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ABSTRACT

We show that everv hinearlv recursive querv can be expressed as a transitive closure possibly preceded
and followed bv operations alreadv available in relational algebra This reduction 1s possible even if
there are repeated variables in the recursive literals and if some of the arguments in the recursive

literals are constants Such an equivalence has sigificant theoretical and practical ramufications

One the one hand it influences the design of expressive notations to capture recursion as an

augmentation of relational querv languages

On the other hand 1implementation of deductive

databases 1s impacted in that the design does not have to provide the generality that linear recursion

would demand It suffices to studv the single problem of transitive closure and to provide an efficient

implementation for it

1 Introduction

A major stumbling block in the success of
database systems augmented with logic-based
query languages has been the efficient
implementation of recurston 1n logic queries
although numerous strategies have been
proposed to deal with 1t (see [l 2] for a
comprehensive  survev) The problem of
efficiently implementing general recursion 1s a
hard problem However 1t has been
conjectured that 1n practice most recursive
queries are Linear [2] and substanual research
has been devoted to the study of lnear
recursion as a spectal case (see for example
[3-9)) In this paper we show that every
linearlv recursive querv can be expressed as a
transitive  closure possiblv  preceded and
followed bv operations alreadv available 1n
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Laboratonics and by “Ness at the University of Tuxas
Support tor Ness was provided in part by NSF under
contract numbers MCSS 8104017  MCS-8214613, and
DCR-8507224, and by ONR under contract number
N00014-86-K-0161

Permussion to copy without fee all or part of this matenal 1s granted
provided that the copies are not made or distnbuted for direct
commercial advantage, the ACM copyright notice and the title of
the pubhcation and its date appear, and notice 1s given that copying
1s by permission of the Association for Computing Machinery To
copy otherwise, or to republish, requires a fee and/or specfic

permission

© 1987 ACM 0-89791-236-5/87/0005/0331 75¢

331

relanonal algebra An implication of this result
1s that the designer of a deductive database
does not have to deal even with the generality
that the linear recursion demands and it 1s
sufficient to studv the single problem of
transiive closure Transitive closure 1s a well
understood operation., and efficient iterative
[4 10 11] and direct [12-17] algorithms exist for
its implementation One could therefore build
efficient deductive database svstems using
transitive closure as a primitive recursion
operator Our result also has a sigmficant
impact on the design of expressive notations to
capture recursion as an augmentation of
relational algebra (see [18])

The organization of the rest of the paper is
as follows In Section 2 we define what we
mean bv a linear recursion and bv transitive
closure as applied to database queries In
Section 3 we set introduce the concept of a
substitution graph and set up the analvtical
tools necessarv to obtain our results Section 4
1s the heart of the paper and shows how to
convert a linear recursion with no repeated
variables 1n the consequent 1nto a transitive
closure form In Section 5. we show how the
case of repeated variables i1n the consequent
can also be handled We put 1t all together and
give a complete procedure for evaluating a



hinear a transitive closure in

Section 6 along with some hints to obtain
efficiency Finally Section 7 we discuss some

recursion as

of the implications of our work

2 Defimtions
2.1 Preliminaries

1,) where p
and each
A rule

A literal 15 of the form p(iy,1;

1s a predicate name of aruv =»
argument v, 1S a constant or a variable
1s a statement of the form

p —qlq2 qm

where p and the gi's are literals and can be read
as “p 1s implied bv the conjunction of g1 42

qm’
and the conjunction of the ¢qis 1s called the

The literal p 1s called the consequent

antecedent of the rule A rule is recurswve if for
some 1+ q=p and p 1s called the recursive
In a recursive rule. all ¢y such that ¢ #p
are called the nonrecursive hterals A recursive
rule 1s Linear 1f there 1s exactly one occurrence
of the recursive literal in the antecedent We
make the popular assumption that there are no
function symbols 1n the statement We also
assume that each of ¢1's 1s a base literal (that is
a relation explicitly stored in the database) We
will call the arguments of the consequent
distinguished The
contain repeated arguments, 1n particular

literal

literals mav
the
consequent and recursive literal of a linear

recursive rule may contain repeated arguments

arguments

We introduce the concept of the generation
of a tuple that satisfies the recursive predicate
A tuple that 1s given at the start of the
recursive evaluation 1s said to be of generation
zero A tuple that
application of the recursive rule once to a tuple
of generation k, is said to be of generation k+1
It 1s posstble for a tuple to belong to several
different generations if 1t has several different
Recursive evaluation completes at

can be derived bv

derivations
some generation N when all the tuples of
generation N or greater also belong to some
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generation less than ¥
22 The Basic Form for Transitive Closure

A recursive rule 1s said to be in the basic form
for transitive closure if 1t 1s written as

M

If po 1s the imtial value for the recursive literal,
then the solution to such a querv 1s known to
be

pXZ) ~p(XY)q(¥Z)

poX Y)g(Y.Z) ~ po(X Y)q(Y V)q(V.Z)
+poX Y)q(Y U(UVig(V.Z) -

This expression can be written more concisely
as

@)

where ¢° 1s the (reflexive and transitive) closure

poX ¥) ¢"(¥ 2)

of ¢ under composition with itself That 1s
q" =q +qoq +qogog + where o 1s the
composition” {19]  operator so  that

(gog(YZ)—q(YV)q(VZ) We shall call v the
right composinon field of g(Y V) and the left
compostion fireld of q(V.Z)

There 1s no reason why X. Y Z in eqn (1)
should be single argument fields These could
be argument tuples (or vector ' fields consisting
of several arguments Thus X could represent
SR v, for some n Similarlv for ¥ and z
The tuples ¥ and Z have an identical number of
arguments In the basic form we impose the
restriction that the arguments in X ¥ and Z are
all distinct

2.3 The Non-Recursive Literal in the Basic Form

A recursive rule may fail to be in the basic
form for transitive because the
arguments of the non-recursive literal(s) are not
those 1n the argument tuples ¥ and Z as above
For example, a recursive rule may be written

closure

as
rXZ)-pXYXNXY.ZW)

where X' Y’ 2’ are subsets of the disjoint sets of

arguments X Y and Z respectively, and W



consists of arguments which do not appear in

the consequent or recursive literal First of all

one can immediately project out the W
arguments Thev do not participate 1n the
closure The arguments in X' remain the same

throughout the recursion Therefore one could
first perform the indicated selection X on the
out the X

Then the

relaton ¢ and then project
arguments also obtaining ¢ (Y'.Z")

query can be rewritten as -
pRZ)-pXY)q(Y'Z)

Here ¢' may be viewed as the projection of a
q(¥.Z) the be
expressed as in eqn (2)

relation SO solution mav

polX Vg™ (¥ Z)

Here the joins are taken over the fields that
actually occur
do not occur n ¢’ can take on anv arbitrary
1n the

The other arguments of ¢ that
values and thus trivially participate
composition The subsets ¥’ and Z' mav even be
emptv resulting in a trivial closure

The apparent requirement that there 1s just
one non-recursive literal 1s just a convenience
One could always take the cartesian product of
and

multiple non-recursive literals if present

thus obtain a non-recursive  literal

Better wavs to do this are discusses 1n section
62

single

24 A Canonical Form for Transitive Closure

The form of recursion that actually arises in our
procedure 1s onlv shightlv more general that the
basic One
defimition 1s necessary before introducing this

form for transitive closure

form

Consider two tuples U = (u; u; u,) and

V=0112 1,) U and Vv are said to be
isomorphic if any common arguments are in the
same positons 1n both tuples and anv

noncommon arguments are variables and the
pattern of repetiion of arguments is the same
in both tuples In other words consider one of

the arguments of U sav w«; If this argument
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appears tn V it should do so as; and not as anv

other argument Further if «, 1s equal to some

ArgIIMeant 1 cay than . chAanld alen
:usulu.c L1l o aa._v 5 UL 1 ] JMIVUIW didv

be equal to 15 and either both 1, and s are
equal to u, or neither is

Now consider the arguments to the recursive
(1) defining
It 1s easy

predicate on the two sides of eqn

the basic form for transitive closure
that the
arguments the tuple X.Z 1s 1somorphic to the
tuple XY (The X arguments are all identical 1n
The ¥ and Z arguments are all

to see 1n absence of repeated

the two tuples

On the other hand consider
Each tuple can be
split that of
arguments that are common to the two tuples

trivially 1dentical)
anv two 1somorphic tuples
mto two parts one conslists
and another that consists of arguments private
to onlv one Calling the common part X and the
private parts ¥ and Z we can write the two
1somorphic tuples as XY and X.Z respectively
where we guarantee that there is no argument
that is 1n common between anv two of X Y and
Z If these isomorphic tuple were to be the
arguments of the recursive predicate on either
side of a linear recursive rule anv repeution of
arguments 1n X or in both ¥ and Z can trivially
be affecting the

recursion One 1s then left with an X ¥ and Z

projected out without
with all arguments distinct just as in the basic

form for transitive closure

In the Light of the above discussion we sav

that a linear recursive rule

p(X) —pM) quZ1) q2Z2) 4nZm) (3)

15 tn the canomcal form for transitive closure if
X 1s 1somorphic to % Notice that the attention
1s now focused on the argument tuples of the

recursive literals

3 Our Constructs

In this section, and 1n the next section. we
assume that there are no repeated arguments in

the consequent though there mav be repeated



arguments in the antecedent recursive literal
and there mav be constants 1n either or both
The extension the with repeated
arguments 1n the consequent is straightforward

to case

and 1s presented 1n section 5
31 The Substitution Map for a Linear Recursive Rule

We are going to attempt to convert a linear
into the canonwcal form for
transitive closure Dotng so involves rendering
the X and ¥ tuples 1somorphic given an equation
such as eqn (3)

recursive rule

Obviously the information of interest i1s how
the argument tuples of the recursive literal on
either side of the linear recursive rule relate
Let us write a linear recursive rule as

pX)-p(S(XY)g() 4
X denotes the argument tuple for the
consequent and 1s cailed the disnngushed

argument tuple Y 1s called the non-disnnguished
argument tuple and represents the arguments in
the bodv of the rule that are not in the head
also The arguments to the non-recursive
literal(s) are not considered from this point on
and are merelv represented by a single dot S1s
called the substitution map for the recursive rule
in eqn (4) It should be viewed as a (linear)
map from tuples to tuples What 1t basicaliv
savs 1s that the argument tuple W of eqn (3) 1s
obtained as a permutation on (a subset of) the
argument tuple X and the non-distinguished

argument tuple

It 1s useful to think of the recursion as being

evaluated top-down starting from the goal
Thus we have X as the argument tuple to the
recursive predicate when we start After one
application of the recursive rule we get S(X Y ;).
where Y, 1s the non-distingwished argument
tuple the tuple of
introduced on the first application of the
recursive rule After the second application,
the argument tuple to the recursive literal is
S(SX.Yy Ty)

applications

new"

or arguments

and so on for successive

We shall find 1t convenient to
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write the tuples so obtained as S%(x) $3%X) and
so forth with the implicit understanding that
new arguments may also be introduced through
Y, Y; etc

Since § 1s a linear substitution map 1t can be
written as a matrix if the argument tuples are
written as vectors Thus we can write

W=4ﬂ

- )

where S 15 a matrix consisting of only zeroes
and ones representing the substitution map
(Matrix element s, 1s 1 1if and onlv if v, 1s the
same as the ;™" element in the composite vector
of X and ¥)

The substitution map § can be viewed as a
combinatton of a substitution map for the
distinguished argument tuple (the first several
columns of the matrix S corresponding to X)
and a map the
distinguished argument tuple (the remaining
columns of §) We will denote the substitution
map for the distinguished argument tuple bv §'
and refer to it as the distinguished substitution

substitution for non-

map of the recursive rule It s defined as

$'(vq wW=01 ‘i)
where
1 +,=0 1if no disungushed variable 1s

substituted 1into the :* argument position
1n the antecedent recursive literal

2 y=y, if the variable n position : in the
consequent appears In position ; in the
antecedent recursive literal

The matrix for §' 1s an nxn matrix which has
a 11 the /™ row and ;* column if »,=v, and
It should be evident that
map after &

has zeros elsewhere
the distinguished
applications of the recursive rule 1s simply
$'(S'(S" S'(X)) ), which could be written S*(X)
In matrix form, we could directly write $*X

substitution

Notice that eqn (5) could be rewritten



W=8%X+UY (6)

where U is the matrix corresponding to the
non-distinguished  substitution map In other
words S(XY)=5(X) ~-U(Y)
applications of the recursive rule we can write
the substitution map

S(SXYYY) =SS X)) +UT))~U(Y)
Proceeding 1n a simular fashion and expanding
we can write the substitution map

Now after two

as

each tme
obtained after « applications of the recursive
rule as

S*x)+SFWU (YY) +

+S(UE,-)) +U(Y)) (7

32 The Substitution Graph for a Linear Recursive
Rule

The matnix for the distinguished substitution
map S 1s the adjacencv matrix for a directed
graph which we will call the subsriturion graph
This substitution graph for a rule has
1 a node for each distinguished argument
position labeled by that position number
and
2 an edge from node : to node ; if the
argument 1n position : in the consequent 1s
substituted the
antecedent recursive literal

into  position ;5 In

Note that the substitution graph for a
recursive rule in the basic form for transitive
closure consists of nodes with self-loops and

nodes The the
transformation has a 1 on the

independent matrix  for

substitution
diagonal for each node with a seif-loop and has

zeroes elsewhere

Example [ 1 ] An evample query wiuth a nonrrnaal
substitution graph

Messages are communicated between transmitters
each of which can be 1n one ot a tinite number ot
states (or modes) No transmission 1s allowed between
transmitters which are in the same states The
possible communication channels are stored in the
relation ¢ A tuple in the relation ¢(51 527, 7))
represents the tact that transmitter T7; when 1t 1s 1n
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state 51 can send a message to transmutter 7; when 1t
1s 1n state §, each tuple in the relation ¢ 1s called a
channel Now suppose that some ot the channels are
special perhaps they are heavily used or blocked or
connect transmitters in ditterent These
special channels are stored in a relation ¢ We want to
query tor the channels which are connected to a
n

countries

via a succession ot channels
Messages transmutted over these

special channel

alternating states
channels mught tail to be transmitted successtully to
thewr destination or might have a higher probability ot
being intercepted The alternating state requirement
1s Just another constramnt on the message
transmissions

The query tor the relation p(S; S5, 7; T3 ot
channels which lead to special channels through
transmutters 1n alternating states 1s given below

pIS152TT3)~e(§,85:T1Ty)

PS1S2T 1 Ty)—qS182T 1 Tp (52851 T2T3)q(515:T3Ty)

In this example the distinguished argument tuple X 15
(5185: 7, T,) The non-disunguished argument tuple
Yis (TyT3) S(XY)1s obviously (S5 5,77 T3) and
S(XY)15(535,00) I[nmatrix torm we can write

118 .
1
§ = 0004 L 1J
0000 01
010000
g [100000
= 1000010
000001

The substitution graph 1s shown below

(s)1- ¢ 2(s) 3(T) -4(7)

Figure 1 The Substitution Graph tor the Transmtter
Example

33 Multiple Step Recursions

Given an mtial set of tuples P, satisying the
recursive predicate, we obtain the tuples of the
first generation P, by application of the given
recursive rule once The required solution 1s
obtained as the union of the sets Py P, P; etc

Let us write Py as r(Pg) P2 asr(Py) =r¥(Py) etc



The desired answer 1s

r*(Po) =Py +r(Pg) +r¥Py) ~

v v A

Now suppose that we define a new recursive
rule that 1s equivalent to 4 applications of the
If this
applied only to the tuple mm Py

original recursive rule rule were

we would
generate tuples 1n Py Py and so on but not

those corresponding to the generations 1n

between If instead we were to applv 1t to the
Py P, etc up to P, then the

results would be produced all

union of Py
correct at

generations
=4
r'(Po) = Pof — rk(P o) + @ o) -

where P/ =P, +P, 41 + P, 43 - ~P o

In addition suppose that we have separatelv
computed P,. P, etc up to Pr -1 Then we
can use the last « of these as the basis for the -
step recursion and simplv add the first f to the

result In other words

riiPo)=Po =Py +
- Pfk - rk(Pf") - er(Pfk) -

+Pf -1

4 From Linear Recursion to Transitive Closure

the
in the recursive

§/(X) denotes of
antecedent
rule obtained bv formallv iterating the original
recursive rule ; times top down The tuples
§/(x) for different values of ; are all of a fixed
length  Since there are only fimtelv manv
isomorphism classes of argument tuples of a
fixed length but an infinite number of values
for ; 1t must be the case that there are several
§/(X) that are isomorphic to one another In
particular 1f the tuples $'(X) and S§'7*(X) are
isomorphic for some positive 1integers j and k
then the tuples §/*"(Xx) are all isomorphic for
m=012 The basic idea 1s that §/°F s
obtained from S$* by k applications of the
recursive rule If k applications of the rule
retains the 1somorphism then one should
expect another k application to retain it as well,

and bv induction establish the result for anv mi

the argument tuple

recursive literal
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This 1dea 1s formallv demonstrated below

The point to notice at the outset 1s that 1f we
can find a ; and a k such that s/ are all
isomorphic then a new recursive rule defined
as 4 applications of the original recursive rule
using $/(X) as the argument of the consequent.
in the canonical form for

can be written

transitive closure

In sections 41 and 42 we shall see that such

a y and k can be determined from the
substrtution graph In fact we can choose
k both equal to the diameter of the s

graph which we define below
41 The Diameter of the Substitution Graph

Consider the substitution graph for a recursive
rule Since there are no repeated arguments in
each node in the substitution
From

the consequent
graph can have at most one predecessor
this, we can deduce (see Lemmas 1-3 in the
appendix) that the substitution graph consists
onlv of trees and disjoint directed cvcles with
trees hanging off the cvcles

the rule
moves ' the arguments at the source of each
arc 1n the substitution graph to the destination
that New
into the positions
If the substitution graph for a

recursion is a tree after a number of iterations

Each application of recursive

posiion  of arc arguments are

introduced that have no

incoming arc

equal to the depth of the tree sav 4 the
distinguished  arguments  wil all  have
disappeared (and been supplanted bv new

arguments that were introduced through the
root of the tree) Further applications of the
recursive rule will introduce newer arguments
sull and will not reintroduce the disappeared
disunguished arguments If the substitution
graph 1s a cycle, then the arguments are simply
circulated around the cycle, and after a number
of iterations equal to the length of the cycle
are back 1in the orignal positions again If
there are two cvcles of lengths 4; and 4;

respectively with 4 bemng the least common



multiple of d; and d, then after any muluple of
d 1terations the distinguished arguments will be
in their original positions 1n both cycles Define
the diameter of the substitution graph to be the
least common multiple of all the cvcle lengths
in the graph that 1s not less than the depth of
all the trees in the graph The diameter 4 will
then have the propertv that all distungwshed
arguments are either in the same argument
positions or not present at all after anv muluple
of 4 applicatons of the recursive rule
Furthermore, all variable positions which have
a common k™ ancestor. for some positive
tnteger k. contain the same argument after &
iterations By defimition of the diameter. i=sd
Therefore after 4 iterations the pattern of
repetiion of arguments has been established

To establish 1somorphism we need to exhibit
two properties
1 The pattern of arguments must be the
same
2 Any common arguments should appear 1n
the same positions
The first propertv holds for any pair $4X) and
§4*k(x) for anv positive integer k The second
property holds for any pair of tuples 4 iterations
apart Therefore we have given a geometric
proof of the following

Theorem 1

Given a linear recursive rule » Let S/ denote
the argument tuple of the antecedent of the
recursive rule r/ obtained bv formally iterating
; times the rule r Let d be the diameter of the
substitutton graph for » For anv integer ;=d
all the tuples 1n the sequence §/**¢ § =01
are 1somorphic

The theorem <can also be proved
algebraically, using the algebraic formula for
the 4' 1terate of the substitution map §

Example [ 2] A Large Exmaple

Consider the recursive rule
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p(X, X1i5) —q¥1Yy
P XX X3 X6 X2 X10.X7 X9 X0 X7Y2 X0 X3 X0s)

where X = (X, Xy4) and Y =(Y,Y;) The
substitution graph 1s shown below

10
i 2
ot
3 ‘ ¥ 11
/ k\ k
4 S ') q 14

Figure 2. A Large Subsitution Graph

It 1s evident trom a ursory glance at the substitution
graph that the largest cycle 1s ot size 3 and the length
ot the largest chain 1s just 2 theretore the diameter ot
this graph 1s 3 To venty this conclusion obtained
graphically let us wnte the argument tuples S(X)
S%X) etc obtained by iteratng the given recursive
rule The tirst six 1terates can be written

Y11 X2XX3 X6 X2 X100 X7 X7 XuX7Y12XuXpXys)
Y21 X2X2X2 X2 X2 X X0 X0 X7 X0 Y22X7 X11Xy5)
(Y31 X2 XX, X, X, X7 XnXuXpwXnYsaXX7Xgs)
Y31 XX X2 X0 X2X10X7 XX X7Y42X11 X0 X1s)
Ys1 Xo X2 XoX2 XX X190 X10X7X10Y52X5X1 Xys)
Yo X2X:X2X, X2 X+ XuXuXwXnYerXioXyXys)

Y, 1 and Y 7 are the new arguments introduced 1n the
k™ 1teration tor ¥; and Y, It 1s easy to see that
arguments propagate along the arcs ot the substitution
graph 1n each 1terate with new arguments being
introduced n the positions corresponding to nodes with
no predecessors The third and sixth iterates are

indeed 1somorphic

42 The Standard Form for an Argument Tuple

We have just established that all tuples §¢**
are i1somorphic for k =0,1,23, . where 4 1s the
diameter of the graph It is often the case that
for a particular rule there 1s a ; smaller than 4
for which all of the tuples 1n the sequence §/**
are 1somorphic In other words the pattern of



repetition may stabilize before the 4™ iteration
If the substitution graph consists of only cvcles
and paths, and all of the arguments in positions
on the path nodes are distinct variables the
number of iterations required to stabilize the
pattern i1s 0 Hence we define an argument
tuple X to be standard 1f X 1s 1somorphic to
54x) The standardness of a tuple mav be
checked graphically from the substitution
graph or algebraicallv from the formula for §

Example [ 3] A Large Example Agamn

Consider once agin the recursive rule ot example 2 It
has a substitution graph ot diameter 3 However a
persual of the iterates that we denived in thatexample
shows that the second and titth iterates are already
1somorphic  In other words the argument tuple 1s 1n
standard torm atter two iterations There 1s no need

to watt until d whoich 1s 3

It 1s clear that a d-step rule obtained In
canonical form for transitive closure form can
be used to evaluate the recursive querv Let us
understand what the imtal ; steps required to
obtain a standard form tuple require The
formal iteration that we are performing in this
section is top-down® from the goal In an
implementation 1n which the base relaton 1s
given and the computation 1s performed
bottom-up, these ; steps must simplv be
performed at the end

One further observation makes possible
some savings 1n the amount of computation
required Notice that one step of the d-step
iteration is the same as one of these ; iterations
except that the rule mav have been simplified
somewhat by repeated

arguments Therefore we cannot possible lose

projecting out

any answers 1s we apply the full rule (as in the ;
iterations) instead of the simplified rule (used
in the d-step closure) We make use of this
fact to apply merely the ;-step rule once to the
final closure obtained instead of applying the
original rule j imes The only place where the
original rule must be applied ; times 1s to the
original value of the recursive relation
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A different way of understanding this 1ssue
1s to realize that all possible tuples can be
derived from the infinite set of u-step rules
applied to the immtial value of the recursive
We compute the first ;
of these explicitly The rest of them we can
write as the application of a ;- step rule to an
infinite set of rules once more This infinite set

relation forn =012

of (non-recursive) rules 1s evaluated as a
transitive closure and then the ;-step rule
applied

§ Repeated Arguments in the Consequent

Denote the argument tuple of the consequent
recursive literal bv X = (v v, \,), denote
the argument tuple of the antecedent recursive
literal by Y =(3;v2 1.y Suppose that some of
the arguments of the consequent are repeated
Then the first generation tuples will have the
pattern of repetition of the consequent tuple
This pattern of repetition mav force the second
generation tuples to have even more repetitions
than the first generation Eventually the
pattern of repetitions will stabilize 1n the sense
that a pattern of repetition exhibited by tuples
of a generation will also be exhibited bv tuples
of the next generation Suppose that the stable
pattern of repetitton 1s first exhibited by tuples
of generation f for some recursive rule In the
light of the discussion 1n section 33 we can
first compute the generations P; through Pr
keep them awav and then apply the recursive
rule only to P; with repeated arguments
projected out The umon of Py through P,
can then be taken with the result of the closure
to obtain he final result

The final pattern of repetition and the
number mav be predicted from a directed graph
as given below (This graph can be thought of
as the substitution graph with 1ts arcs reversed
Since the substitution graph, as we have it in
the previous sections, 1s not well-defined 1n the
arguments in the

presence of repeated

consequent we choose to define a new graph)



1 Draw a node for each argument position
of the recursive literal and label it with
the number of the position

2 Draw an arrow from node : to node ; if the
argument + of the recursive

antecedent 1s the same as the argument n

tn  position

position ; of the consequent

3 Collapse anv nodes without predecessors
if the the
consequent contain the same argument
Also collapse the
predecessor
the subset of labels of the original nodes

4 Repeat the following until there are no

corresponding  positions 1n

nodes same

Label resulting node with

having

changes to the graph Collapse nodes
having the same predecessor
Then f 1s one more than the number of

iterations needed 1n step 4 and the positions
corresponding to a node 1n the final graph will
contain the same argument in the tuples of »,
Py Define the fan-in number to be this
number f Furthermore the arcs ot the graph
obtained at the end of thus procedure can
simplv be reversed the
substitutton graph for the derived rule with no
repeated arguments in the consequent

to obtain exactly

Example [ 4]
pXXYZ)-p(YZUV)UYV)

1) 2(x) 1,2 (x) 1,2 (%)
3(y) 4 3() 4@ 340
) ) )

Figure 3 Handling Repeated Arguments in the

Consequent

Here f 1s 2, as can be checked either trom the figure
or by formally iterating the rule Notice that all tuples
ot the first generation have their tirst two arguments

equal Therefore when this recursive rule 1s applied
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to obtain second generation tuples 1t could as well be
writtén

PXXYY)-p(YY UV)UV)

But now all tuples 1n the second generation have their
last two arguments equal as well Theretore tor the
next generation the rule could be written as

PXX YY)—p(YY L U)UU)

\otice that no new arguments were torced equal this
tuume Theretore this same rule apples tor all
subsequent generations also For reasons ot ettciency
we may choose to project out repeated arguments and
work with a smaller rule

pXY)-p¥U))

It s to note that repeated

arguments 1n the consequent are handled by

interesting

considering bottom up iteration while repeated
in the antecedent are handled by
In fact by an

arguments
considering top down 1teration
argument similar to the one advanced in section
4 we can claim that we are guaranteed that f
can be no more than 4 the diameter of the
substitution graph of the rule

6 Implementation
61 The Complete Procedure

Given a linear recursive rule the following
procedure can be followed to evaluate 1t as a
Let Py be the given imual
value for the recursive (Such an

imitial value could have been obtained from an

transitive closure
relation

exit rule or been otherwise specified)

1 If there are repeated arguments in the
consequent ot the given recursive rule
compute the generations Py Proy by
iterating bottom-up f tumes where f 1s the
fan-in number of the recursive rule and
save them The higher generation tuples
are the tuples of the recursive relation
defined bv the original rule with an initial
relation P, Eliminate repeated arguments
from this recursive rtule Call the new
consequent X and the new imtial relation



Py The has distinct
arguments in the consequent
2 Compute the first g -1 generations of the

relation defined by r with consequent ¥

resulting rule -

and 1mtial value Py, by bottom up
iteration, and save them, where g 1s the
smallest positive integer such that S8(X) 1s
standard Recall that ¢ will be at most d
the diameter of the substitution graph of
the rule which has distinct arguments in
the consequent

3 Compute the recursive relation @ defined
by r with consequent S%(X) and 1nitial

The 4

iterate of » with consequent S.(X) will be

value Py using the d-step rule

in canonical form for transitive

closure and after elimunation of repeated

variables will be i1n the basic form for
transitive  closure Thus the linear
recursion 1n the dJ-step rule can be

computed as a transitive closure

4 Reconstruct @ bv replicating  the
arguments that were projected out in step
2

5 The g* and higher generauons of the

relation of step 2 can be computed from
Q nonrecursively by a single application
of the g* 1terate of the recursive rule
Now (between step 2 and step 5) all of

the relation r(X) of step 2 has been
computed
6 If the ongmal rule had repeated

arguments 1n the consequent replicate the
arguments that were projected out in step
1 and take a umion with the

alreadv found and saved mn step 1 to

tuples

obtain the final answer

The sigmficant point to note 1s that d g are
all constants that can be determined from the
recursive rule specified independent of the
underlying data Therefore, the number of
applications of the recursive rule 1n the above
procedure except 1n step 3 1s a constant that
can be predicted at the tume the rule 1s written
rather than when 1t 1s computed Therefore the
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only real recursion (or the onlv evaluation of a
non-trivial fix-point operation), 1s in step 3 of
and 1s than the

the procedure no more

computation of a transitive closure
62 Issues of Computational Efficiency

Thus far in this paper we have chosen to write
the closure in the most elegant rather than the

most computationally  efficient wav  For
example we have assumed that there 1s a single
non-recursive  predicate obtamned as the

cartestan product (andror) join of all the non-
recursive predicates involved While such a
view 1s useful from a conceptual perspective, a

would be
In this section we

literal
computationallv 1nefficient
consider this and such other 1ssues and hope to
convince the reader that all the transformations

implementation

performed on the original recursive expression
do not result 1n a large difficult-to-evaluate
transitive closure

Single ver sus Multiple Non-Recursive Literals

Wherever we have the

cartesian product of the multiple non-recursive

suggested obtamning

predicates first and taking the closure later an
actual implementation would lkelv prefer to
reverse the order taking the transitive closure
and computing the
Such an evaluation order may be

first cartesian product
afterwards
adopted provided that the generation is also
recorded along with each tuple In the final
step rather than take a cartesian product of
these different transitive closures one should
compute the multple-wav join based on the
generation In other words take the cartesian
product onlv of tuples belonging to the same
generation This procedure 1s remuimscent of

the counting” techniques described 1n {6]

If the different non-recursive literals share
variables so that their amalgamation into a
single Literal would involve a join rather than a
cartesian product then the technique just
suggested will not work However, 1t 1s a well
known fact that the join of two or more



relations 1s usually smaller than the original
themselves  Therefore we mav
actually prefer taking the and
computing the closure afterwards 1n anv case

relations
join  first

Arguments Common to the Composition Fields

Suppose that there 1s some :, that appears in
the same position 1n the recursive literal both 1n
the head and in the body of the rule and also 1s
a part of the non-recursive predicate We can
notice that the value of v, does not change as

the recursive rule 1s applied

We can exploit this to our advantage in the
implementation 1if we split the relation ¢ 1nto
several relations, one for each value that v, can
take
each of these relations and then the union can
be taken afterwards Using this technique one
may be able to evaluate several small closures
rather than a single large one Since the effort

The transitive closure can be found for

to compute a closure grows more than hnearly
with the size of the this
partitioning would result 1n considerable saving
of effort

mitial  relation

Decomposition of the Cyclic Component

We have seen that the standard form of the
hinear recursion consists of a cvclic component
and The cvclic
component consists simply of a set of arguments
that get permuted with these pemutations
repeating Therefore  the
transttive closure of the cyclic component 1s
particularly easv to evaluate Therefore the
real” that has to be
evaluated 1s only the acvclic (straight line) part
of the recursion If one remembers to associate
the generation with this
transitive closure, than one can compute the
total closure by taking a join with pattern 1n the
cyclic permutation that would correspond to
that generation Thereby. one may get away
with a much smaller closure to evaluate

an acychic component

every d cvcles

closure

transitive

every tuple 1n
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7 Applications

The results presented 1n this paper have
significant theoretical and practical
ramifications In this section we outline some

applications of our results and also suggest

some future research topics
71 Analysis

Since every linear recursive expression can be
reduced to the basic form for transitive closure
analvtic techniques to study the
will suffice for the large part For
recursive

developed
latter
example. moving selections 1nto
quertes has for long been a topic of interest
since the computational savings that can be so
derived considerable However
determining when such selections can be moved

in has not been easv and several papers (c¢f

are

[9 20)) have dealt with this topic Given the
framework presented above such
determination becomes much easier In fact

we claim that 1t is possible to completelv
understand how the selections

consequent can be propagated We mav assume

far in  the

that the consequent has no repeated arguments

after perhaps computing the first s -1
generations and then projecting out repeated
arguments The selections n  argument

positions corresponding to nodes on cvcles of
the i the
antecedent of the
recursive rule in a predictable and eventually

The the other
positions from the
after at most 4 1terations

substitution graph will persist

of all formal 1terations

cyclic way selections 1n

argument will  vanish
recursive antecedent
Thus 1f the substitution graph 1s acvchic

to be

an

entire recursive relation will have

computed

Similarly the detection of boundedness can
be simphfied For if the substitution graph
consists only of components contatning a cycle,
the recursion 1s bounded In fact at most 2d
bottom-up iterations are required, and if the
original tuple 1s standard only 4 iterations are

required



7 2 Evaluation

Since everv linear recursion has the evaluation
of a transitive closure at 1its core efficient
become indispensable In fact one need onlv
attempt to optumize the evaluation of transitive
closure rather than worrv about all possible
kinds of linear recursive rules We teel that the
recent efforts to develop effictent techniques
for computing transitive closure [10-12 21] are
steps 1n the right direction One associated
issue that has thus far defied solution is the
problem of decomposing a given recursive
expression into smaller expressions that would
be easier to evaluate This problem 1s very hard
in general but 1s a subject of continuing
research and we hope that bv restricting
ourselves to transitive closure meaningful

results can be obtained
7 3 Description

A major impediment in the studv of recursive
(or fixed-point) queries to databases has been
the absence of a convenient way of expressing
these querites One has to state an 1mnal
relation a recursive rule and the fact that one
1s interested 1n recursive application of the rule
The results proved here motivate the inclusion
of transitive closure as an extension to ordinary
relational algebra  Such an extension 1s
elegantly made in the recently developed o-
extended relational algebra [18] We have
shown that everv linear recursion can be
expressed as a transitive closure and some
already available 1n
a-extended

additional  operations

relational algebra  Consequently
relational algebra 1s at least as powerful as

linear recursion

8 APPENDIX: Substitution Graphs and Their

Diameter

The crucial characteristic  properties  of
substitution graphs are summarized and proved
here Since substitution graphs exhibit all of the

patterns of recursion one can easivy construct

interesting examples of linear recursive queries
by first drawing an interesting substitution

graph

Tamma 1 A Adirantad agranh with nndac labalad
AsoriiiIlG & PR YR g A e ) skﬂyll YAtk VWO ldUwIVG
1 n for some integer n 1s a substitution

graph for some linear recursive querv if and
onlvy 1f everv node has at most one immediate
predecessor

Proof In a linear recursive rule which contains

distinct  distinguished  variables 1n  distinct
posittons  each distinguished variable which
appears in the recursive predicate comes from
exactly one position in the goal predicate Thus
each node 1n the subst

bv a linear recursive relation has at most one

predecessor  Conversely given a directed
graph with nodes labeled by 1 » in which
each node has at most one predecessor one can
construct a linear recursive rule with that

graph as 1its substitution graph

In fact everv node 1n a substitution graph
has at most one ™ predecessor for every
positive integer k For bv a k™ predecessor we
mean a node reached bv going backwards along
k edges

This characterization determines a
convenient restriction on the structure of the
connected of the
undirected graph Since we are considering
connectedness properties of the underlving
underected graph one might initiallv think that
such a graph mught contain a (undirected) cvcle

Such doubts are dispelled bv the following

components underlving

Lemma 2 A connected component of a
substitution graph contains at most one
(undirected) cvcle Anv undirected cvcle 1s 1n

fact a directed cvcle

Proof Suppose the component contains an
undirected cycle, 1f the cycle were not a
directed cycle, some node on the cycle would
have 2 edges entering 1t which 1s impossible by
the characterization of substitution graphs Now
suppose a component contamned 2 directed
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simple cycles If both cvcles contain node ; thev
must both contain a predecessor of node ; Since
there 1s onlv one such predecessor both cvcles
contain the umque predecessor of node
Continuing this argument we see both cvycles
If the 2
intersect, there 1s an undirected path from one
to the other
same component
contains exactlv one node from each cvcle say
ny and n; respectively The edges on the path
must be directed away from the cvycles so that

neither #; nor n, has more than one entering

contain each other cvcles do not
stnce thev are contained 1n the
We mav assume the path

edge Hence the path contains some node with
which again contradicts the
has

2 entering edges

fact that each node at most one

predecessor

Naughton 1n [7] stated a result equvalent
to Lemma 2 for his argument/variable graphs

Lemma 3 A component of a substitution graph
1s etther a rooted tree or the union of a simple
directed cycle with 0 or more trees rooted at
nodes of the cvcle. but otherwise disjoint from

the cycle
Proof If a component 1s acvchic 1n the
undirected sense we must show there is a

unique node with no predecessors If there were
2 such nodes there would be an undirected
path from one node to the other node The end
edges would be directed away from the end
nodes Hence some node on the path would
have 2 immediate predecessors a contradiction
If the component contains a cycle then deleting
the edges in the cvcle must leave an acvclic
graph by Lemma 2 which as we have just
shown 1s a unton of rooted trees The roots must
be on the cycle since the original component

was connected

Lemma 3 imphlies that there are two natural
subclasses of substitution graphs to consider
namely those with only acvclic components and
those consisting of components which contain a
cycle
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Remark If no distinguished variable s

repeated 1n the recursive predicate then no
node has more than one successor so the
components are either a single node a non-

trivial path or a sumple cvcle
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