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We present  an improvement  to the d i rec tory  s t ruc tu re  of dynamic  
mul t ipaging which reduces the overall  s torage requi rement  f rom The  
ou t s t and ing  advantage  of mul t ipaging is t ha t  it provides multi-  
a t t r i bu te  access to a da tabase  file using directories of negligible size. 
The  present  improvement  makes the d i rec tory  size even more negli- 
gible and the addressing algori thm easier. 
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Introduction 

Multipaging,  or mult i -dimensional  paging, was proposed by Nferret t  [1978] and 
refined by M er r e t t  and Otoo [1982]. It provides symmet r ic  access to all 2 d - 1 subsets  of d 
a t t r ibu tes  of a relat ion or of a fixed-length file, while requiring s torage only for the da t a  
itself and for d small "axial  director ies"  of size propor t iona l  to the dth root  of n, the 
number  of da t a  pages. The  axial directories are So called because the da t a  pages are per- 
ceived as occupying a d-dimensional hyper-rectangle ,  to which access is given through the 
d axes of the space. This  organizat ion of da t a  permits  o r thogonal  range queries (including 
exact -match ,  par t i a l -match  and range queries - all of the pract ical ly  i m p o r t a n t  cases) and 
more general geometr ical  queries to be answered with min imum accesses to the data.  Mul- 
t ipaging is thus a complete  solution to the problem of indexing secondary  keys. 

T h e  early work on mul t ipaging solved the problem of allocating pages for s ta t ic  data ,  
for which the dis t r ibut ion of the da t a  in the mul t i -dimensional  space is known in advance.  
Mer re t t  and Otoo  [1982] subsequent ly  showed how to allocate pages dynamical ly  for a 
growing file. The  major  sub-problem is t ha t  of how to extend the axes of a mul t id imen-  
sional array,  a problem which produced a number  of papers  [Rosenberg 197..t, 1975; Rosen- 
berg and S tockmeye r  1977a, 1977b] and was solved by Otoo  and Mer r e t t  [1983] by admit-  
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~ing d axial directories of size 0 (dn d). It is a ref inement  of this solut ion which we discuss 
in the present  paper .  

Mul t ipaging has also been termed "grid files" [Nievergelt, Hin terberger  and Sevcik 
19841 . 

D y n a m i c  M u l t i p a g i n g  

As with o the r  dynamic  storage schemes (e.g., B-trees [Bayer and McCreigh~ 1972] 
and linear hashing [Litwin 1980]), dynamic  mul t ipaging is based on a page-spl i t t ing tech- 
nique. The  i mpor t an t  trick is to allow the file to grow wi thou t  damaging the access 
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s t r u c t u r e .  (Here  B- t r ee s  and  l inear  h a s h i n g  succeed  where ,  say ,  I .B .M. ' s  i ndexed  s equen t i a l  
access  m e t h o d ,  ISAM,  fails.) F o r  m u l t i p a g i n g ,  access is t h r o u g h  the  s p a t i a l  axes,  which  is 
poss ib le  becaus e  the  pages  are b o u n d e d  b y  h y p e r p l a n e s  o r t h o g o n a l  to  the  axes.  T h u s  we 
m u s t  sp l i t  all pages  b o u n d e d  by  a h y p e r p l a n e  if we wish to  sp l i t  one.  So d y n a m i c  mul -  

l 
1 - - -  

t i p a g i n g  a l lows a file of  n pages  to g row by  a d d i n g  a s lab ,  or  " s e g m e n t "  of  n d new 
pages .  S ince  we c rea t e  a new s e g m e n t  all a t  once,  i ts  pages  can  h a v e  addresses  which  are 
n u m b e r e d  sequen t i a l ly ,  and  the  s e g m e n t  can be ident i f ied b y  i ts  lowes t  page  address .  T h e  
axial  d i r e c t o r y  m u s t  hold,  a t  least ,  th is  lowes t  page  add res s  and  an a p p r o p r i a t e  va lue  (say 
the  lowes t  or  h ighes t )  of  the  c o r r e s p o n d i n g  a t t r i b u t e ,  for  each  s e g m e n t  o r t h o g o n a l  to  the  
axis. T h u s ,  the  axial  d i r e c t o r y  is n o r m a l l y  used to r e t u r n  the  add re s s  of  a s e g m e n t  con- 
t a i n i n g  a g iven  va lue  of  the  a t t r i b u t e .  

W i t h  th is  s t r u c t u r e ,  the  s e g m e n t  add res ses  need  no t  be in the  s a m e  o rde r  as the  
a t t r i b u t e  va lues :  the  axial  d i r e c t o r y  can p e r m u t e  the  s e g m e n t s  f r o m  the i r  o rde r ing ,  in the  

d a t a  space ,  b y  the  va lues  of  the  a t t r i b u t e .  T h u s ,  w h e n  we come  to  sp l i t  s o m e  a r b i t r a r y  
s e g m e n t  in the  m i dd l e  of  the  d a t a  space ,  we can a lways  cons ide r  t h a t  the  new s e g m e n t  is 
c r e a t e d  on the  o u t e r  face of  the  h y p e r - r e c t a n g l e ,  t h a t  is, a t  the  face which  is f u r t h e s t  
a long  the  axis f r o m  the  or igin.  

T h e  m u l t i p a g e d  h y p e r - r e c t a n g l e  thus  g rows  d y n a m i c a l l y  a l w a y s  a t  its o u t e r  faces,  
and  the  p r o b l e m  of  h o w  the  d a t a  space  g rows  is equ iva l en t  to the  p r o b l e m  of how to 
e x t e n d  a d -d imens iona l  a r r a y .  F o r  this,  it is suff ic ient  to  h a v e  axia l  d i rec to r ies  which  
record  the  lowes t  page  add re s s  of  each  e l e m e n t  as it is c r ea t ed .  T h e  a b o v e  is a s u m m a r y .  
A. t e x t b o o k  i n t r o d u c t i o n  is given by  M e r r e t t  [1984]. E a c h  s e g m e n t  is a (d -1 ) -d imens iona l  
a r r a y ,  and ,  in o r d e r  to  add re s s  pages  wi th in  the  s e g m e n t ,  we can  use the  usua l  r o w - m a j o r  
or  c o l u m n - m a j o r  a d d r e s s i n g  fo rmu la s .  F o r  e i ther ,  we need to  k n o w  (d-2) of  the  d ime n -  
s ions  of  the  s e g m e n t .  M e r r e t t  and  O t o o  [1982] p r o p o s e d  s t o r i n g  these  (d-2) va lues  in the  
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axial  d i r ec to ry ,  r equ i r ing  0 (den '~) s t o r a g e  for  the  d d i r e c t o r i e s .  W e  show here  how the  
s e g m e n t  d i m e n s i o n s  can  be deduced  f r o m  the  lowes t  page  add re s se s  of  the  s e g m e n t s  t h a t  
p r e c e e d e d  it ch rono log ica l ly  in the  g r o w t h  of  the  file. 

E x t e n s i b l e  . A r r a y s  

W e  now give and  discuss  the  a l g o r i t h m  to  c o m p u t e  the  a d d r e s s  of  an e l emen t ,  
(i,],k,..), of  an ex tens ib le  a r r ay .  T h e  a l g o r i t h m  has  four  s teps .  

1. F ind  the  base  a d d r e s s  of  the  s e g m e n t  c o n t a i n i n g  the  e l emen t .  T h i s  is done  as 
desc r ibed  in ear l ier  pub l i ca t ions ,  us ing  the  base  addres ses  s t o r ed  in the  axial  direc-  
tories:  the  t r ick  is to  recognize  t h a t  of  all d poss ible  s e g m e n t s  which  could  con ta in  

the  e l e m e n t  (i.e., one  o r t h o g o n a l  to each  axis), the  co r rec t  s e g m e n t  will be the  one  
w i th  the  l a rges t  base  address ,  s ince th is  is the  l a t e s t  s e g m e n t  t h a t  could h a v e  been 

c r e a t e d  c o n t a i n i n g  the  e l emen t .  

2. F ind  the  d i m e n s i o n s  of  the  s e g m e n t  wi th  th is  base  address .  T h i s  is the  new pa r t ,  and  
the  ins igh t  requi red  is t h a t ,  when  the  s e g m e n t  was  c r ea t ed ,  i ts  d i m e n s i o n s  were  se t  
equa l  to those  of  the  ex tens ib le  a r r a y  on all axes  excep t  the  one  o r t h o g o n a l  to the  

s e g m e n t .  

3. Use the  d i m e n s i o n s  and  a su i t ab l e  a r r a y - a d d r e s s i n g  rule,  such  as c o l u m n - m a j o r  order ,  
to  c o m p u t e  the  offset  add re s s  of  the e l e m e n t  wi th in  the  s e g m e n t .  
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4. The address of the element is the base plus the offset. 

We can give the algorithm fully using Aldat notation (see chapters 2.1 and 3.1 of 
[Merrett 1984]). This is much more convenient than subscript notations for this problem, 
and for readers unfamiliar with it, we work an example fully. 

Algorithm Extensible Array Address 

We are given the relations AXDIR(AXIS,INDEX,SEGBASE),  containing all axial 
directories, and SEARCH(AXIS,INDEX), containing the coordinates of the element 
required. Element (i,j,k,..) corresponds to AXIS=~-I a n d  INDEX-~-i, AXIS-~2 a n d  
INDEX=j ,  etc. SEGBASE contains the base address of the segment at position INDEX 
orthogonal to AX~S. Indices s tar t  from 0. 

1. Base Address 
le t  AXIS ~ be  AXIS < < r e n a m e >  > 
let  BASE be  red  m a x  o f  SEGBASE 
< <f ind  max. base for segment s o u g h t >  > 
A ~ AXIS t ,BASE w h e r e  SEGBASE=BASE in (AXDIR i jo in  SEARCH) 

2. Dimensions 
le t  SUBMAX be equ iv  m a x  o f  

(if SEGBASE~BASE t h e n  SEGBASE else -infinity) by  AXIS 
< <f ind  last segments added to each other axis prior to segment s o u g h t >  > 
B ~ AXIS ! ,AXIS,INDEX,SUBMAX in (AXDIR i jo in  A) 

< <cartesian p r o d u c t >  > 
le t  DIM be if AXIS~AXIS '  t h e n  1 else INDEX+i  
< <dimensions  are positions of these other segments>  > 
C 4-- AXIS,DIM w h e r e  AXIS~AXIS t in B 

3. Offset 
< < u s i n g  rule i + di j  + didjk + .., where did1,., are the d i m e n s i o n s > >  
let  CO be  fcn  X o f  DIM o r d e r  AXIS < < p r o d u c t  of d imens ions> > 
le t  COEF be  if A X I S < ( r e d  m a x  o f  AXIS) t h e n  CO else 1 
le t  COEFF be  fen p r e d  o f  COEF o r d e r  AXIS < <cyclic p e r m u t e >  > 
let  OFFSET be  r ed  + o f  INDEX X COEFF 
D ~ OFFSET in C 

4. Address 
le t  ADDRESS be  BASE + OFFSET 
RESULT +-- ADDRESS in (A i jo in  D) < <cartesian p r o d u c t >  > 

This  algorithm can be shortened, but  it is spelled out  here so that  the data  in Figure 
2, below, can be used to follow it in detail. Figure 1 shows the extensible array, with seg- 
ments enclosed in rectangles and with all element addresses shown. The rectangles are 
also numbered in order of creation for the reader's benefit, although the order of creation 
can be seen from the sizes and positions of the rectangles, and the numbering is redun- 
dant.  Because the array is three-dimensional, some of the segments stick out  of the page: 
connections across the two values, k~-0 and /~-1, are shown. The axial directories are 
enclosed in dashed rectangles: pointers from the directories to the main array are not 
shown explicitly. 
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A.XIS~-3 

A_XIS-~- 2 

I N D E X =  

A . X I S ~ - I  

I N D E X - ~ - 0  

I N D E X - ~ -  

0 101 
! 

1 : 2 :  
! ! 

! ! 
w ! 

3 ,A_s, 
i 

k-~O 
0 1 2 

' o i 

[ 2 .  4 

lg 2o . 

A_]f IS=3  I1NDEX-~-I k-~. l  

k'6. 

IO 7 

8 1.1 

F i gu re  1. Exl;ensible A r r a y  wi th  Axia l  D i rec to r i e s  

F igu re  2 shows  the  re la t ion  A X D I R  c o r r e s p o n d i n g  to  the  axia l  d i r ec to r i e s  of  F i g u r e  1. 
I t  also s h o w s  S E A R C H  for the  e l e m e n t  ({,],k)=(1,2,1) and  all the  r e l a t i ons  a n d  a t t r i b u t e s  
ca l cu l a t ed  in the  a l g o r i t h m .  D o m a i n  a lgeb ra  a t t r i b u t e s  are  s h o w n  o u t s i d e  the  re la t ion  
p a r e n t h e s e s  to  show v i r t u a l  va lues  before  t hey  are ac tua l i zed .  T h e  final offset  a d d r e s s i n g  
rule  is i+3k. 

AXD IIR SEARCH B 

(AXIS INDEX SEGBASE) (AXIS INDEX) (AXIS' A_,'X:IS INDEX SUBIViAX) DIM 

i 0 0 I i '2 I 2 4 3 

I I 2 2 2 2 9 2 12 I 

I 2 4 3 I 2 3 i 6 2 

I 3 18 

2 0 0 A C 

(.AXIS' BASE) (Axqs DIM) CO COEF COEFF 

3 3 3 1 

2 6 I 3 

2 1 1 

2 2 12 2 12 1 

3 0 0 3 

3 1 6 

D RESULT 

(OFFSET) (ADDRESS) 

4 16 

Fi gu re  2. T h e  R e l a t i o n s  G iven  to and  C a l c u l a t e d  by  the  A l g o r i t h m  

W e  n o w  w a l k  t h r o u g h  the  a l g o r i t h m  s tep  by  s tep ,  us ing  th is  e x a m p l e . . A s  F i g u r e  1 
shows ,  the  ex tens ib le  a r r a y  is a s s u m e d  to h a v e  been bu i l t  up as fol lows 

the  s e g m e n t  c o n t a i n i n g  
the  s e g m e n t  c o n t a i n i n g  

the  s e g m e n t  c o n t a i n i n g  
the  s e g m e n t  c o n t a i n i n g  
the  s e g m e n t  c o n t a i n i n g  
the  s e g m e n t  c o n t a i n i n g  

the segment contain 

page  0 
page  1 

pages  2,3 
pages  4,5 
pages  6-11 
pages  12-17 

m g  pages  1S-23 

was  added  1st g iv ing  a 1 X 1 X 1  a r r a y  

was  added  2nd g iv ing  a 1 X 2 X 1  a r r a y  
w a s  added  3rd g iv ing  a 2 X 2 X 1  a r r a y  
was  added  4 th  g iv ing  a 3 X 2 X 1  a r r a y  
was  added  5 th  g iv ing  a 3 X 2 X 2  a r r a y  
was  addcd  6th  g iv ing  a 3 X 3 X 2  a r r a y  
was  added  7 th  g iv ing  a 4 X 3 X 2  a r r a y  
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The  final result  has three axial directories, of lengths 4, 3 and 2, respectively,  containing 
the base addresses of the seven segments  (the first segment  has base address 0, which is 
s tored as the first e lement  of all three axial directories). These  directories are s tored 
toge ther  as the nine tuples of the relation A.XDIR in Figure 2. 

The  algori thm computes  the address (page number)  of a page with given coordinates ,  
which, in this example,  are taken to be (1,2,1). These  are found in the relat ion SEARCH.  
Step 1 is to compute  the base address of the segment  conta in ing  the page at  position 
(1,2,1). This  is the largest of the three axial d i rec tory  entries at i -~ l ,  j-~-2 and k-~-3, 
respectively.  It is computed  as the largest en t ry  ( r e d  m a x  o f  SEGBASE)  in the na tu ra l  
join ( i jo in)  of A_X])IR with SEA.RCH. The  result  is 12, and corresponds to AXIS ( renamed 
to A.X:IS t ) 2, i.e., j. 

Step 2 is to calculate what  the dimensions of the extensible a r ray  were when the seg- 
men t  at j-~-2 (the Sth segment)  was formed. Say these dimensions are d i x d j  X dk. T h e  

dimensions of the segment  are then d i x 1 x d k .  The  computa t ion  is done by finding, for 

each A.,'~.IS, the largest d i rec tory  en t ry  less than  the BASE of 12 we found in the last step. 
( e q u i v  m a x  o f  (if SEGBASE < BASE t h e n  SEGBASE else  -infinity) b y  AXIS). To  do 
the comparison with BASE, it must  be appended to the relation AX.DIR by cartesian pro- 
duc t  ( i jo in  with no common at t r ibutes) .  This  gives values of 4 for i = 2 ,  6 for k = l  and, of 
course, 12 for j = 2 ,  which can be found in relation B. Relat ion C simply shows the dimen- 
sions of the segment  as 1 for j and 1 + the indices found for i and k: 3 X 1 X 2. 

Step 3 evaluates  the mul t inomial  which combines the dimensions and the search 
indices to calculate the offset address within the segment.  CO is the cumula t ive  p roduc t  of 
the dimensions, COEF  is the same as CO except for the last axis (k), where it is 1, and 
C O E F F  is the same as COEF,  but  cyclically pe rmuted  among the axes. Finally, offset is 
the mul t inomial  ( r e d  + o f  INDEX. X COEFF) .  This  is all evaluated over  relation C and 
the result,  4, assigned to relation D. 

Step 4 finally adds the base and the offset to compute  the address,  16. Figure 1 
confirms tha t  the page at position (1,2,1) is indeed page 16 (offset 4 within the segment  
based at page 12). 

In Figure 3 we show the offset calculation for a three-dimensional  segment ,  since the 
two-dimensional  2 X 3  segment  (6) in Figures 1 and 2 is too simple to show the effect of 
the algori thm. 

0 

i /  

/ t 

/ 
/3 

22 
/ 

(AXIS DIM) CO C O E F  C O E F F  

i 1 3 3 3 1 
k 3 2 6 6 3 
I 4 4 24  1 6 

o f f s e t - ~  i +  3 k +  3 X 21 

60 

Figure 3. Three-dimensional  Offset 
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C o n c l u s i o n s  

We have improved the segment addressing techniques for extensible multi- 
dimensional arrays, making them still more compact  and simplifying the calculation of 
offset addresses. This result is directly applicable to dynamic multipaging.  
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