumption 1, 2 and 3 A necessary 

con&tion for s(X)<==>sl(X) mdependent of data 1s that, 

m rule r, 

(1) each &stmgushed vanable, x,, 1s selected by at least 

one of the selectors Z’ or Z2, and the selected van- 

able is placed at position J, and 

(11) If x, IS selected by W, then both Z’ and Z2 select x, 

and place it at position J 

A proof of the result 1s m Section 4 Here, we 

give a comment on the connection of the Proposition 3 1 

with the previous result m [TrYu] 

The necessary condmon m Proposition 3 1 1s a 

slight generahzatmn of the sufficient condmon given m 

[TrYu], m the sense that, &stmgmshed vanabbs may 

appear 111 W However, 111 spite of the generahzahon, the 

proof of the sufficient con&tion supphed m [TrYu] can 

be generaked to show that the necessary con&fion stated 

here 1s actually sufficient Thus, the con&tions (1) and 

(11) stated 111 Proposition 3 1 are necessary and sufficient 

for the rules sahsfymg Assumptions 1, 2 and 3 A 

number of examples are given below to illustrate the 

result 

Example 3 2 Let s and sl be defined by 

re Nx1 x2 x3) - f(xl x2 x3) 

rr s(x1 x2 x3) - s(x1 x2 ~1) r(u2 x2 ~1) ~09 x2 x3) 

‘e Sl(Xl x2 x3) - f(x1 x2 x3) 

rr SI(XI x2 x3) - f(xl x2 ~1) r(u2 x2 ~1) s1@2 x2 x3) 

It 1s easy to see that both the condlttons (1) and 

(11) stated m Proposition 3 1 are satisfied Therefore, by 

usmg the same techmques used m PrYu], we can show 

that s(X)<==>sl(X) mdependent of data 

Example 3 3 Let s and s1 be defined by 

re s(x1 x2 x3) - f(x1 x2 x3) 

rr sh x2 x3) - s(x3 x2 ~1) r(ul x2 uz) sh x2 ~2) 

‘e s1(x1 x2 x3) - fcq x2 x3) 

rr sdxl x2 x3) - f(x3 x2 ~1) r(h x2 ~2) SAXI x2 ~2) 

Note that these rules satisfy the Assumptions 

But necessary con&tion (1) is violated, smce x3 is 

selected, but 1s not placed at position 3 by Z’ If the 

EDB contams only the followmg tuples f(al a2 b2), 

f(a3 a2 ~21, f(bl az cl), r(bl a2 b2) and r(c1 a2 cz), then, 

(a1 a2 a3) 1s a tuple of s but not a tuple of ~1, as shown m 

Fig 3 2 

Example 3 4 Let s and s1 be defined by 

re s(q x2 x3) - f(x1 x2 x3) 

5 s(xl x2 x3) - s(xl ~1 ~2) r(u2 x2 u3) s(u3 x2 x3) 

re %(x1 x2 x3) - fcq x2 x3) 

rr q(x1 x2 x3) - f(xl u1 ~2) r(u2 x2 u3) s1@3 x2 xd 
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s(al a2 a31 

.e 
,’ “‘V 

s(a3 a2 ud rdl a2 u2) s(ai a2 u2) 
/ ‘\ \ ’ 

S(UI & ~1) I(vI‘ a2 9) s(a3 a2 ~2) 

I 1 I 
r&q a2 b2) kal a2 b2) 

f(h 42 cd r(q & ~2) f(a3 L2 c2) 

Rg 3 2 

The necessary condition (11) IS not satisfied 

because that x2 1s selected by W, but not by Z’ If the 

EDB contams only f(& a2 a$, f(c3 bl bz), f(al cl cz>, 

r(b2 a2 b3) and r(Q a2 cg), then (al a2 a3) 1s a tuple of s 

111 IDB, but 1s not a tuple of s1 

4 Proof of Proposition 3 1 

In thus Section, we give a proof of propOsition 

3 1 Let s(X)c==>sl(X) for any X and the eqmvalence 1s 

mdependent of data contamed m EDB We now show 

that the rule has the propeties (I) and (11) as stated m 

Froposltton 3 1 by settmg s(A)<==>q(A) m a parhcular 

EDB with the followmg propeties 

(1) there exist three constant vectors 

A = (al a2 %I 

B = (bl bz bp) 

c = (Cl c2 $1 

with all a’s, b’s and c’s &stmct to each other, and 

(2) there are two relations, f and r, wluch contam the 

following tuples only W,B)Z2), 

fWW)Z’),CP’), f((((A,PP1),W2), r((A,B)W) 

and r((((A,B)Z’),C)W) (In order to avold wrrtmg too 

many parentheses, m the remammg part of this Sec- 

tion, we use a shorthand which leaves out all 

parentheses and commas, e g (((A,B)Z’),C)Z’ 1s 

wntten as ABZ’CZ’, and 

(3) A is a tuple of s in IDB and the mmlmal rule/goal 

tree to estabhsh s(A) IS the one shown m Fig 4 1 

Smce s and s1 are eqmvalent, q(A) can be esta- 

bhshed by a fimte rule/goal tree of the form as shown m 

Fig 4 2 That IS, there exists a substitution which let 

each leaf node of the tree umfy with a tuple m BDB, so 

thatp Q(A) Cm be obtamed at the root 

s(A) 

f(ABZkZ’) f(AB&CZ2) 

Fq 4 1 

Fig 4 2 

The substitution reqmres that m the s1 tree, each 

vanable m X, D, E, , 1s substituted by exactly one value 

from {al a, bl b, cl cp} In the rest of 

the proof, we do not hfferentiate X from A, smce x,=q 

for 14% 
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In order to obtam the requn-ements on Z’, 2’ 

and W of the set of rules, we w11l unify each leaf node in 

s1 tree with some node m s tree, which IS a tuple m the 

EDB 

The crucial facts that we fquently reference m 

our proof are 

Fact 1 There IS at least one tuple m EDB which umfies 

with a leaf node m the tree of s1 

Fact 2 The tree of s1 IS fimte 

Fact 3 By Assumption 2, the restncuons on the tuples 

m our EDB can be stated as follows 

3 1 c, IS at position l1 m f(ABZ’CZ’), but IS not m 

any other f tuples 

3 2 c, is at poslhon ~~ in f(ABZ1CZ2), but IS not m 

any other f tuples 

3 3 In r(ABZ’CW), c, and c, are at positions l2 and 

J2, respectively 

3 4 b, IS at position Jo m f(ABZ’), but IS not m any 

node of the subtree rooted by s(ABZ’) 

3 5 In r(ABW), b, and b, are at poslhons l2 and Jo, 

respechvely 

3 6 b, IS at poslhon l1 m s(ABZ’), but IS not in 

f(ABZ2) 

Before we proceed any further, there are some 

notes about the structure of the trees of s and s1 that we 

would hke to make 

1 We choose the tree of s to be of the form as shown 

m Fig 4 1, because It IS the smallest non-tivlal tree 

for s(X)C==>sI(X) 

2 Smce sl(X)==x(X), the tree of s1 has at least 4 lev- 

els, as shown m Fig 4 2, otherwlse it can easily be 

shown that s(A) will have a smaller tree 

In the proof of Propontion 3 1, we ~111 find a 

unique umfication for each leaf node m s1 tree As a 

result, we shall establish a set of propeties for Z’, Z2 and 

W Then, con&fions (I) and (11) of F’roposition 3 1 ~111 

be easily derived from these propeties 

Let the EDB, s and s1 be defined as given 

above We start to find the umiications for leaf nodes m 

s1 tree 

Consider the node r(XDW) There are only two 

r tuples, r(ABZ’CW) and r(ABW), which may unify with 

1t 

Case 1 r(XDW) umfies with r(ABW) 

By Assumption 2 and Fact 3 5, 4=b, and b, 

IS at posltion l1 m node f(XDZ’), d,=b, and b, IS at 

posItion 11 m st(XDZ’) Thus by Fact 3 1 and 3 6, 

f(XDZ’) must umfy with f(ABZ1CZ2) By 

Assumption 1, d,=b, must appear m some child 

node of sl(XDZ2) 

Subcase 1 d,=b, and b, IS at some position I~ m node 

f(XDZ’EZ’) 

That is, Z’ selects x,, and places It at posl- 

bon i3 By Fact 3 4, f(XDZ2EZ1) may possibly 

umfy with f(ABZ2) only But, If that IS the case, 

there 1s no tuple to unify with r(XDZ2EW), because 

the value of e, m r(XDZ2EW) can only be b, or c,, 

but none of them IS m f(ABZ’), by Fact 3 1 and 

351 



Fact 3 6 Thus we obtam a contra&ction to Fact 1 

Subcase 2 d,=b, and b, IS at some position t m node 

r(XDZ*EW) 

Thus W selects x,, and places It at position 

t. Therefore, 4, 1s at position t m r(ABW) Thus 

r(XDZ*EW) can not umfy with r(ABW) By Fact 

3 4, r(ABZlCW) can not umfy with r(XDZ*EW) 

Thus there IS contrtiction to Fact 1 

Subcase 3 d,=b, and b, IS at some posltlon J3 m 

q(XDZ*EZ*) 

That IS, Z* selects x,~ and places It at pan- 

tlon ~~ The tree structure below sl(XDZ2EZ2) 

depends on whether the rule r, or the rule r, IS 

applied 

Subcase 3 1 r, is apphed There is a smgle 

leaf node, f(XDZ*EZ*), under the s1 node, and b, IS 

at posItIon ~~ m It Since 9, 1s now at posItion 13 m 

f(ABZ*) and by Fact 3 4, b, is not m the other two 

f tuples, there is no tuple to umfy Hrlth 

f(XDZ*EZ*) 

Subcase 3 2 r, IS apphed By Assumption 

1, d,=b, must appear m some child node of 

sI(XDZ2EZ2) Then smular arguments m the three 

subcases can be applied repeatly Thus we obtam 

contradictions to either Fact 1 or Fact 2 

Case 2 Smce Case 1 IS shown to be rmposslble, we 

must have r(XDW) unify with r(ABZ’CW) 

Let tis umiication be denoted by Ul By 

Fact 3 3, Ul lmphes that h=c, and d,=c, 

We first consider &=c, Now, c, IS at posl 

bon q m f(XDZ’) by Assumphon 2 By Fact 1 and 

Fact 3 1, f(XDZ’) must uIllfy with f(ABZ’CZ’) 

We denote thus umficahon by U2 From Ul and 

U2, we nnmetitely obtam several promes of the 

selectors 

Prop 1 For every hstmgmshed vanable, q, selected by 

Z’, the vanable IS placed at position 1 

Thus IS because that, If Z’ selects x1 and 

places it to some poslhon k, then a, IS at poslhon k 

m s(ABZ’) (see s tree m Fig 4 l), and U2 nnphes 

that, a, IS at poslhon k m f(ABZ’CZ’), thus, it IS 

also at position 1 m s(ABZ’) Therefore, a, IS at 

both position I and poslhon k m s(ABZ’) By 

Assumption 3, k=l 

Prop 2 For every Qstmgmshed vanable, xl, selected by 

W, x, IS also selected by Z’ 

Thus can be shown by lettmg W select x1 

and place it to some position p Then, Ul imphes 

that a, IS at position p m r(ABZlCW), thus it IS also 

m s(ABZ’) 

Any x, not selected by Z’ IS selected by Z* Prop 3 

This IS because that, Z’ can not select all 

X’S, smce otherwlse, by Prop 1, the recursive rule 

of s mduces an mfimte loop Therefore, thus pro- 

perty follows from Prop 1,2 and Assumptmn 1 

COnSlder the vector X By Prop 1,2 and 3, 

the set of positions m X can be whoned mto 

three sets, Po(, $1, FTX, Z’W) and P(X, Zt-W), 
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such that, position J IS 111 P(X, z’, tif x, is not 

selected by Z’, It is m P(X, Z’W) fi x, IS selected 

by both Z’ and W. it IS m P(X, Z’-W) lff x, is 

selected by Z’ but not by W 

k’rop 4 All non-&stmgmshed vanables selected by Z’ 

are placed at posItions 111 P(X, z), and Z’ fills 

all positions m P(X, 3) with nonxhstmglushed 

vanables 

This follows from Prop 1 and Prop 2 

&dY 

We now return to Ul which imphes d,=cJ 

Now, c, is at posmon 11 m q(XDZ*) We want to 

determme m which set of P(X, s), P(X, Z’W) and 

P(X, z’-W) the poslfion J1 IS 

Clatm 1 Position 11 is not m P(X, Z’W) 

To show this, we assume the contrary and 

let W select x,, and place It at some posltmn p 

Thus, c, 1s at posltmn p m r(XDZ*EW), a,, 1s at 

pos&on p m r(ABW) and at position ~~ m s(ABZ’) 

and therefore at posltion p m r(ABZ’CW) Smce 

both tuples of r m the s tree have a,, at position p, 

r(XDZ*EW) can not umfy with any of them. 

Claim 2 Position Jo IS not in P(X, 5) 

To see dns, we let poslhon ~~ be In 

P(X, $) By Prop 3, Z* selects x,, and places It to 

some posmon hl, which may or may not be m 

P(X, iif) 

Consider node slQDZ2EZ2), c, IS now at posl- 

&on hl 

Subcase 1 rule r, IS applied to s1(XDZ2EZ2) 

A leaf nod f(XDZ*EZ*) IS obtamed and c, 1s 

at position h, m it By Fact 3 2, f(XDZ*EZ*) can 

not umfy with f(ABZ’CZ’) nor with f(ABZ*) By 

Prop 4, some b 1s at position hl m f(ABZ’CZ*) 

Thus, there IS no tuple to umfy with f(XDZ*EZ*) 

Subcase 2 r, 1s apphed to node sl(XDZ2EZ2) 

We obtam a new f node f(XDZ*EZ%Z’) as 

a cMd of q(XDZ*EZ*) for some non-&stmgmshed 

vanable vector G By Prop 1, c, 1s at posItion h, m 

f(XDZ%Z%Z’) Thus, we can apply the same 

argument as m Subcase 1 to obtam a contra&ctton 

to Fact 1 

Case 2 h, is m P(X, 5) 

TherefOm, by ROp 3, we let Z* SekCt xh, 

and place it at some posItion h2, which, agam, may 

or may not be IXI P(X, z) Consider sl(XDZ2EZ2), 

a,, IS at positron h2 now 
-i If h2 1s not m P(X, Z ), 

the smular arguments as m Case 1 are apphcable to 

obtam a contradiction If h2 1s m P(X, ??),, then, 

the argument here can be apphed repeatly Since 

there is a fimte number of positions in P(X, ii?), a 

contradiction to Fact 1 must occur 

Prop 5 Position Jo IS m P(X, Z’-W) 

This IS from Clann 1 and Churn 2 
Case 1 hl IS not IXI P(X, 3) 
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Prop 6 For every position 1 m P(X, z), Z* selects x, 

and places it to some position m P(X, z’, and 

all positions m P(X, 3) are filled, by Z*, with 

x’s prevrously at positions 111 P(X, 5) 

This 1s because the follows If I is m 

P(X, z), then Z* selects x,, by Assumption 1 and 

Prop 3 Let Z* place x, at some position q If 

positlon q IS not m P(X, s), by Prop 1 and 5, x1 

(equivalently, aJ is at poslhon q and c, 1s at pon- 

bon ~1 m f(XDZ*EZ’) By the definmon of 

P(X, ??), a, 1s not m any node of the subtree rooted 

by s(ABZ’) (see Fig 4 1) By Fact 3 2, c, 1s not m 

f(ABZ*) Therefore, no tuple can unify with 

f(XDZ*EZ’) Thus q must be m P(X, 5) Let X’ 

be the set of x’s at poslhons m P(X, z) Since the 

number of x’s m X’ 1s the same as that of posmons 

m P(X, z), each position m P(X, z) is occupied 

by some x m X’ 

Now, we go on to find the umfications for 

remammg leaf nodes By Prop 1 and 5 and 

umfication Ul, c, 1s now m f(XDZ*EZ’) By Fact 

1 and Fact 3 2, dus lmphes that, f(XDZ*EZ’) must 

umfy wltb f(ABZ’CZ*), denoted by U3 By Prop 

4, the poslfions m P(X, ??) m f(XDZ*EZ’) are 

occupied by the e’s and the posmons m P(X, 5) in 

s(ABZ’) are occupied by the b’s Thus, by Prop 6, 

tbe positions m P(X, z) m f(ABZ’CZ*) are occu- 

pled by the b’s Smce f(XDZ*EZ’) umfies with 

f(ABZ’CZ*), each e IS equal to some b By 

Assumption 2, e, at position l2 111 r(XDZ*EW) 1s 

equal to some b By Fact 3 3, r(XDZ*EW) can not 

umfy with r(ABZ’CW) Thus, it must umfy with 

r(ABW) We denote this umfication by U4 

hop 7 For every x1 selected by W, x1 1s selected by Z* 

and is placed at position 1 

lks 1s because that, d W selects x1 and 

places it at some position p, then a, IS at position p 

m r(ABW) Consider node r(XDZ*EW), let the 

vanable at position p be y By Prop 2, y appears at 

position 1 m node f(XDZ*EZ’) Thus U4 lmphes 

y=a, and U3 lmphes that a, 1s at poslhon I m 

f(ABZ’CZ*) Thus, by Prop 2 and Assumption 3, 

Z* selects a, (equivalently, x,) and places It at posl- 

bon i 

By Assumphon 2, U4 also imphes that e,=b, 

1s at position Jo m st(XDZ*EZ*) If rule r, 1s 

applied to It, we obtam three child nodes, 

f(XDZ*EZ%Z’), r(XDZ*EZ%W) and 

s1(XDZ2EZ2GZ2) for some nondstmgmshed van- 

able vector G By Prop 1 and 5, b, 1s at position ~1 

m f(XDZ*EZ*GZ’) By Fact 3 4, f(XDZ2EZ%Z1) 

can not u~fy with f(ABZ’CZl) nor ~rlth 

f(ABZ’CZ*) Thus, f(ABZ*) 1s the only remammg 

can&date However, If the two nodes umfy, then 

the posItions 111 P(X, 9) m f(ABZ*) are occupied 

by a’s by Prop 6 and the correspondmg pontzons m 

f(XDZ2EZ%Z1) are occupied by g’s, by Prop 4 

Thus each g 1s equal to some a By Assumphon 2, 

r(XDZ*EZ%W) has the a value at position 12 
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Thus there 1s no tuple to unify with 

r(XDZ2EZ%W) By Fact 3 3 and 3 5 Therefore, 

only the rule r, can be apphed and the umfication, 

denoted by US, is to unify f(XDZ2EZ2) with 

f(ABZ2) 

Prop 8 For every x, selected by Z2, x, 1s placed at Posl- 

bon 1 

‘Ills can be shown as the follows By Prop 

7, prop 8 1s true for alI x’s selected by both Z2 and 

W For each x, selected by Z2 but not by Z’, let x1 

be placed at some positIOn p Then, a, 1s at 

pslhon p m f(ABZ2) and x, 1s at posItion p m 

sl(xDz2) By Prop 6, position p IS m P(X, 3) 

Ah by Prop 6, all positions m P(X, 3) m 

slPZ21, and hnSxe the same posmons m 

f(XDZ2EZ2) are occupied by x’s Thus, us 

KqulreS x, to be at position p m f(XDZ2EZ2), and 

which m turn, nnphes that x, 1s at position 1 m 

sltXDZ2) Smce x, 1s at both poslhon 1 and posl- 

bon p, by Assumption 3, p=i For each x, selected 

by both Z’ and Z2, but not by W, let Z2 place x1 to 

some poslhon J Note that posltton 1 1s m 

P(X, z’-W) Position J 1s also ill P(X, z’-W), 

Since It has JUSt been shown that Z2 places each 

vanable xl, in P(X, 5) u P(X, Z’W) to position k 

Let the vanable at position J m f(XDZ2EZ2) be y 

Then, y 1s at posmon 1 m s(XDZ2) and by Prop 1, 

It IS also at posihon I m f(XDZ2EZ1) U5 lmphes 

y=a, If y 1s a non-dstmgunhed vanable, then, U3 

lmphes Y=G for some c, and therefore, we have a 

COnhadCbOn Smce there IS no c III f(ABZ2) Thus, 

Y must be a distmgulshed vanable and Y=X, 

Now, we obtam all umfications of the leaf 

nodes m s1 tree and a set of properhes of Z1, z2 and W 

It 1s easy to see that, Prop 1, 3 and 8 imply condition (I) 

and Prop 1, 2 and 7 imply con&tlon (11) of Pmposltion 
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5 Concluston 

This paper is an extension of our previous 

work We give a necessary con&bon on the placement 

of vanables to convert a doubly recursive rule of res- 

meted type into a smgle linear recursive rule This con- 

dition 1s a shght generaluabon of the sufficient con&tion 

that we obtamed previously and it can also be proved 

sufficient by usmg the techniques m [TrYu] What we 

have achieved 1s the ldentication of a con&tion which 

differentiates a (doubly) nonlinear recursive rule from a 

mvml nonhnear recursive rule (one that is logically 

equivalent to a lmear recursive rule) We beheve that the 

techniques employed m this paper and m [YuZh] will be 

useful m analyzmg recursive rules 

We now comment on the Assumption 1, 2 and 

3 Assumption 1 1s essential for the analysis 

The motivatton of usmg Assumption 2 IS that, 

by lettmg s(A)<==>sl(A) m a part~ular EDB, with a 

non-tnv1a.l mmlmal tree of s(A), It can be proved that, the 

recursive rule must have the followmg property 

Z’ ( Z2 ) shares some non-&stmgmshed vatlable(s) 

with either Z2 ( Z’ ) or W 
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By this property, rules are dmded mto tiferent 

types accordmg to how the vanables are shared 

Assumption 2 corresponds to the type of rules m which, 

Z’ and W share some non-&stmgmshed vanable and 

Z2 and W share some other non-dlstmgmshed vanable 

Thus, rules satisfying Assumption 2 sat@ the property 

given above We intend to generahze the result of this 

paper to include other types of rules D-ayal 

Assumption 3 1s not really reqmred With a 

further generahzation of the necessary condmon of Propo- 

slhon 3 1, we can release Assumption 3 and allow a &s- 

tmgmshed vanable to be placed at more than one posl- 

nons by Z’ and/or Z2 
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