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A b str a c t
T h e  Altdir grou p  is cu rren tly  d esig n in g  an o b ject-  
o r ie n ted  d a ta  b a se  s y s te m  ca lled  0 2 T h is  p ap er p resen ts  
a  form al d escr ip tio n  of th e  o b jec t-o r ie n ted  d a ta  m od el of 
th is  sy stem . It p ro p o ses a  ty p e  sy stem  d efined  in th e  
fram ew ork  of a se t-a n d -tu p le  d a ta  m od el. It m o d els  th e  
w ell k n ow n  in h er itan ce  m ech a n ism  an d  en forces stro n g  
typ in g .

1. In trod u ction
O ne of th e  o b je c tiv e s  o f th e  Altdir  G rou p is to  d ev e lo p  a  
new g en era tio n  d a ta b a se  sy s tem . T h e  ta r g e t  a p p lic a tio n s  
are tra d itio n a l b u sin ess  a p p lica tio n s , tra n sa c tio n a l ap p li­
ca tio n s  (ex c lu d in g  v er y  h igh  perform an ce a p p lica tio n s), 
office a u to m a tio n  and m u lt i-m ed ia  a p p lica tio n s.
T h e sy s te m  w e  are d e s ig n in g  is  o b jec t-o r ien ted . W e  
briefly reca ll th e  m a in  fea tu res o f  th e  o b jec t-o r ien ted  
paradigm :
(i) O b je c t  id e n tity . O b jec ts  h a v e  an ex is ten ce  w h ich  is  

in d ep en d e n t o f th e ir  v a lu e . T h u s, tw o  o b je c ts  can  be  
eith er  id en tica l, th a t  is, th e y  are th e  sa m e o b jec t, or 
th e y  can  be equal, i.e ., th e y  h a v e  th e  sa m e v a lu e .

(ii) T h e  n o tio n  o f type1. A  ty p e  d escr ib es a  s e t  o f o b jec ts  
w ith  th e  sa m e  ch a ra cter istics . I t  d escr ib es th e  s tru c­
tu re o f d a ta  carried  b y  o b je c ts  as w ell as th e  opera­
t io n s  (methods in  th e  o b jec t-o r ie n ted  term in o lo g y )  
a p p lied  to  th ese  o b jec ts . U sers of a  ty p e  o n ly  see  th e  
in terfa ce  o f th e  ty p e , th a t  is, a  lis t  of m e th o d s
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to g e th er  w ith  th eir  s ig n a tu res (th e  ty p e  of th e  in p u t  
p a ra m eters  an d  th e  ty p e  of th e  result): th is  is ca lled  
encapsulation.

(iii) T h e  n o tio n  of inheritance: it  a llo w s o b jec ts  of 
d ifferent s tru c tu res to  sh are m e th o d s re la ted  to  th eir  
co m m o n  part. T y p e s  are o rgan ized  in  an  in h eritan ce  
(or subtype) h ierarch y  w h ic h  fac to r izes  com m on  
stru c tu re  an d  m e th o d s a t  th e  leve l a t  w h ich  th e  larg­
e s t  n u m b er of obj ec ts  can  sh are th e m 2.

(iv) Overriding an d  late binding. T h e b o d y  of a  m eth o d  in 
a  g iv en  ty p e  m ay  be redefin ed  a t  a n y  m o m en t in any  
of its  su b ty p es , y e t  k eep in g  th e  sa m e nam e. T h is  frees 
th e  p rogram m er from  rem em b erin g  th e  n a m e of an  
overrid en  m e th o d  in  a g iv en  ty p e , and therefore, the  
cod e is  sim p ler and reu sab le b eca u se  it  is in d ep en d en t  
of th e  ty p e s  th a t  ex isted  a t  th e  t im e  th e  p rogram  w as  
w ritten . T o  offer th is  fu n c tio n n a lity , th e  sy s te m  has  
to  b ind  m e th o d  n a m es to  b in a ry  cod e a t  run tim e.

T h ere is a  clear in te rest  in  th e  d a ta b a se  c o m m u n ity  for 
th e  o b jec t-o r ien ted  tech n o lo g y . F ir s t  o f a ll, ty p e s  and  
in h er itan ce  are a  p ow erfu l too l to  m od el th e  real w orld . 
T h ey  a lso  m ak e sy s te m s  ex ten sib le: b y  ad d in g  new  ty p es  
in  a  sy stem , o n e  can  ex ten d  its  ca p a b ilitie s . O b jec t  id en ­
t ity  a llow s m o d elin g  o b je c t  sh arin g  an d  p rov id es a  
natu ra l sem a n tics  for o b je c t  u p d a tes  [C opeland & 
K h osh afian  86], S econ d , th is  tech n o lo g y  p rov id es a  
fram ew ork to  rep resen t and m an age b o th  d a ta  and pro­
gram s. It is a  prom isin g  p arad igm  to  so lv e  th e  so -ca lled  
impedance mismatch: th e  aw k w ard  co m m u n ica tio n

1 The term c l a w  is frequently used; however, in addition to the 
intensional notion of type, it contains an extensional aspect, as it 
denotes the set of all objects of the system which conforms to the 
type at a given time.

2 Another mechanism allowing objects to share operations is 
called d e l e g a t i o n . It is the basis of the so-called “Actor languages”.
We will not consider it in this paper.

424



b etw een  a  query la n gu a g e  and a program m in g  lan gu age  
th a t  re su lts  w h en  d ev e lo p in g  a p p lica tio n s w ith  a  d a ta ­
b ase sy s tem . T h ird , it  p ro v id es g o o d  so ftw a re  en g in eer­
ing to o ls  th a t  m ak e th e  p rogram m in g  ta sk  .m uch easier.
O b jec t-o r ien ted  d a ta b a se  s y s te m s  are b e in g  cu rren tly  
bu ilt. M o st  of th em  are p r o to ty p e s  [B anerjee & al 87], 
[Zdonik 84], [N ixon  & al 87], [B an cilh on  e t  al 87] an d  few  
of th em  are com m ercia l p ro d u cts  [C op eland  & M aier 84], 
[A n drew s & H arris 87], T h e  overa ll o b jec tiv e  o f th ese  sy s­
tem s is  to  in te g r a te  d a ta b a se  tech n o lo g y  (su ch  as d a ta  
sh arin g , d a ta  sec u r ity , p e rs is ten cy , d isk  m a n a g em en t and  
d a ta b a se  query la n gu a g es) w ith  th e  o b jec t-o r ie n ted  
ap p roach  in  a  s in g le  sy s tem .
H ow ever , there is a  lack  o f a  stro n g  th eo retica l fram e­
w ork  for o b jec t-o r ie n ted  sy stem s . T h is  p ap er is a s te p  in  
th is  d irectio n . I t  p ro p o ses th e  d a ta  m od el fo u n d a tio n s  for  
an  o b jec t-o r ie n ted  d a ta b a se  sy s tem . T h e  o r ig in a lity  of 
th is  m od el, ca lled  0 2, is its  ty p e  sy s te m  defined in th e  
fram ew ork  of a  s e t  an d  tu p le  d a ta  m od el. W e th in k  th a t  
w h a t m a k es  our ap p roach  d ifferent from  o th er  ob ject-  
o rien ted  a p p roach es is  t h a t  w e  use s e t  an d  tu p le  con­
stru c to rs to  deal w ith  arb itrary  com p lex  o b jec ts , an d  th e  
ty p e  sy s te m  en forces stro n g  ty p in g , y e t  o v errid in g  is 
allow ed .
T h ere a lread y  ex is t  m o d els  d ea lin g  w ith  in h er itan ce  su ch  
as [Bruce & W eg n er 86] and [C ardelli 84], In [Bruce and  
W egn er 86] ty p e s  are m o d eled  as m a n y -so r ted  algebras. 
A  ty p e  is  a su b ty p e  o f a n o th e r  if th eir  ex is t  su ita b le  (n o t  
n ecessa rily  in je c tiv e ) “ co e rc io n ” op era to rs w h ich  b eh a v e  
as h o m o m o rp h ism s b e tw ee n  th e  a lgeb ras. In [C ardelli 84], 
a  safe, stro n g ly  ty p e d  sy s te m  is prop osed  in w h ich  th e  
sem a n tic s  o f su b ty p in g  for tu p le -stru ctu red  ty p e s  
corresp on d s to  s e t  in c lu sio n  b e tw ee n  th e  corresp on d in g  
ty p e  in te rp r e ta tio n s  (th is  sem a n tic s  is d ifferent from  th e  
p rev io u s one). F u n c tio n s  are ty p e d  and ru les for su b ty p ­
in g am o n g  fu n c tio n a l ty p e s  are a lso  g iven .
W e h a v e  b orrow ed  C a rd elli's  in terp reta tio n  for tu p le  
ty p es , a s it  lead s to  an  in tu itiv e  n o tio n  of su b ty p in g  of 
tu p le  stru c tu res. O ur m o d el is  d ifferent to  th ese  p rop osa ls  
in th a t  (i) w e  p rop ose a  d ifferen t rule for in h er itan ce  of 
m e th o d s (for fu n c tio n a l su b ty p in g , in  C a rd e lli’s  term s), 
(ii) se t-s tr u c tu r ed  o b je c ts  are in trod u ced , an d  o b jec ts  
m ay form  a  d irected  grap h  in w h ic h  cy c les  are a llow ed , 
and (iii)  m e th o d s  can  b e d irec tly  a tta c h e d  to  o b jec ts .
O ur “ tu p le -a n d -se t” co n str u c tio n  of o b je c ts  is sim ilar to  
th a t  o f [B an cilh on  a n d  K h osh a fia n  86] an d  sp ec ia lly  to  
th a t  o f [K uper an d  V ard i 84] w h ere  id en tifiers (ca lled  
ad d resses) are a lso  in trod u ced .
T h is  p ap er is o rg a n ized  as fo llow s. S ectio n  2 g iv es  an 
in form al o v erv iew  of ou r ap p roach  an d  ex p o ses it 
th ro u g h  ex a m p les. S e c tio n  3  g iv es  a  d efin itio n  of o b jec ts . 
S ectio n  4 g iv es  th e  sem a n tic s  o f ty p e s  and  in h er itan ce  
re la tion sh ip . F in a lly , th e  n o tio n  of d a ta b a se  is in tro­

du ced  in S ectio n  5. S e c t io n  6 co n ta in s  so m e  co n clu d in g  
rem ark s and op en  p rob lem s.

2. In form al O verview
L e t  us in trod u ce  som e o f th e  n o tio n s  o f th is  m od el u s in g  
exam p les. O b jec ts  rep resen t ou r (co m p u ter ) w orld . T h ey  
are m a d e up  of an  o b je c t  id en tifier  (a  n am e for th e  
o b jec t)  an d  a  v a lu e . V a lu e s  can  b e a to m ic  (string , 
in tegers, rea ls ,...) , tu p le -str u c tu r ed  or se t-stru ctu red .
(o b j ,  < n a m e :  " S m ith" , age: 3 2 > )
( o b 2, < n a m e :  "D oe", age: 29, sa lary: 9 7 0 0 > )
( o b 3, { o b 1( o b 2} )
T h e  first tw o  o b je c ts  are ex a m p les  o f tu p le  o b jec ts  and  
th e  la s t  o n e  is a s e t  o b jec t. A to m ic  o b je c ts  here are ages  
a n d  n a m es ( th e y  a c tu a lly  a lso  h a v e  id en tifiers, as sh ow n  
la ter). O b je c ts  can , o f  cou rse, referen ce o th er  o b jec ts  
an d  th is  a llo w s th e  d e fin itio n  of co m p lex  o b jec ts . W e can  
h a v e  m u tu a lly  referen cin g  o b jec ts , as sh o w n  in th e  fol­
lo w in g  exam ple:
( o b 4, < n a m e :  "john", sp ou se: o b 5 > )
( o b 5, < n a m e :  "m ary", sp ou se: o b 4> )
T h is  p o ss ib ility  m a k es  our o b je c ts  m ore gen eral th a n  th e  
sim p le  n e ste d  tu p le -a n d -se t-o b je c ts .
A  ty p e  h a s a  n a m e a n d  it  c o n ta in s  a stru c tu re  an d  a  se t  
of m e th o d s, a p p ly in g  to  th ese  o b jec ts . A  stru c tu re  w ill be 
eith er  a  b a sic  stru c tu re  (S tr in g , In teger, R ea l for ex a m ­
p le), tu p le  stru c tu re s  a n d  s e t  stru c tu res. T h e  fo llo w in g  
ex a m p le  o f ty p e  s tru c tu res w ill be u sed  th ro u g h o u t th e  
paper:
P erso n  =  < n a m e :  S tr in g , age: In teger, sex: S tr in g >  
E m p lo y e e  =  < n a m e :  S trin g , age: In teger, sex: S trin g , 

salary: I n te g e r >
M ale =  < n a m e :  S tr in g , age: In teger, sex: " m a le " >  
P e r so n s  —  {P erso n }
E m p lo y e e s  =  {E m p lo y ee }
M arried -P erson  =  < n a m e :  S trin g , sp ou se: M arried- 

P erso n , ch ildren: P e r s o n s >
T h e ty p e  stru c tu re  of “ P e r s o n ” rep resen ts  th e  se t  o f  all 
tu p le  o b je c ts  h a v in g  a  n a m e field  w h ich  is  a  str in g , and  
an  age field  w h ic h  is an  in teger. T h e  ty p e  stru ctu re  of 
“ M a le” is  a s “P e r s o n ” ex c ep t th a t  th e  sex  field  is res­
tr ic ted  to  co n ta in  th e  s tr in g  "m ale". T h e  ty p e  stru ctu re  
of “P e r s o n s” rep resen ts  all o b je c ts  w h ich  are s e ts  o f per­
son s. G iv en  a  s e t  o f o b je c ts  © , w e sh a ll call th e  in terpre­
ta t io n  of a  ty p e  stru c tu re  (sa y  “ P e r s o n ” ) th e  se t  of all 
o b je c ts  of th is  s e t  h a v in g  th e  corresp on d in g  stru ctu re . If 
© is th e  s e t  o f a ll o b je c ts  o b 4 to  o b 5, th en  th e  in terp reta ­
tio n  of “ P e r s o n s” w ill be th e  o b jec t o b 3, w h ereas th e  
in terp reta tio n  of “P e r s o n ” w ill be th e  tw o  o b jec ts  o b 4 
an d  o b 2 . In deed , th ese  tw o  o b je c ts  h a v e  nam e and age  
field s w ith  th e  corresp on d in g  stru c tu res (s tr in g  and  
in tegers). N o tic e  th a t  w e allow  th e  o b je c ts  to  h a v e  addi-
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t io n a l f ie ld s ( th e  o b je c t  o b 2 a lso  h a v e  a  sa lary  field). In 
th e  sa m e  m a n n er, th e  in te rp r e ta tio n  of th e  “ E m p lo y e e ” 
stru c tu re  is  th e  s e t  c o n ta in in g  o n ly  th e  o b 2 o b jec t. So  
th e  in te rp r e ta tio n  of “ E m p lo y e e ” is in clu d ed  in th e  
in te rp r e ta tio n  of ty p e  s tru c tu re  “ P e r s o n ” . T h is  is an  
in tu itiv e  re su lt , b eca u se  w e w a n t  to  sa y  th a t  every  
em p lo y ee  is a  p erson . T h is  “ is -a ” re la tion sh ip  b e tw een  
ty p e  s tru c tu r e s  is w h a t  is ca lled  in h er itan ce  in  th e  
o b jec t-o r ie n ted  term in o lo g y .
T h e  n o t io n  o f in h er ita n ce  a lso  d e a ls  w ith  m e th o d s. A s  
em p lo y ees are p erson s, a  m e th o d  d efin ed  for ev ery  person  
can be a p p lied  to  an  em p lo y e e . M oreover, if a  m eth o d  
(sa y  "n am e" ) is  d efin ed  for b o th  p erson s an d  em p lo y ees, 
th en  w e sh a ll p u t  so m e co n str a in t on  th ese  m e th o d s, in 
order to  m a k e  th em  " co m p a tib le" . Su ch  a  co m p a tib ility  
is n ecessa ry  to  b e  ab le to  perform  ty p e  ch eck in g .

3 .  O b j e c t s
in  th is  se c tio n , w e  define th e  n o tio n  of o b jec ts . W e su p ­
p ose  g iven :
o A  fin ite  s e t  o f  domains ..., Dn, n> 1 (for exam ple , 

th e  s e t  Z of all in tegers is  one su ch  d om ain ). W e n o te  
D th e  u n io n  of all d o m a in s Dj, ..., Dn. W e su p p o se  
th a t  th e  d o m a in s are p a irw ise d isjo in t.

•  A  co u n ta b ly  in fin ite  s e t  A  of sy m b o ls  ca lled  attri­
butes. In tu itiv e ly , th e  e lem e n ts  o f  A are n a m es for 
stru c tu re  field s as w e sh all see  later.

» A  co u n ta b ly  in fin ite  s e t  ID of sy m b o ls  ca lled  
identifiers. T h e e lem e n ts  o f ID w ill be u sed  as 
id en tifiers  for o b jects .

L e t  u s now  define th e  n o tio n  of value.
Definition 1: Values
(i) T h e  sp ec ia l sy m b o l nil is  a  v a lu e , ca lled  a  basic value.
(ii) E v e ry  e le m e n t v  o f D is a  v a lu e , ca lled  a  basic value.
(iii) E v e ry  f in ite  su b se t  o f ED is a  v a lu e , ca lled  a set- 

value. S e t-v a lu e s  are d e n o ted  in th e  usu a l w a y  u s in g  
b rack ets.

(iv ) E v ery  f in ite  p a r tia l fu n c tio n  from  A in to  ID is a  
v a lu e , ca lled  a  tuple-value. W e d e n o te  by  
< a i  : ij  , ap : i p>  th e  p a rtia l fu n c tio n  t  defined  
o n  { a j ,  ..., a p} su ch  t h a t  t(a jc)^=ijc for all k.

W e d e n o te  b y  V th e  s e t  o f  all v a lu e s . □
W e can  n o w  define th e  n o tio n  of o b jec t.
Definition S'. Objects
(i)  A n  object is  a  p a ir o  =  (i, v ) , w h ere  i is an e lem e n t of 

ID (a n  id en tifier ) an d  v  is  a  v a lu e .
( i i )  W e  d efin e, in an  o b v io u s  w a y , th e  n o tio n  of basic 

o b je c ts , set-structured o b je c ts  a n d  tuple-structured

o b jects .
(iii) O is th e  s e t  o f all o b jec ts , th a t  is O =  ID X V. □
T h is “ tu p le -a n d -se t” co n stru c tio n  of o b jec ts  is sim ilar to  
th a t  o f [B ancilhon an d  K h osh a fia n  86] an d  sp ecia lly  to  
th a t  o f [K uper an d  Y ard i 84] w h ere id en tifiers (ca lled  
ad d resses) w ere a lso  in trod u ced .
In th e  fo llow in g , w e n eed  so m e tech n ic a l n o ta tion s: If 
o = ( i , v )  is an  o b je c t  th en  identjo) d e n o tes  th e  id entifier  i 
and value{6) d e n o tes  th e  v a lu e  v . W e w ill d e n o te  b y  ref 
th e  fu n c tio n  from  O  in 2 ro w h ich  a sso c ia tes  to  an  o b jec t  
th e  se t  of all th e  id en tifiers ap p ear in g  in its  v a lu e , i.e ., 
th o d e  referen ced  by  th e  o b jec t. W e can  use a graphical 
rep resen ta tio n  for o b je c ts  a s  fo llo w s :
Definition 8: Object graph
If 0  is a  s e t  of o b jec ts , th en  th e  grap h  graph(Q) is 
d efined  a s  follow s:
(i) If o  is  a  b a sic  o b je c t  o f © th en  th e  grap h  co n ta in s a 

v e r te x  w ith  n o  o u tg o in g  ed ge. T h e  v er te x  is lab eled  
w ith  th e  v a lu e  of o.

(ii) If o  is a  tu p le -str u c tu r ed  o b jec t br (i, < a 1:i1,..., 
a p: ip > ) ,  th e  grap h  of o  co n ta in s  a  v er te x , sa y  v, 
rep resen ted  b y  a  d o t  ( • )  and la b eled  w ith  i, and p 
o u tg o in g  ed g es from  v  lab eled  w ith  a 4, ..., a,, lead in g  
re sp e c tiv e ly  to  th e  v er tex  corresp on d in g  to  o b jec ts  o 1( 
..., o p, w h ere o k is an o b je c t  id en tified  b y  ik (if such  
o b jec ts  ex ist).

( iii)  if o  is  a  se t-s tr u c tu r ed  o b je c t  br (i, { i 1(..., i p} ), th e  
grap h  of o  c o n ta in s  a  v er tex , sa y  v , rep resen ted  by  a 
sta r  (* ) an d  la b eled  b y  i, an d  p u n la b e led  o u tg o in g  
arcs from  v  lead in g  re sp e ctiv e ly  to  th e  v er tex  
corresp on d in g  to  o b je c ts  O j,..., o p, w here o k is an  
o b je c t  id en tified  b y  ik ( if  su ch  o b jec ts  ex ist). □

W e illu stra te  th is  d efin itio n  w ith  an  exam p le . L e t 0  be 
th e  s e t  co n sistin g  o f th e  fo llo w in g  objects:
°o =  (io, < s p o u s e  : n a m e :i3, ch ild ren  : i2 > )
° 1  =  ( i i ,  < s p o u s e  : io, n a m e :i4, ch ild ren  : i2 > )
° 2  =  ( 12, { is ,  i©}), 0 3  =  ( 13, "F red"), o 4 =  ( i 4, "M ary")
° 5  =  ( 15. "John"), o 6 =  ( i8, "P aul")
© is rep resen ted  b y  th e  fo llo w in g  graph:

sp ou se
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It is im p o rta n t to  n o te  th a t, referring to  D efin it io n  3, w e  
ca n n o t b u ild  th e  grap h  rep resen ta tio n  of a n y  se t  of 
o b jec ts . F o r  ex a m p le , if an  id en tifier  i ap p ears in a v a lu e , 
th ere m u st  b e an  o b je c t  id en tified  b y  it. In tu itiv e ly  
sp ea k in g , id en tifiers are p o in ters  on  o b je c ts  an d  th ere  
m u st b e n o  d a n g lin g  p o in ters  in ou r s e t  of o b jec ts . T h is  
lead s u s  to  in trod u ce  th e  n o tio n  of co n sisten c y  for a s e t  
of o b jects .
Definition 4'. Consistent set of objects 
A  s e t  © of o b je c ts  is c o n s is te n t  iff :
(i) © is fin ite ,
(ii)  T h e  ident fu n c tio n  is  in je c tiv e  o n  © (i.e , th ere  is no  

pair o f o b je c ts  w ith  th e  sa m e id entifier),
( iii)  for all o  G © , ref[o) C  ident{Q) ( i.e  ev ery  referen ced  

id en tifier  corresp on d s to  an  o b je c t  o f © ). □
In th e  fo llo w in g , w e  d e n o te  b y  © (i) th e  v a lu e  v  su ch  th a t  
th e  o b je c t  (i, v )  is in  © .
In v a lu e -b a sed  s y s te m s  (i.e , in sy s te m s  w h ere  n o  o b je c t  
id e n tity  ex ists , su ch  as re la tion a l sy s te m s) th ere  is  n o  
n eed  to  d istin g u ish  b e tw ee n  id en tica l o b je c ts  and equal 
o b jec ts  s in ce  th e  tw o  n o tio n s  are th e  sam e. O n th e  con ­
trary , o b jecD o r ien ted  s y s te m s  n eed  to  d istin g u ish  th em  
as th ere  is a  sh arp  d is tin c t io n  b e tw ee n  v a lu e s  and  
o b jec ts .
Definition 5: Equalities
( i)  O-equality: tw o  o b je c ts  o  an d  o ’ are O-equal (or  identi­

cal) iff o = o ’ (in  th e  sen se  o f m a th e m a tica l pair eq ual­
ity ),

(ii) 1-equality: tw o  o b je c ts  o  an d  o ’ are 1-equal (or s im p ly  
equal) iff v a lu e (o )  =  v a lu e (o ’),

( iii)  co-equality: tw o  o b je c ts  o  a n d  o ’ are w -equal (or  
value-equal) iff sp a n -tree(o ) =  sp a n -tr e e (o ’) w h ere  
sp a n -tree(o ) is  th e  tree  o b ta in e d  from  o  b y  recur­
s iv e ly  rep la c in g  an  id en tifier  i (in  a  v a lu e ) b y  th e  
v a lu e  of th e  o b je c t  id en tified  b y  i. □

E q u a lity  im p lie s  v a lu e -e q u a lity , b u t  th e  con verse is n o t  
true s in ce  m a n y  d is t in c t  o b je c ts  m a y  h a v e  th e  sam e sp an  
tree. T h ese  d e fin it io n s o f eq u a lity  correspond to  id en tity , 
sh a llo w -eq u a lity  an d  d eep -eq u a lity  o f S m a llta lk  80  [G old­
berg  and R o b so n  83]. W e  m u st  n o tice  t h a t  th e  sp an -tree  
b u ild  from  an o b je c t  m a y  be in fin ite  (in  th e  case of cy c lic  
o b jec ts) . So , th is  co n str u c tio n  ca n n o t b e u sed  (d irectly )  
as a  d ecis io n  proced u re for te s t in g  v a lu e -eq u a lity .

4. T yp es
A  ty p e  is  an  a b stra c tio n  t h a t  a llow s th e  user to  en ca p su ­
la te  in  th e  sa m e stru c tu re  d a ta  and o p era tio n s. In our  
m o d el, th e  s ta t ic  co m p o n en t o f a  ty p e  is ca lled  a  ty p e  
stru c tu re . A s  w e  sh all see  la ter, our n o tio n  of ty p e  bears  
so m e  s im ila r ity  to  a b stra c t  d a ta  ty p es . U sers o f a  ty p e

on ly  see its  a b stra c t  p art, th a t  is, th e  in terfa ce  o f its  
m e th o d s, w h erea s th e  program m er of th e  ty p e  is  con ­
cern ed  w ith  th e  im p le m en ta tio n . H o w ev er , a  ty p e  h a s  
o n ly  one im p le m en ta tio n .
In w h a t  fo llo w s, w e  sh a ll d eco m p o se  th e  p rocess of 
d efin in g  th e  sy n ta x , se m a n tic s  an d  su b ty p e  re la tion sh ip  
a m o n g  ty p e s  in tw o  step s . F ir s t , in  se c tio n  4 .1 , w e  sh all 
define th e  sy n ta x  of ty p e  stru c tu re s  a s  w ell a s  th e  n o tio n  
of sch em a. T h en , w e sh a ll g iv e  th e  sem a n tic s  o f a  sch em a  
w ith  resp ect to  a  c o n s is te n t  s e t  o f o b jec ts . A  p a rtia l order  
a m o n g  ty p e  s tru c tu re s  w ill b e  d efin ed  usin g  th is  sem a n ­
tics. Secon d , in se c tio n  4 .2 , th e  sa m e tr e a tm e n t w ill be 
g iv en  to  m eth o d s. W e sh all b r in g  u p  p ieces  to g e th er  in 
se c tio n  4 .3  w ith  th e  n o t io n  of “ ty p e  s y s te m s ” . W e begin  
b y  defin in g  th e  s e t  o f ty p e  n a m es.
Definition 6: Type names
Bnames is th e  s e t  o f n a m es for b asic  ty p e s  co n ta in in g  :
( i)  th e  sp ecia l sy m b o ls  Any  a n d  Nil,
(ii) a  sy m b o l d; for ea ch  d o m a in  D j. W e sh a ll n o te  

D i= d o m ( d ,) ,
( iii)  a  sy m b o l ’x  for ev ery  v a lu e  x  o f D .
Cnames is a  s e t  o f n a m es for  co n str u c te d  ty p e s  w h ich  is 
co u n ta b ly  in fin ite  an d  d is jo in t  w ith  Bnames. Tnames is 
th e  u n io n  of Bnames an d  Cnames an d  it  is  th e  se t  o f all 
n a m es for ty p es . □
In  order to  define ty p e s , w e  a ssu m e t h a t  th ere  is  a  fin ite  
s e t  M T  w h o se  e le m e n ts  are ca lled  m e th o d s  an d  w h ich  
sh a ll p la y  th e  role o f o p e ra tio n s  o n  o u r  d a ta  stru ctu res. 
F o r th e  m o m en t, w e  ca n  th in k  o f th e  e le m e n ts  o f M T  as 
u n in terp reted  sy m b o ls . W e sh a ll d efin e  th em  in sec tio n
4.2
Definition 7: Types
Basic type (B ty p e s)  : a  b a sic  ty p e  is a  p a ir  (n ,m ) w h ere  n 
is  an e lem e n t o f Bnames an d  m  a  su b se t  o f M I®. 
Constructed types (C ty p e s )  : A  c o n str u c te d  ty p e  is  eith er
(i) a  tr ip le  (s ,t ,m )  w h ere  s  is a n  e le m e n t o f C n a m es, t  is 

an  e lem e n t o f T n a m es , m  a  su b se t  o f MT. W e sh all 
d e n o te  su ch  a  ty p e  b y  (s  =  t,m ).

(ii)  a  tr ip le  (s, t , m ) w h ere  s  is an  e le m e n t o f C n am es and  
t  is a  f in ite  p a r tia l fu n c tio n  from  A  to  T n a m e s  and m  
a  su b se t  o f MT. W e sh a ll d e n o te  su ch  a  ty p e  b y  (s 
=  < a 1:s1, ..., a n:sn> ,  m ) w h ere  t(a jc) = S i t and call it  a 
tuple structured type,

( iii)  a  tr ip le  (s, s ’, m ) w h ere  s  is an  e le m e n t of C n am es  
an d  s ’ a n  e le m e n t o f T n a m e s  an d  m  a  f in ite  su b se t  
o f MT. W e  sh a ll d e n o te  su ch  a  ty p e  b y  ( s = { s ’} , m ) 
a n d  ca ll it  a  set structured type. 3

3 The link between basic types and domains D j will be given in 
the following section, in the definition of interpretations.
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A  type is  e ith er  a  b a sic  or a  c o n str u c te d  ty p e . T h e  s e t  of 
all ty p e s  is  d e n o ted  b y  T . □

4 .1 . T y p e  stru ctu res
In th is  su b se c tio n  w e are in te rested  in th e  s ta t ic  p art o f a  
ty p e , i.e . in  it s  stru ctu re .

4 .1 .1 . D efin ition s
Definition 8: Type structures
Basic type structure: le t  t = ( n ,m )  be a  basic  ty p e , w e call 
n th e  basic type structure a sso c ia ted  to  t.
Constructed type structure: le t  t = ( s = x , m )  b e a  con­
s tr u c te d  ty p e , w e  ca ll “ s = x ” th e  constructed type struc­
ture a sso c ia te d  to  t.
G iv en  a  ty p e  t , it s  stru c tu re  p a r t w ill be d e n o ted  b y  
strudft)  an d  its  m e th o d s  p a r t b y  Methods^t). In tu itiv e ly , 
a ty p e  s tru c tu re  is a  ty p e  in w h ic h  th e  m e th o d s p art is 
h id d en , i.e  i t  is  th e  d a ta  p a r t o f th e  ty p e . N o te  th a t  
recu rsion  (or  tra n sitiv e  recu rsion ) is a llow ed  in ty p e  
d efin itio n s, t h a t  is, on e of th e  S; m a y  be s. T h e  ty p e  
stru c tu re  “ M a rried -P erso n ” is an  ex a m p le  o f recu rsive ly  
d efin ed  ty p e .
T y p e  s tru c tu re s  are a n a lo g o u s to  G A L IL E O ’S con crete  
ty p e s  [A lb an o & al 85] ex c ep t th a t  ty p e  s tru c tu re s  o n ly  
ex is t  w ith in  ty p e s .
F o r  th e  sa m e rea so n s as in  se c tio n  2 , w e n e ed  a  n o tio n  of 
c o n sisten c y  for a  s e t  o f ex p ressio n s d efin in g  ty p e  stru c­
tu res. In o rd er  to  defin e it  form ally , w e n eed  so m e  te c h n i­
cal n o ta tion s:
(1) If t  is  a  ty p e , th e n  name(t) is th e  n a m e o f th e  ty p e , 
th a t  is  th e  first  co m p o n en t in  it s  d e fin itio n .
(2 ) If s t  is  a  ty p e  stru c tu re  a sso c ia te d  to  th e  ty p e  t , w e  
call “ n a m e  o f th e  ty p e  s tr u c tu r e ” s t , th e  n am e o f  t  and  
w e n o te  n a m e (s f )= n a m e (t ) .
(3 ) If s t  is a  ty p e  stru c tu re  (a s so c ia te d  to  a  ty p e  t), w e  
ca ll “ s e t  o f ty p e s  re feren ces for s t ” a n d  d en o te  b y  
refer(st) th e  s e t  o f  all ty p e s  n a m es a p p ea r in g  in  th e  
stru c tu re  s t .
Definition 9: Schemas
A  se t  A  of c o n str u c te d  ty p e  stru c tu re s  is  a  schema iff
( i)  A  is  a  fin ite  se t,
(ii)  name is in je c tiv e  o n  A  (o n ly  .o n e  ty p e  stru ctu re  for a  

g iv e n  n am e),
( iii)  for a ll s t  G A , refefis t )  D  C n a m es C  name(A ) (  i.e . 

th ere  are n o  d a n g lin g  id en tifiers). □
N o ta  B e n e  : In a  sch em a , w e c a n  id en tify  a  type name o f  
n a m e (A )  w ith  th e  co rresp o n d in g  ty p e  stru c tu re  in A , and  
w e sh a ll u se th is  c o n v en tio n  in  th e  seq u el o f th e  paper.
W e illu s tra te  th e  n o tio n  o f  a sc h e m a  w ith  tw o  ex a m p les : 
L e t A  b e  th e  s e t  co n sistin g  of th e  fo llo w in g  ty p e  s tru c ­
tu r e s  :

age =  integer,
person  =  < n a m e  : str in g , age : a g e >

A  is a  sch em a. If w e  ta k e  off th e  ty p e  stru ctu re  “ a g e ” 
from  A , it  is n o  lon ger a  sch em a . O n th e  o th er  h an d , th e  
fo llo w in g  se t  of ty p e  s tru c tu res is a lso  a  schem a: 

p erson  =  hu m an  
h u m a n  =  person

T h is  s e t  o f  ty p e  stru c tu res m a y  b e n o t  u sefu l b u t  it  is 
w ell d efin ed  an d  h as an  in terp reta tio n  a s  w e sh all see in  
th e  n e x t  sec tion .

4.1.2. Interpretation
T h is  se c tio n  d ea ls  w ith  th e  d e fin itio n  of th e  sem a n tic s  of 
th e  ty p e  stru c tu re  sy s te m  p resen ted  a b o v e . I t  w ill be  
g iv en  b y  a  p articu lar fu n c tio n  w h ich  a sso c ia te s  su b se ts  of 
a  co n s is te n t  s e t  of o b je c ts  to  ty p e  stru c tu re  n am es.
Definition 10: Interpretations
L e t A  be a  sch em a  and 0  b e  a  co n s is ten t  su b se t  o f th e  
u n iverse o f o b je c ts  O . A n  interpretation I o f A  in © is  a  
fu n c tio n  from  T n a m es in 2 ldent Ŝ ), sa t is fy in g  th e  fo llo w ­
in g  properties:
Basic Type Names
1) I(N il) C  { i  G i d e n t ( 0 ) 4 /  (i, N il)  G 0 }
2) I(dj) C  { id G id e n t (0 )  /  © (id ) G D ; } U  I(N il)
3 ) I ( ’x ) C  { id  G id e n t (0 )  /  © (id ) =  x  } U  I(N il)
Constructed Type Names
4) if s  =  < a j  : Sj , ... , a n : s n >  is in A  th en

I(s) C  { id  G id en t(© ) /  © (id ) is a  tu p le  stru ctu red  
v a lu e  d efin ed  (at least) on  a , , . . . , a n and © (id ) ( a t )  G 
I(sk) for a ll k )  U  I(N ii)

5 ) if s  =  { s ’ } is in  A  th en
I(s) C  { id  G id en t(© ) /  © (id ) C  I (s ’) } U  I(N ii)

6) if s  =  t  is  in A  th e n  I(s) C  I(t)
Undefined Type Nam es
7) if s  is n e ith er  a  n a m e o f  b a sic  ty p e  nor a  nam e o f the  
sch em a  A ,  th en  I(s) C  I(N il) □

Definition 11: Model o f a schema
(i) Partial order on interpretations: A n  in terp reta tio n  I is 

smaller th a n  an in te rp r e ta tio n  I’ iff for all s  G 
T n a m es , I(s) C  F (s)

(ii) Model: L e t A  be a  sch em a  and © be a  co n s is te n t  set  
of o b jec ts . T h e m od el M  of A  in ©  is th e  g rea test  
in terp reta tio n  of A  in  0 .  □

A s  w e sh all sh o w  la ter , th is  d efin itio n  is  w ell fou nd ed . 
S o m e im p o rta n t rem ark s are in  order a t th is  p o in t. In tu i­
t iv e ly , th e  m od el M (s) o f a  co n str u c te d  ty p e  stru ctu re  of

4 Recall that ident(0) denotes the set of the identifiers of all ob­
jects of © and that ©(id) denotes the (only) value v such that fid, 
v) is in 0 .
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nam e s  is th e  s e t  co n sistin g  of all o b je c ts  ( id en tifiers  of 
o b jec ts)  h a v in g  th is  s tru c tu re . F o r  ex a m p le , if © is  th e  
se t
{(i0,Nil),(i.i,{i2,i3}),(i2,l).(i3.4),(i4,<a:i2>),(i6,<a:i2,b:i3>)} 
and A  is th e  sch em a
{ s j  =  < a : I n t e g e r > ,  s 2 =  < a :In te g e r , b :I n te g e r > ,
s 3= {  In teg e r}}
th en  M (s 4) =  { i 0, i 4, ¡5}

M (s2) =  { io, i 5}
M (In teger) =  { i 0, ¡2 , 13}
M ( s 3) =  {  io , h  }

W e can  n o tice  t h a t  th e  v a lu e  of an  in terp reta tio n  of a  
Basic type name d oes n o t  d ep en d  o n  A  w h ic h  is  an in tu i­
t iv e  resu lt. M oreover, if (th e  id en tifier  o f)  an o b je c t  
b e lo n g s to  th e  m o d el M (s) o f  a  tu p le  stru ctu re , th en  it  
a lso  b e lo n g s  to  th e  m o d els  of tu p le  ty p e  stru c tu re s  w h ich  
are su b -str u ctu r es  o f s. In th e  ex a m p le  b e lo w , i 5 is  in 
M (s 2) b u t  a lso  in M (s i) . T h is  p rop erty  w ill a llow  u s to  
g iv e  a sim p le  se t- in c lu s io n  se m a n tic s  for th e  su b -ty p in g  
re la tion  a m o n g  ty p e  stru c tu re s  d efin ed  in th e  fo llo w in g  
su b sec tio n . T h is  in te rp r e ta tio n  is d erived  from  an  
in terp reta tio n  w h ich  w a s  o r ig in a lly  p rop osed  in [Cardelli 
84). N o te  th a t  a n y  a ttr ib u te  co u ld  b e ad d ed  to  a  tu p le -  
stru c tu red  o b je c t  an d  th e  la tte r  w o u ld  s till h a v e  a  w ell-  
d efined  ty p e . S u ch  “ a d d e d ” a ttr ib u te s  w ill b e referred to  
as “ e x c e p tio n a l” , an d  th eir  m a n ip u la tio n  is con sid ered  in 
se c tio n  4 .4 .
W e n ow  h a v e  to  p ro v e  th a t  ou r d e fin itio n  of th e  m o d el of 
a  sch em a  is w ell fou n d ed . G iv en  a  sc h e m a  A  an d  a  con ­
s is te n t  se t  o f o b je c ts  © , th ere  is a  f in ite  n u m b er of 
in terp reta tio n s  o f A  d efin ed  o n  0 .  T h erefore, in  order to  
prove th a t  th e  g r e a te s t  in terp reta tio n  ex ists , w e ju s t  h ave  
to  p rove t h a t  th e  u n io n  o f tw o  in te rp r e ta tio n s  is  an  
in terp reta tio n .
L e t Ij and  I2 be tw o  in te rp r eta tio n s , an d  I be th e  fu n c­
tio n  d efin ed  b y  I(s) =  I i( s )  U  I2(s), for ev ery  ty p e  nam e  
s. T h is  fu n c tio n  I c learly  ver ifies p rop erties 1, 2 and 3 of 
th e  D efin it io n  o f in terp reta tio n s. If s = < a j : s j , . . . , a n:an>  
an d  id  is an  e le m e n t o f I(s), (fo r  exam p le , an e lem e n t o f  
I^ s)), th en  © ( i d ) ^ )  is in I^ s^ ) for all k , b ecau se I 4 is an  
in terp reta tio n . S o  © (id )(a i;) is in  I(sk) for all k , an d  I 
verifies th e  p ro p erty  4) o f  D efin it io n  10. W e can  sh ow  in 
th e  sa m e m a n n er th a t  I a lso  ver ifies p rop erties 5 and 6.
In co n clu sio n , th ere  is  a  g re a te s t  in terp reta tio n  M , and  
w e have:

M ( s ) =  ( J  I(s),
I6INT(A)

for every  ty p e  n a m e s, w h ere  IN T (A )  d e n o tes  th e  s e t  o f  
all in te rp r e ta tio n s  o f A  (in  0 ) .

4 . 1 . 3 .  P a r t i a l  O r d e r  A m o n g  T y p e  S t r u c t u r e s
Definition 12: Partial order < st
L e t  s  an d  s ’ b e  tw o  ty p e  stru c tu re s  o f a  sch em a  A . W e  
sa y  t h a t  s  is a  su b stru c tu re  of s ’ (d e n o te d  b y  s  <  st s ’) iff 
M (s) C  M (s’) for all c o n s is te n t  s e t  0 .  □
F o r  ex a m p le , if A  co n s is ts  o f  th e  fo llo w in g  ty p e  stru c­
tu res :

Sj =  < a : I n t e g e r > ,
s 2 =  < a :In te g e r , b : I n te g e r > ,
s 3 =  < c : s ! > ,  s 4 =  < c : s 2 > ,
S5 =  { S i} , s„ =  { s 2}, s 7 =  < a : ’l >  

th e n  th e  fo llo w in g  re la tio n sh ip s  h o ld s a m o n g  th ese  stru c­
tu res :

s 2 <  st s i s 4 st s 3
s 7 <  st S1 s 6 <  st s 5

T h e  first re la tion sh ip  (s 2 < st s 4) co m es from  th e  
in terp reta tio n  of tu p le  ty p e  stru c tu re s . L e t u s esta b lish  
th e  seco n d  o n e  ( s 4 < st s 3). L e t id b e th e  ( id en tifier  of an) 
o b je c t  b e lo n g in g  to  I(s4). W e k n ow  from  th e  d efin ition  
th a t  0 ( id ) (c )  b e lo n g s  to  I(s2) a n d  so  to  I (s j)  b eca u se  w e  
h a v e  s 2 < st s ^  W e co n c lu d e  th a t  id  b e lo n g s  to  I(s3) and  
so  I(s4) C  I(s3). T h e  in eq u a lity  s 6 <  st s 5 ca n  be e s ta ­
b lish ed  in th e  sa m e  m a n n er an d  th e  re la tio n  s 7 <  st s 4 is 
o b v io u sly  true.
D efin it io n  12 g iv e s  a  se m a n tic  d efin it io n  for th e  su b ty p ­
ing re la tion sh ip  <  st. T h e  fo llo w in g  th eo rem  g iv e s  a  sy n ­
ta c tic  ch a ra cter iza tio n  of it.
Theorem 1:
L e t s  a n d  s ’ b e  tw o  ty p e  s tru c tu re s  o f a  sch em a  A . s  is a  
su b stru c tu re  of s ’ (s  <  st s ’) iff
(i) e ith er  s an d  s ’ are tu p le  stru c tu re s  s  =  t  and s ’ =  t ’, 

su ch  th a t  t  is  m ore d efin ed  th a n  t ’ a n d  for every  
a ttr ib u te  “ a ” su ch  th a t  t ’ is d efin ed , w e h a v e  t(a ) < st 
t ’(a).

(ii)  or s  an d  s ’ are s e t  stru c tu re s  s  =  { s  j} an d  s ’ =  
{ s ’ j}  an d  w e h a v e  s t < st s ’ j.

( iii)  or s  =  ’x , s ’ is a  b a sic  ty p e  stru c tu re  and x is in  
d o m (s’). □

P roof:
T h e  v a lid ity  o f th is  ch a ra c ter iza tio n  can  b e ea sily  e s ta ­
b lish ed  b y  in d u ctio n . T h e  co m p le te n e ss  ca n  b e esta ­
b lish ed  w ith  a  case s tu d y , in sp e c tin g  su c c e ss iv e ly  tu p le  
stru c tu red  ty p es , se t  s tru c tu re d  ty p e s  a n d  basic  ty p es . □
T h is  th eo rem  g iv es  a  sy n ta c t ic a l m e a n s for ch eck in g  ty p e  
stru c tu re  su b ty p in g .

4 .2 .  M e t h o d s
In S e c tio n  4 .1 , w e h a v e  p r ese n ted  th e  sy n ta x  an d  sem a n ­
tic s  o f ty p e  s tru c tu res . In th is  su b sec tio n , w e  defin e, in  
th e  sa m e w a y , th e  sy n ta x  a n d  se m a n tic s  o f o p era tio n s , 
w h ich  w e ca ll m e th o d s  in  th is  c o n te x t. T h ese  o p e ra tio n s
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w ill co n s is t  of ( f ir st  ord er) fu n c tio n s .

4 . 2 . 1 .  D e f i n i t i o n
W e a ssu m e t h a t  w e h a v e  a  co u n ta b le  s e t  M n a m es of 
sy m b o ls  th a t  w ill b e u sed  a s  n a m es for m eth o d s.
Definition IS: Signatures
L e t  A  b e a  sch em a . A  signature o v er  A  is an exp ression  
o f th e  form :

Sj X  s 2 X  ... X  Sj - +  s
where s4, S2,..., sn, and s are types names corresponding 
to  type structures in A  or basic types names.
A  method m  is  a  p a ir  m = (n ,< 7 ) w here n  is a  m e th o d  n am e  
(an  e le m e n t o f M n a m es) a n d  <r is a  s ig n a tu re . W e sh all 
d e n o te  b y  name(m ) th e  n a m e of th e  m e th o d  m  and by  
sign{m) th e  s ig n a tu re  of th e  m e th o d  m . □
In th e  o b jec t-o r ie n ted  form alism , m e th o d s are re la ted  to  
ty p e s  (or ty p e  stru ctu res) u s in g  th e  first a rg u m en t of 
th eir  sig n a tu re , so  w e have:
Definition 14: Methods
L e t m— (n, Sj X ...X Sj, —*■ s) be a method. W e say that 
m is defined on Sj. □

4 .2 .2 .  I n t e r p r e t a t i o n
In th is  su b sec tio n , w e defin e th e  m od el o f a  s ig n a tu re  a 
Definition 15: Model of a signature
L e t A  b e a  sc h em a  a n d  <r a  s ig n a tu re  ov er  A  (a — s 4 

X ...X  s n —►  s). If 0  is a  c o n sisten t  s e t  o f o b jec ts , th en  
th e  model of cr in ©  is th e  s e t  of all p a r t i a l  fu n c tio n s  
from  M (s j)  X  ...X  M (s„) in to  M (s) w h ere  M (sij) is  th e  
m od el in © o f th e  s tru c tu re  of A  id en tified  b y  s^. □
L e t  u s illu s tra te  th e se  d e fin it io n s  b y  a n  exam p le . L e t A  
b e th e  sc h e m a  in tro d u ced  in  sec tio n  2 re str ic ted  to  th e  
ty p e  s tru c tu r e s  “ P e r s o n ” , “P e r s o n s” , “E m p lo y e e ” , 
“ E m p lo y e e s” an d  “ M a le ’’. W e co n sid er  now  th e  fo llo w in g  
sign atu res:

0 j =  P e r s o n s  X  P erso n  —*■ B o o lea n  
a 2 =  E m p lo y e e s  X E m p lo y e e  —►  B o o lea n  
a 3 =  P e r so n  —►  P erso n  
<r 4 =  M a le  —►  E m p lo y e e  
(TS =  E m p lo y e e  —►  In teger

W e sh all ta k e  th e  fo llo w in g  s e t  o f o b je c ts  © as in terpre­
ta t io n  dom ain:

( i0,n il), (ij, <name: i16, age:i7 sex:i8>),
(i2, <name: i 17, age:i9, sex:ii0> )
(is, <name: i18, age:ig, sex:i8, salary: in > ),
(i4, <name: i lg, age:i18, sex:i12, salary:iji>)
( i5, ( i b  i 2>). (i#, { is , i 4} ) , ( 17, 20), ( i9, 25), ( i „ ,  130000), 
( i 13, 3 5 ), ( i8, "m ale"), ( i 10, " v a r y in g ” ), ( i 12, "fem ale"), 
( i 14, fa lse), ( i j 5 , tru e), ( i 16, " S m ith" )
(i17, " B lake" ), (i18, "Jon es"), (i19, "N ash " )

U sin g  d e fin it io n  11 in th e  p rev io u s su b sec tion , w e can  
b u ild  th e  m o d els of th e  ty p e  s tru c tu res defined in A: 

M (P erson ) =  ( i 0, ip  ¿2, i3, ¡4}
M (P erso n s) =  ( i 0, i 5, i 6)
M (E m p lo y ee) =  ( i 0, i 3, ¿4}
M (E m p lo y ees) =  ( i 0, i 8)
M (M ale) =  ( i 0, i 1; i3)
M (’"m ale") =  ( i 0, i8)
M (S trin g) =  ( io , i8, iio , i i 2, i ie , i n ,  i i s ,  iia }
M (Integer) =  ( i 0, i 7, i 9, i u , i 13)
M (B oolean ) =  ( i 0, i 14, i 15}

T h e m o d el o f th e  s ig n a tu re  cr 4 is th e  s e t  of a ll partia l 
fu n c tio n s  from  { i0, is , i 6)  X  ( i 0, ip  i 2, i 3, i 4)  in to  ( i 0, i i 4, 
i j s } . In tu itiv e ly , th e  m o d el of th e  sig n a tu re  cr j is th e  se t  
of fu n c tio n s  a ssig n in g  a  b o o lea n  o b je c t  to  so m e pairs (i,j)  
w h ere i is (th e  id en tifier  o f) a  s e t  o f person  o b je c ts  an d  j 
is  (th e  id en tifier  o f) a  p erson  o b jec t.
W e  sh a ll use th is  in terp reta tio n  of s ig n a tu res in th e  fo l­
lo w in g  su b sec tio n  w h ich  in trod u ces an  ord erin g  am on g  
sig n a tu res.

4 .2 .3 . P a r tia l order am ong sign a tu res.
Definition 16: Partial order < m
L e t A  be a  sch em a  a n d  f a n d  g  tw o  s ig n a tu res ov er  A . 
W e sa y  th a t  f is sm aller  th a n  g  (or th a t  /  refines g) iff 
M (f) C  M (g) for all co n s is te n t  s e t  A . T h is  ord ering w ill 
be d en o ted  b y  <  m. □
L o ok in g  a t th e  sch em a  of th e  p rev io u s exam p le , w e can  
see  th a t  th e  fo llo w in g  in eq u a lities  hold:

a  2 5 ; m 0 1 an(* <7 4 <  m 0  3 
In fact, le t  © b e a n y  c o n s is te n t  s e t  o f o b je c ts  and f be a 
p a rtia l fu n c tio n  in M(rr 2). f is a  (p a rtia l)  fu n c tio n  from  
M (em p lo y ees) X  M (em p lo y ee) in M (B oo lean ). W e h ave  
seen  in su b sec tio n  4 .1 .3  th a t  em p lo y ees < st p erson s and  
em p lo y ee  <  st person , and h en ce , M (em p lo y ees) C  
M (p erson s) and  M (em p lo y ee) C  M (person ). So f is a lso  a  
p artia l fu n c tio n  from  M (p erson s) X  M (person ) in 
M (b oolean ), so  f is  in  M(<7 4). A  sim ila r  p roof can  be con­
s tru c te d  for th e  in eq u a lity  cr 4 <  m cr 3 .
In tu itiv e ly , cr <C.m cr’ m e a n s th a t  w e can  use a  m e th o d  of 
sig n a tu re  cr’ "in p la ce  o f” a  m eth o d  of s ig n a tu re  cr. In th e  
ex a m p le  ab ove, w e  can a p p ly  a  m e th o d  o f s ig n a tu re  cr 4 
to  a se t  of em p lo y ees and  an em p lo y ee  b ecau se, em p loy­
ees are persons. T h is  p a rtia l order m o d els  in h er itan ce of 
m eth o d s, ju s t  as th e  ord ering < st m o d els  in h er itan ce  of 
d a ta  stru ctu res. In the fo llo w in g  sec tio n , w e p u t d a ta  
stru c tu res an d  m e th o d s to g e th er  to  define ty p e  sy stem s  
an d  w e  u se th e  ord erin g  <  st an d  <  m to  define in heri­
ta n ce  of ty p es . T h e  fo llo w in g  th eorem  g iv es  an easy  sy n ­
ta c tica l eq u iv a len ce  to  th e  d efin ition  of th e  p artia l order 
<  m am on g  sig n a tu res.
Theorem 2
L et f and  g be tw o  sig n a tu res o v er  a  sch em a  A . T h en , f
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<  m S iff:
f =  s x X  ... X s n —►  s 
an d  g  =  s ’ ! X  ... X  s ’ n —+ s ’ 
and Sk <  st s ’ t  for. k = l , 2 , . . . , n  
and s  <  st s ’. □

P ro o f :
In order to  clar ify  th e  p roof, w e a ssu m e, w ith o u t  lo ss of 
g en era lity , t h a t  th e  m e th o d s s ig n a tu res are o f th e  form : a 
=  S [ -►  s, an d  or’ =  s ’ x — ►  s ’. S u p p o se  th a t  a  < m <r’. 
E v e ry  p a rtia l fu n c tio n  from  M (s x) to  M (s) is  th en  a  par­
tia l fu n c tio n  from  M (s ’ x) to  M (s’). So, w e n ecessarily  
h a v e  M (s x) C  M (s ’ x) and M (s) C  M (s’).
C o n v erse ly , if th ese  tw o  in c lu sio n s h o ld , th en  ev ery  par­
tia l fu n c tio n  from  M (s x) to  M (s) is  c learly  a lso  a p artia l 
fu n c tio n  from  M (s ’ x) to  M (s ’). □
In th e  p a r t co n cern in g  m e th o d s, our d e fin itio n  differs 
from  th e  “ c la ss ic a l” d e fin it io n s  of d a ta  ty p e  th eo ry  
[Bruce & W eg n er  86], [C ardelli 84], [A lb ano & al 85]. In 
th ese  se tt in g s , fu n c tio n a l ty p e s  m a y  b e con stru cted : th e  
ty p e  r —►  s  h a s  a s  in s ta n ces  fu n c tio n s  h a v in g  r a s  d om ain  
an d  s  as co -d o m a in . T h e  gen eral ru le of su b ty p in g  am o n g  
fu n c tion a l ty p e s  can  b e ex p ressed  as follow s:

if r ’ <  r a n d  s  <  s ’ th e n  r —*• s  <  r ’ —*• s ’
T h is  m ea n s th a t  a  fu n c tio n  w ith  d om ain  r and cod om ain  
s  can  a lw a y s  b e  co n sid ered  as a  fu n c tio n  from  som e  
sm aller  d o m a in  r ’ to  so m e  larger co d o m a in  s ’. T h is  is a  
n ecessa ry  co n d itio n  for th e  ty p e  sy s te m  to  be s a f e ,  th a t  
is, to  g u a ra n tee  th a t  a  ru n -tim e error w ill n ever be  
cau sed  b y  a  sy n ta c t ic a lly  w e ll- ty p e d  exp ression . If w e had  
a d o p ted  th is  ru le in ou r fram ew ork , th e  su b ty p e  re la tion  
w o u ld  be in v erted  b e tw ee n  th e  r igh t-h a n d  s id es  o f th e  
sig n a tu res in th eo rem  2, i.e ., s ’< s  in stea d  of s > s ’.
O ur ch o ice  lead s to  a  less  re str ic tiv e  ty p e  sy s tem , b u t  w e  
g iv e  up  sa fe ty . T h ere  are th ree  m a in  reason s for  su ch  a  
ch o ice . F ir st , w e w a n t  to  be ab le to  in h er it an “ a d d ” 
m e th o d  d efin ed  o n  se ts . S u p p o se  th ere are tw o  ty p e s  S 
an d  T  su ch  th a t  S < st T  th en  w e h a v e  {S }  < st { T } .  
L e t a d d s  be a  m e th o d  of s ig n a tu re  {S }  X  S —►  { S } ,  and  
a d d x  b e a  m e th o d  o f s ig n a tu re  { T }  X  T  —*■ { T } ,  th en  
w e w a n t  a d d s  5 ; m a d d x , w h ich  is  a  n ecessa ry  co n d itio n  
to  h a v e  {S }  <  { T }  (see  d e fin itio n  18). Secon d , th is  
m od el is in te n d e d  to  b e  a  fo u n d a tio n  for an o b jec t-  
o r ien ted  layer on  to p  o f C  w h ich  itse lf  is n o t  ty p e  safe . 
T h ird , w e  sh a ll im p le m en t ru n -tim e ch eck in g  for th e  
ca ses w h ere  s ta t ic  ty p e  ch eck in g  is n o t  su fficient.

4 .3 . T y p e  sy stem s
D e f i n i t i o n  I T .  T y p e  s y s t e m s  
A  s e t  o f ty p e s  II is  a  t y p e  s y s t e m  iff
(i)  th e  s e t  o f stru c tu re s  a sso c ia ted  to  II is a  sch em a  j
(ii) for all ty p e  t  £  n ,  an d  for all m e th o d  m  £  

M e th o d s(t)5, m  is d efin ed  o n  s tr u c t(t) . □
5 We recall that Methods(t) denotes the set of methods of the 

type t.

N o w , g iv en  a  ty p e  sy s te m  II, w e  m u st  b e  ab le  to  com pare  
tw o  ty p e s  t  and t ’, w ith  resp ect to  th eir  stru c tu re s  an d  to  
th e  m e th o d s  th e y  co n ta in .
Definition 18: Subtyping
L e t  II be a  ty p e  sy s te m  an d  t  an d  t ’ tw o  ty p e s  of II. W e  
sa y  th a t  t is a subtype of t ’ an d  w e n o te  t  <  t ’ iff
(i) s tr u c t/t)  <  st s t r u c t( t ’)
(ii) for all m  £  M e th o d s(t) , th ere  ex is t  m ’ £  M e th o d s (t ’) 

su ch  th a t  n a m e(m ) =  n a m e (m ’) an d  s ig n (m ) < m 
s ig n (m ’). □

W e illu stra te  th is  b y  th e  fo llo w in g  ex a m p le  : L e t II be 
th e  ty p e  sy s te m  of th e  ex a m p le  o f sec tio n  4 .2 .2 . w here  

M eth o d s(P erso n ) =  { (h u sb a n d , cr3)}
M e th o d s(P erso n s) =  {(p a ren t, a x)}
M e th o d s(E m p lo y ee ) =  { (h u sb a n d , er3), (sa la ry , cr5)} 
M eth o d s(E m p lo y ee s) =  { (p a ren t, 0 4 ),(m anager,<r2)} 
M eth o d s(M a le) =  {(h ire , cr4), (h u sb a n d , <r3)}

In th is  ty p e  sy s te m , th e  fo llo w in g  su b ty p e  re la tion sh ip s  
h old  : em p lo y ee  <  person , m ale <  p erso n  an d  em p loy-  
ees <  p erson s

4 .4 . O b jects rev isited
We shall now extend the definition of an object in order 
to encapsulate in the same structure data and operations.
Definition 19: Objects revisited
A n  object o is a  tr ip le  (i, v , m ) w h ere  i a n d  v  are a s  in  
D efin itio n  2 an d  m  is a  s e t  o f m e th o d s . T h e  first com ­
p o n e n t o f th e  s ig n a tu re  o f ev ery  m e th o d  o f m  is a  ty p e  
stru c tu re  w h o se  in te rp r e ta tio n  c o n ta in s  o . □
The set of methods of an object can be empty, and in 
this case, it will be manipulated through the methods of 
the type it possesses. This notion is useful in the follow­
ing cases:
(i) W h en  h a n d lin g  ex cep tio n s. F o r  ex a m p le , le t  us 

a ssu m e th a t  w e  define in  ty p e  “ E m p lo y e e ” a  m eth od  
“ in crease sa la r y ” to  co m p u te  th e  sa lary  of an 
em p lo y ee . S u p p o se  t h a t  on e of th e se  e m p lo y e es  is the  
C E O  an d  th a t  h is  sa la ry  h a s to. be co m p u ted  in 
d ifferen t w a y  th a n  for regu lar em p lo y e es . O ne cou ld  
crea te  a  sp ecific  su b ty p e  of e m p lo y e e  in ord er to  over­
ride th e  “ in crease s a la r y ” m e th o d  of ty p e  em p loyee. 
T h is  w o u ld  b e h e a v y  a n d  it  is  m ore n a tu ra l to  define 
a  sp ecific  m e th o d  for th e  C E O  o b jec t.

(ii)  “E x c e p t io n a l” a ttr ib u te  h a n d lin g  (see  sec tio n  4 .1 .2 )  
A s fu ll en ca p su la tio n  is p reserved , th e  o n ly  w a y  to  
a ccess  a n d /o r  m o d ify  an e x c ep tio n a l a ttr ib u te  o f an  
o b je c t  is v ia  a  m e th o d  a tta c h e d  to  th e  o b jec t.

( iii)  S till a n o th e r  a p p lic a tio n  is w h en  rep resen tin g  th e  
d a ta  m o d el in  term s of itse lf. T h is  k in d  .of self- 
re p r esen ta tio n  is v ery  freq u en t in o b jec t-o r ie n ted  
fram ew ork s (th e  p red efin ed  c la sses  “ c la s s ” and
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“ m e ta c la s s ” o f S m a llta lk  80  are a  g o o d  exam p le). 
T y p e s  co u ld  b e rep resen ted  as o b je c ts  b e lo n g in g  to  a  
p red efin ed  ty p e  “ t y p e ” and “ ty p e  m e th o d s ” cou ld  
b e ea sily  d efin ed  a tta c h in g  th em  to  th e se  o b jec ts . A n  
ex a m p le  of a  ty p e  m e th o d  for a  ty p e  T  is a  c u sto m ­
ized  m e th o d  for in sta n c ia tin g  in sta n ces  o f T .

5. D a ta b a ses
In th is  sec tio n , w e in trod u ce  th e  n o tio n  of d a ta b a se . 
In fo rm a lly , a  d a ta b a se  is a  ty p e  sy s te m  to g e th er  w ith  a  
c o n s is te n t  s e t  o f  o b je c ts  rep resen tin g  th e  in s ta n ces  o f th e  
ty p e s  a t  a  g iv e n  m o m en t.
Definition SO: Databases
A  d a ta b a se  is a  tu p le  (II, © , < jb <  e x t ,  im p l)  w h ere
(i) II is a  ty p e  sy s tem , and A  is  th e  a sso c ia ted  sch em a,
(ii)  ©  is  a  co n s is te n t  s e t  of o b jec ts ,
( iii)  < db is a  s tr ic t  p a rtia l order a m o n g  II,
( iv )  e x t  is an in terp reta tio n  o f A  in  © .
(v )  im p l  is a  fu n c tio n  a ss ig n in g  a  fu n c tio n  t o  every  

m e th o d  m  of a ty p e  t.
M oreover , w e im pose th a t  th e  fo llo w in g  p ro p erties  hold:
(1) t  < d b  t ’ im p l ie s  t  <  t ’.
(2 ) If t  < d b  t ’ a n d  t  < db t ” th e n  t ’ an d  t ” are com par­

ab le.
(3) © =  U ten e x t(t) .
(4 ) e x t ( t )  f )  e x t ( t ’) =  0  if t  and t ’ are n o t  com p arab le.
(5) If t  is a  ty p e  o f II a n d  m  a  m e th o d  o f t  h a v in g  sig n a ­

tu re t  X  ... X s n —►  s, th e n  im p l(m )  is a  fu n c tion  
d efin ed  a t  le a s t  from  e x t ( t )  X  ... X  e x t ( s n) in  e x t (s ) .  
□

T h is  d e fin it io n  d eserv es so m e co m m en ts. T h e  ex ten sio n  
of a  ty p e  is  a n  in te rp r e ta tio n  b u t  m a y  n o t  be a  m od el. 
In deed , a  m o d el co n ta in s  all th e  p o ss ib le  o b je c ts  w h ich  
sa t is fy  a  g iv e n  stru c tu re . F o r  exam p le , th ere  m a y  be tw o  
ty p e s  o f stru c tu re  “ in te g e r ” (sa y  age an d  w e ig h t)  in a 
d a ta  b a se . T h e se  ty p e s  h a v e  th e  sa m e m od el b u t  a g iven  
ex ten sio n  as d efin ed  b y  an user w ill n o t  co n ta in  th e  sam e  
o b jec ts . T h e  <  ord er in g  of d e fin itio n  18 m o d els  th e  
n o tio n  of su b ty p in g . T h a t  is, tw o  ty p e s  t  an d  t ’ are com ­
parab le u s in g  <  if on e can be a  su b ty p e  of th e  o th er . 
T h e ord er in g  < db is th e  a c tu a l in h er itan ce  ty p e s  h ierar­
ch y , as defined b y  th e  user. T h is  ord ering  m u st sa t is fy  
p ro p erty  ( l ) ,  th a t  is, th e  user ca n  declare th a t  t  is a  sub- 
ty p e  of t ’ ( t  < d b . t ’) o n iy >1 it  is a llo w ed  by  th e  m od el ( t  
<  t ’). F o r  ex a m p le , th e  ty p e  sy s te m  m a y  co n ta in  th e  
typ es:

A g e  == (In teger , { + , - } )  an d  
W e ig h t  =  (In teger , { + , - } )

w ith  co rresp o n d in g  s ig n a tu res  for th e  m e th o d s -I- and -. 
W e h a v e  th e  in eq u a lit ies  (A ge <  W eig h t) and  (W e ig h t

<  A g e) b u t th e  user d o es n o t  in ten d  to  con sid er an age  
as a  w e ig h t  nor a  w e ig h t  as an  age, an d  A g e  an d  W eig h t  
w ill b e in com p arab le for < db. P ro p e r ty  (2) sa y s  th a t  w e  
d o  n o t  a llow  m u ltip le  in h eritan ce . T h is  is a  co n stra in t w e 
in trod u ced  for th e  O 2 sy s te m  b eca u se  it  is s t ill an open  
prob lem  to  decid e w h eth er  m u ltip le  in h er itan ce is a  use­
ful m o d eliza tion  too l. In a n y  case, our sem a n tic s  w ou ld  
s till be v a lid  in  th e  c o n te x t  o f m u ltip le  in h eritan ce . P ro ­
p erty  (3) sa y s  th a t  © is th e  u n io n  of all ty p e  ex ten sio n s. 
T h ere  are n o  d a ta b a se  o b je c ts  n o t  b e lo n g in g  to  a n y  ty p e  
ex ten sio n . P ro p erty  (4) sa y s  th a t  an o b jec t o  ca n n o t  
b e lo n g  to  th e  ex ten sio n  of tw o  ty p e s  t  and t ’ if th e y  are 
in com p arab le for < db. C on sid er th e  ty p e s  A g e  and  
W e ig h t ab ove. T h e  o b je c t  ( i 1; 1) b e lo n g s  to  th e  m od el of 
A g e  and  to  th e  m o d el of W eig h t, b u t  if w e allow  th is  
o b je c t  to  b e lo n g  to  b o th  ex t(A g e) an d  ex t(W e ig h t), w e  
v io la te  th e  user in te n tio n  w h ich  w a s  to  iso la te  th ese  tw o  
typ es.

6 .  C o n c l u d i n g  R e m a r k s
The main contribution of this paper is to propose a data 
model for an object-oriented data base system. The 
model includes the following features:
(i) Objects may have a tuple or set structure (or be 

atomic). They form a directed graph in which cycles 
may appear. Consistent sets of objects are used as 
interpretation domains for type structures and 
method signatures.

(ii)  T y p e s  c o n sist  of a  ty p e  stru c tu re  and a  se t  of 
m eth o d s. T h eir  stru c tu re  m a y  be recu rsive ly  defined. 
T h e in terp reta tio n  of tu p le -stru ctu red  ty p e s  is 
u n u su a l in th e  d a ta b a se  w orld  an d  fo llo w s th e  original 
p roposa l o f [C ardelli 84], I t  a llo w s to  g iv e  a  s im p le  se t  
in c lu sion  sem a n tic s  to  th e  p a rtia l order am o n g  ty p e  
stru c tu res ( <  st). M e th o d s are d efined  as a nam e  
to g e th er  w ith  a  s ig n a tu re  and  are in terp reted  as a  
fu n c tion . T h e in terp reta tio n  of m e th o d  s ign atu res  
a llo w s aga in  a  s im p le  se t  in c lu sion  sem a n tics  for the  
p artia l order a m o n g  sig n a tu res ( <  m). T h e su b ty p in g  
re la tion sh ip  is d efined  u s in g  th e  ord ering  <  st and  
<  m. N o tic e  th a t  a lth o u g h  our d a ta b a se  d efin ition  res­
tr ic ts  in h er itan ce to  sim p le in h eritan ce , our m odel 
d ea ls  w ith  m u ltip le  in h er itan ce ,

( iii)  T h e  < m re la tion  differs from  o th er  p rop osa ls ([C ar­
delli 84], [Bruce & W eg n er 86]) in th a t  it  is less res­
tr ic tiv e , b u t th e  ty p e  sy stem  is n o  longer sa fe  ( th a t  
is, ru n -tim e errors m a y  b e cau sed  b y  a  sy n ta c tica lly  
w ell-ty p ed  exp ression ). T h is  d ecisio n  w a s  m ain ly  
m o tiv a te d  b ecau se of its  in creased  flex ib ility  and by  
th e  fa c t th a t  w e are n o t  b u ild in g  a  new  lan gu age, 
b u t  rath er an  o b je c t  layer a ccord in g  to  th is  m od el on  
to p  of ex is tin g  p rogram m in g  la n gu a g es w ith  un safe  
ty p e  sy stem s , su ch  as C an d  L isp .
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( iv )  T h e  n o tio n  of “ d a ta b a se ” is in trod u ced . A  d a ta b a se  
is a  ty p e  sy s te m , to g e th er  w ith  a  co n s is te n t  s e t  o f  
o b je c ts  (d a ta b a se  in sta n ces) an d  a  su b ty p in g  re la ­
tio n sh ip  sa t is fy in g  so m e co n stra in ts .

W e are cu rren tly  w o rk in g  o n  so m e  ex ten sio n s  of th e  
m od el. T h e  first o n e  con cern s o b je c t  n a m in g . U p  to  here, 
th e  o n ly  h a n d le  th a t  a  program m er h a s  on a  o b jec t is  
th ro u g h  th e  n a m e of o n e  of its  ty p es . So, to  re tr ieve  an 
o b je c t  o f th e  d a ta b a se , th e  p rogram m er h a s to  sen d  a  
m essa g e  to  th e  e x ten sio n  o f th e  ty p e  w ith  so m e  k e y  as  
a rg u m en t. S u ch  a  p rob lem  is in trod u ced  b y  p ersisten cy:  
in sta n d a rd  p rogram m in g  la n gu a g es, w e nam e o b jec ts  
u sin g  tem p o ra ry  v a r ia b le  n a m es. O b jec t  n a m es seem  to  
be n eed ed , an d  th e y  h a v e  to  be in trod u ced  in  th e  m od el.
A  seco n d  ex ten sio n  co n cern s th e  in tr o d u c tio n  of v a r ia b les  
in th e  co n str u c tio n  of ty p e s  in ord er to  m od el g en er ic ity  
(a lso  ca lled  " p aram etr ic  p o ly m o rp h ism ” ) o f ty p e s  and  
m eth o d s. G en er ic ity  can  be s im u la ted  w ith  in h er itan ce  
[M eyer 86], b u t  in a  h e a v y  an d  n o n -in tu it iv e  w a y .
A  th ird  ex ten sio n  is to  in crease th e  m o d elin g  p ow er of 
th e  m od el: a  lis t  co n stru c to r  sh o u ld  be in clu d ed  in  ord er  
to  m o d el ord ered  c o llec tio n s  of d a ta  ( i t  cou ld  b e  im p le­
m e n ted  as a  recu rsive  tu p le  ty p e , b u t  w e w o u ld  lose  
ex p ressiv en ess). F in a lly , in  th is  m od el, w e m ad e th e  sim ­
p lify in g  a ssu m p tio n  th a t  th e  m e th o d s are n o t  o b je c ts  of 
th e  m o d el. S o  m e th o d s  h a v e  to  b e m od eled  as first order  
fu n c tio n s . I t  sh o u ld  be in te restin g  to  ex ten d  th e  m od el to  
trea t  m e th o d s  a s  o b je c ts  and to  a llow  h igh er order 
m eth o d s.
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