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Abstract

A replicated database system may partition
into isolated groups in the presence of node and
link failures. When the system has partitioned, a
pessimistic scheme maintains availability and con-
sistency of replicated data by ensuring that
updates occur in at most one group. A pessimis-
tic scheme is called a static scheme if these dis-
tinguished groups are determined only by the
membership of different groups in the partitioned
system. In this paper, we present a new static
scheme that is more powerful than voting. In this
scheme, the set of distinguished groups, called an
acceptance set, is chosen at design time. To com-
mit an update, a node checks if its enclosing
group is a member of this acceptance set. Using
an encoding scheme for groups, this check is
implemented very efficiently. Another merit of
the proposed scheme is that the problem of deter-
mining an optimal acceptance set is formulated as
a sparse 0-1 linear programming problem.
Hence, the optimization problem can be handled
using the very rich class of existing techniques for
solving such problems. Based on our experi-
ments, we feel that this optimization approach is
feasible for systems containing up to 10 nodes
(copies).
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1. Introduction

A replicated database system may sometimes
partition into isolated groups due to node and link
failures. There are two approaches for maintaining
data availability in the presence of such partitions
[DGS85]. In one class of replica control schemes,
called optimistic schemes, all partition groups are
permitted to update a replicated data. When
groups merge, inconsistencies are detected and
resolved by undoing the effects of some already
completed transactions. Thus, they are based on
the premise that committed transactions can be
undone or compensated for. Whether this assump-
tion is valid or not depends on the application. In
the other class of schemes, called pessimistic
schemes, when the system is in a pattitioned state,
updates on a replicated data are allowed in only
one partition group, thus preventing inconsisten-
cies. The group chosen is called the distinguished
group for that partition state. Different groups
can be distinguished groups for different partition
states. Also, in the same state, different data
items may have different distinguished groups.

A pessimistic scheme can be classified as
static or dynamic depending on the manner in
which the distinguished group for a partition state
is chosen. In a static scheme, the partition struc-
ture, i.e., the membership of different partition
groups, completely determines whether a group is
distinguished or not [Gi79]. In a dynamic scheme,
some additional information, such as currency of
copies, is also used for determining whether a
group is distinguished [JM87]. In general, a
dynamic scheme provides higher availability than
a static scheme. But, a static scheme has several
merits: it is conceptually simple; information over-
head is less; recovery overhead is minimal and no
need to run "catch up" protocols.



No static scheme (or pessimistic scheme)
can guarantee that a distinguished group always
exists. Data availability is lost when the network
partitions such that no group is the distinguished
group. Thus, we are faced with the problem of
optimizing the availability provided by a static
scheme. The problem can be stated as follows:
given node and link failure probabilities, choose a
set of distinguished groups such that the probabil-
ity that a distinguished group exists when a parti-
tion occurs is maximum. This is a computationally
hard problem since the number of candidate sets
of distinguished groups is double exponential in #,
where n is the number of nodes in the system.

In this paper, we propose a new Sstatic
scheme which has several merits. In our scheme,
each node maintains a table, called an acceptance
set, which is the set of possible distinguished
groups. Any two groups in an acceptance set
intersect each other. When a transaction arrives at
a node, the node determines its enclosing group
and checks if that group is a member of the
acceptance set. If so, it executes the transaction;
otherwise, it rejects it. In general, different accep-
tance sets may be chosen for different data items,
and for each item two different sets can be used:
one for read and another for write. To simplify
exposition, in the following we assume that there
is only one acceptance set for the system. This
static scheme is more powerful than voting [Gi79]
in the sense that there are acceptance sets that
have no equivalent vote assignment. In this
respect, it is similar to the coterie scheme pro-
posed by Garcia-Molina and Barbara [GB84,
GB85]. Compared to the coterie scheme, our
scheme is more efficient to implement. We
encode groups to numbers and check for dis-
tinguished group involves search for a number in
a set of numbers. For a 10 node (i.e., copy) sys-
tem, the acceptance set contains at most 1024
numbers.

Another merit of our static scheme is that
we formulate the problem of determining an
optimal acceptance set for a system as a 0 -/
sparse linear programming problem. No such for-
mulation is possible for the coterie scheme. Our
experiments reveal that this optimization approach
is feasible for up to 10 nodes. For larger systems,
we need some heuristics to generate a better
scheme from a given scheme. Although we have
developed such a transformation procedure, we do
not describe it here [TN88].
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This paper is organized as follows. In the
next section, we describe the related work on
static schemes. In section 3, we describe the new
static scheme. In section 4, we discuss an efficient
implementation of this static scheme and illustrate
how this scheme can be used for serializing
updates on replicated files. In section 5, we com-
pare this scheme with the coterie scheme. In sec-
tion 6, we discuss the optimization problem for-
mulation and some experimental results. We then
conclude by summarizing the major results.

2. Related work on static schemes

One of the most popular static schemes is
voting scheme [Gi79, Th79]. In a voting scheme,
the set of distinguished groups is not maintained
explicitly, but determined implicily. A node
determines that its enclosing group is a dis-
tinguished group if the sum of the votes of reach-
able nodes exceeds a threshold. Thresholds for
read (RT) and write (WT) operations are chosen
such that sum of RT and WT exceeds total votes,
and WT is more than half of total votes.

Garcia Molina and Barbara have proposed a
static scheme that is more powerful than voting
[GB84, GBS85]. They introduce the notion of a
coterie to identify the set of distinguished groups.
A coterie is a set of groups in which every pair of
groups has a node in common. Further, if a group
is in a coterie, then any proper superset of that
group must not be in the coteriec. The coterie
scheme works as follows. A coterie is chosen for
the system. This coteric must be a nondominated
coterie (ND coterie). A coterie A is a ND coterie
if there is no other coterie B such that every
group in A is a superset of some group in B. A
node determines that its enclosing group is the
distinguished group if the group is a superset of
(or identical to) some group in the chosen coterie.
The coterie scheme is more powerful than voting
scheme. For systems with more than five nodes,
there are coteries that do not have equivalent vote
assignments. However, the coterie scheme has the
disadvantage that its implementation is not very
efficient. If the chosen coterie has m groups, then
m/2 set operations are needed to determine if a
group is distinguished. Since m could be as large
as 2", where n is the number of nodes in the
system, this overhead is not negligible.



Garcia-Molina and Barbara have considered
also the problem of determining an optimal
coterie for a system, given the failure probabilities
of individual nodes. They have considered an
enumeration approach; ie., enumerate all candi-
date ND coteries, compute the availability of each
coterie, and choose the best. It turns out that
enumerating all ND coteries of a system is
impractical for large systems (i.e., more than five
nodes) because of the large number of ND
coteries. They show that this number is lower
bounded by 22™ for some constant ¢, where 7 is
the number of nodes in the distributed system.
For large systems, they suggest a partial enumera-
tion approach, and have proposed a transformation
method for enumerating a subset of candidate ND
coteries. However, as they have pointed out, even
the partial enumeration method generates too
many coteries (still double exponential in 7).
Thus, their approach seems appropriate only for
systems of up to 5 nodes.

More recently, Tong and Kain have pro-
posed algorithms for optimal vote assignment
[TK88] for voting systems. For systems with per-
fect links, they propose an algorithm with linear
execution time that generates vote assignments
that are close to optimal (within 0.3%). For sys-
tems with imperfect links, they have proposed
heuristics that generate vote assignments that are
close to optimal within 1.1%. Although these are
interesting algorithms, they have the limitation
that they produce only optimal voting schemes,
but not optimal static schemes. (Recall that there
are acceptance sets and coteries that do not have
equivalent vote assignments).

3. A new static scheme

3.1 Network states and acceptance sets

In section 1, we described the basic idea of
our new static scheme. In brief, the set of dis-
tinguished groups for a system, called the accep-
tance set, is determined at system design time. A
node determines that its enclosing group is a dis-
tinguished group if the group is a member of the
acceptance set. In this section, we present a more
precise description of the scheme. First, we intro-
duce a notion, network state, to model the current
network state. It contains information about parti-
tions and status of each node. We then define an

acceptance set, and then describe some properties
of acceptance sets.

Definition: Let U be a set of nodes and W be the
power set of U with the empty set excluded. That
is, W = 2V - ¢. The universe of network states is
defined as P={p:pc W& VivsCte p&se p
=>rns=e)}.

Each element of P is called a network state (or
state), and it is a set of disjoint subsets of U.
Each element in a state denotes a partition group
(or group). A failed node is not included in any
group. For example, suppose U = {1,2,3}. Then,
each of the following is a network state.

{{1,2,3}}
{{1,2}, {3}}

-- A state with one group

-- A state with two groups
{{1},{2},{3}} -- A state with three groups
{{1},{2}} -- A state in which node 3 has failed

An acceptance set is a set of groups, and
each element in the set is a distinguished group.
Given that in a pessimistic scheme, at most one
group can be a distinguished group in a state, the
following definition is natural.

Definition: An acceptance set A is a set of subsets
of Usuch thatvp(pe P=>Ipn Al <1).

Although this definition is adequate to character-
ize an acceptance set, it is not very convenient to
use. To check if a set of groups is an acceptance
set, we have to consider all possible network
states. We give below a theorem that simplifies
the check for acceptance sets.

Theorem 1: A set of groups S is an acceptance set
if and only if any two groups in S intersect each
other.

Proof: ,

If: Assume that any two groups in S intersect each
other. Since every network state contains pairwise
disjoint groups, it cannot have more than one
group that is in S. Thus S is an acceptance set.
Only if: Assume S is an acceptance set. If there
are two groups, say r and s, suchthat r € S and s
e S and r n 5 = ¢, then there is a state {r,s} such
that I{r,s} n Sl = 2. A contradiction to S being an
acceptance set. O
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Example I:

Assume U {123} and S
{{1},{1,2},{1,3}}. It is easy to check that S, is an
acceptance set. Now, consider S, = {{1},{2}}. It
is not an acceptance set.

3.2 Maximal acceptance sets

If an acceptance set S is a superset of
another acceptance set R, we prefer S over R for
the following reason. There are at least as many
states in which a distinguished group exists when
S is used as there are when R is used. Hence, we
should always use maximal acceptance sets, as
defined below.

Definition: An acceptance set S is a maximal
acceptance set if vrpre¢S & rcU & pe P&
ISu {r}) npl =2).

Thus, an acceptance set is not a maximal accep-
tance set if it has a superset which is also an
acceptance set. The following theorem simplifies
the check for a maximal acceptance set.

Theorem 2: If S is a maximal acceptance set, then
VsVi(se S&sct=>te S).
Proof.

Let s, be such that s € S & s < ¢ Since s
intersects every group in S, so does z. Thus S U
{t} is an acceptance set. Since S is maximal, we
havet e S. (]

Example 2:

S, of Example 1 is not a maximal accep-
tance set since it does not include the group
{1,2,3}.

The following theorem gives the necessary
and sufficient condition for a maximal acceptance
set.

Theorem 3: An acceptance set S is a maximal
acceptance set if and only if vr(rc U & r ¢ S =>
Jite S&tnr=09)).

Proof:

If: Assume that the condition is true. Let r c U &
r ¢ S. Since r does not intersect some group in S,

by Theorem 1, S U {r} is not an acceptance set.
Thus S is a maximal acceptance set.

Only if: Assume that S is a maximal acceptance
set. Letrc U & reS. If Vi(te S=>tnr#9),
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then by Theorem 1, S U {r} is an acceptance set.
Thus S is not a maximal acceptance set. A con-
tradiction. [}

4. An implementation of this static scheme

In this section, we describe an efficient
implementation of the proposed static scheme. We
encode groups to integers and use this to deter-
mine efficiently if a group is distinguished. We
shall see in section 6 that this encoding scheme is
useful also in formulating the optimization prob-
lem as an integer linear programming problem. To
make the implementation ideas concrete, we
describe the implementation in the context of seri-
alizing updates on replicated files.

4.1. Group encoding

In principle, any encoding scheme that
establishes a one to one map between W, the set
of groups, and the set of integers {1,2,...,IWl} is
adequate. In the following, we introduce an
encoding scheme which is conceptually simple
and easy to implement.

Suppose the system is composed of n nodes.
We identify each node using an unique integer in
the range 1 to n. Thus we can denote a system
composed of n nodes as U = {1,2,...n}. We
encode a group r to an integer i as follows. Let
byb,1...b; be the binary representation of i. Now,
b, of i is 1 if jth node is in group r; otherwise, b
is 0. For example, suppose U = {1,2,3,4}. Then,
group (1,3} is encoded as 5 and group {1,2,4} is
encoded as 11. Thus, each group is encoded to a
number in the range 1 to 2°-1. (Note that 0 is not
included since the empty set is not a valid parti-
tion group). With this encoding, an acceptance
set is just a list of integers. Note that for a n node
system, an acceptance set can contain at most 2°!
numbers, since if a group is in an acceptance set,
its complement cannot be in that acceptance set.

4.2. An example: Updates on replicated
files

In this section, we illustrate, using the group
encoding suggested above, how this static scheme
can be implemented to ensure that at most one
partition group performs updates on replicated
files. To simplify description, we assume full
replication. When an update of a file is initiated at
a node, it is processed in the following manner.



First, the local file copy is copied into a tem-
porary file. During transaction execution, updates
are made only to the temporary file. When the
transaction attempts to commit, it is checked if the
enclosing group of the node is the distinguished
group. If yes, the temporary file is propagated to
every reachable node; otherwise, the transaction is
aborted. Thus distinguishability check is integrated
with two phase commit. We ignore here con-
currency control problems, but they can be han-
dled rather easily.

In the following, we outline the actions of
the coordinator node (i.e., node at which the tran-
saction is initiated), and cohort nodes (other nodes
in the reachable set of the coordinator) at commit
point. S denotes the encoded acceptance set (a list
of numbers) used by the system. Cohort(j)
denotes the cohort node whose number is j.

Coordinator:

1. Send a request to all reachable nodes to
indicate the intention to commit.

2. Wait until a reply (containing an integer) is
received from every reachable node.

3. Compute the sum M of all integers received.

4. If M belongs to S then commit the update and
propagate the update to all reachable nodes;
otherwise, reject the update and notify all
reachable nodes.

Cohort(j):
1. Upon receiving the request from the
coordinator, send 2! as reply;
2. Wait until the updated file or abort notification
is received.
3. If the updated file is received, install it as
the local copy.

It is easy to see that, except for step 4 of the
coordinator, the scheme is as efficient as a voting
scheme. Step 4 could be implemented efficiently
using an efficient search mechanism, e.g., binary
search.

5. Relationships with the coterie scheme

The objective of this section is to show that
the notions of acceptance set and coterie are
equally powerful. Hence our scheme also is more
powerful than voting [GB85]. To make the paper
self-contained, we introduce some basic concepts
of the coterie scheme. For details, see [GB8S5].
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Definition: Let U be the set of nodes that compose

the system. A set of groups S is a coterie under U

iff

i. G e Simpliesthat G # ¢, and G c U.

ii. (intersection property) If G, H € S, then G and H
must have at least one common node.

iii.(minimality property) There are no G, H € S
such that G c H.

Definition: Let R, S be coteries under U. R dom-
inates S iff R # S and, for each H € S, there is a
G € R such that G c H.

Definition: A coterie S under U is dominated iff
there is another coterie under U which dominates
S. If there is no such coterie, then S is nondom-

inated (ND).

Theorem 4. (From [GB85]). A coterie, C, is
dominated iff there exists a group, g, such that

a.
b.

g is not a superset of any group in C, and
g intersects with every group in C.

The following two theorems establish a one
to one correspondence between the set of accep-
tance sets and the set of ND coteries.

Theorem 5: Let C be a ND coterie and J(C) = {s:
s o r for some r € C}. Then J(C) is a maximal
acceptance set.

Proof:

The intersection property of J(C) directly follows
from that of C. By Theorem 1, J(C) is an accep-
tance set. To show that J(C) is maximal, consider
a group, g, g ¢ J(C). By construction of J(C), g ¢
C. Further, g is not a superset of any group in C.
Since C is a ND coterie, by Theorem 4, it follows
that

Tttt € C & g Nt = ¢). Since every member of C
is also a member of J(C), it follows that =t(t
J(C) & g nt =¢). Since this is true for any g ¢
J(C), by Theorem 3, J(C) is maximal. [J

Theorem 6. Let M be a maximal acceptance set
and KM) = {c:ce M & Vit cc =t ¢ M)}
Then K(M) is a ND coterie.

Proof:

From the way in which K(M) is constructed, it
follows that K(M) satisfies both intersection pro-
perty and minimality property. Hence, it is a
coterie. We show that K(M) is a ND coterie by



contradiction. Suppose K(M) is dominated. Then,
there exists a group 7, r ¢ K(M), that satisfies pro-
perties () and (b) of Theorem 4. We prove that
such a group does not exist.

Since r is a group, either r € M or r ¢ M.
Suppose, r € M. Since r ¢ K(M), it follows that
there exists a group s such that s cr and s €
K(M). Thus, r does not satisfy property (a). Sup-
pose r € M. Then, there exists a group s such
that s e Mand s n r=¢. Let u be suchthatu c s
and V¢t € u => t ¢ M). From the definition of
KM), u € KM). Since s n r=¢ and u c s, it fol-
lows that u N r=¢. Thus, r does not satisfy pro-
perty (b). Hence, K(M) is a ND coterie. O

It is easy to see that for any maximal acceptance
set, J(K(M)) = M and for any ND coterie C,
KJ@) =C.

6. Determining an optimal acceptance set

We now consider the problem of determin-
ing an optimal acceptance set for a system given
the failure probabilities of its nodes and links. To
do this, we first need to define precisely the
notion of optimality. For a state p € P, we define
T(p) as the probability that p will occur. This can
be computed from node and link probabilities.
Now, for a group g, let F(g) = Y T(p). That is,

g€
F(g) is the probability that g is a group in some
network state. The availability of an acceptance
set is the probability that a distinguished group
exists in the system (in any arbitrary network
state) when that acceptance set is used. Thus, the

availability of an acceptance set S is Y F(g). An
ges

acceptance set is optimal if it has the highest avai-

Iability among all possible acceptance sets for the

system.

We now formulate the problem of determin-
ing an optimal acceptance set as a 0-1 integer
linear programming problem. As we will discuss
later, this optimization approach seems feasible
for up to 10 nodes (i.e., copies).

6.1. Formulation as an integer linear pro-
gramming problem

The constraint part of the formulation
ensures that any solution obtained satisfies the
constraint on acceptance sets. That is, in any net-
work state, at most one group in the state belongs
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to the acceptance set. However, it is not necessary
to consider every state of the system to check if a
set of groups is an acceptance set. It is sufficient
to consider only states in which every node
belongs to some group. (We formally prove this
later). We call such states full-node states. Recall
that, in a state, a node that has failed does not
belong to any group. Thus, a full-node state is a
state in which no node has failed. For example,
for a 3 node system, {{1,2},{3}} is a full-node
state, while {{1},{2}} is not. Thus, a set of
groups S is an acceptance set if, in every full-
node state, at most one group in the state belongs
to S.

We now formulate the optimization problem.
Let the system be composed of n nodes numbered
1 to n. Using the group encoding scheme sug-
gested earlier, every group is assigned a unique
number in the range 1 to 2°-1. We represent an
acceptance set by a kx1 vector of 0’s and 1’s,
where k=2"-1. A 1 in the ith position of this vec-
tor means that the ith group is included in the
acceptance set, and a 0 means that it is not. Let A
denote the optimal acceptance set that we seek to
determine. A full-node state is represented by a
vector of length k, where a 1 in the ith position
means that the ith group is a group in the state,
and a Q0 means that it is not. Let Q be a mxk
matrix, each row of which is a 0-1 vector denot-
ing one possible full-node state, and m is the
number of full-node states. Let E be a 1xk vector
whose jth element denotes the probability that the
Jjth group is a group in some state (not necessarily
a full-node state). Let 1 be mx1 unit vector.
Now, the optimization problem is:

maximize EA subject to the constraint QA < 1.

The meaning of this formulation is fairly obvious.
Note that EA is the availability of the acceptance
set denoted by A. QA gives, for each state, the
number of groups in the state that belong to the
acceptance set denoted by A.

The following theorem tells us that the solu-
tion to the above integer programming problem
gives an optimal acceptance set.

Theorem 7: Let A be a solution to the formulated
integer programming problem. Let M be the
acceptance set denoted by A, i.e., the correspond-
ing set of distinguished groups. Then, M is an
optimal acceptance set.



Proof

We first prove that M is an acceptance set. Let y
be any state. Suppose, y is a full-node state. Let g
be the corresponding row for y in Q. Since A is a
solution, lynMI < 1. Now, suppose y is not a
full-node state. We construct a full-node state y,
as follows. Let g be the set of nodes not included
iny. Lety, =yu{g}. Now, ly;nMI < 1. Since, y
is a subset of y;, it follows that ly~MIl < 1. Hence,
M is an acceptance set.

We now prove that M is optimal. Let M’ be an
acceptance set. Let A’ be the 0-1 vector represen-
tation of M’. Since M’ is an acceptance set, we
have

Vp(p is a full-node state => Ip n M’l < 1). But
this is to say, QA’ < 1. From the optimization
problem formulation, it follows that EA’ < EA.
Thus, the availability of M’ is not greater than
that of M. O

In general, to calculate the vector E, we
need to know the topology of the network and the
failure probability of each node and link. Also, we
have to consider all possible network states. How-
ever, some simplifications are possible. For
instance, the topology may rule out formation of
some groups. Suppose G is the graph that
represents the initial network, i.e., the network in
which all links and nodes are alive. For any group
of nodes, g, the graph of g is defined as the sub-
graph of G with vertex set g. Let j be the encoded
number for g. If the graph of g is not connected,
then j the element of E is 0. Further
simplification is possible if we neglect link
failures. (Of course, the acceptance now obtained
is not really optimal, but will be close to optimal).
If we consider only node failures, then elements
of E can be calculated using a very simple for-
mula as follows. Let g be a group, and let j be its
encoding. For any node i, let p; be the probability
that { is alive. Let V(g) be a set of nodes defined
as V(g) = {rl r ¢ g & r is a neighbour of some
node in g}. If the graph of g is connected, then
e =]Im TT (-p

ieg ieV(g)
Otherwise, ¢; is zero.

Example 3:

Consider a ring network of three nodes,
numbered 1 to 3. For nodes 1,2 and 3, the proba-
bility that each of them does not fail is 0.7,0.8,
and 0.9 respectively. Links do not fail. We wish
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to determine an optimal acceptance set for this
system.

For this system the possible group
{1}, {2}, {3}, {1,2}, {2,3}, {1,3}, {1
We encode each group as follows:
{(1}>1; {2} >2; {1,2} >3; {3} > 4;
(1,3} > 5; {2,3} > 6; {1,2,3} ->T;
There are five full-node states, and they are
ordered as follows:
{{1}{2},{3}}, {{L2}L{3}}, {{1.3}.{2}},
{{2:3},{1}}, {{1.2,3}}
Now, matrix Q has 5 rows and 7 columns. Con-
sider the first row of Q. It corresponds to the
first full-node state. This state is composed of

gronns numbered 1.2 and 4. Thus, the first row

BAVUPD IIUILIUVIVIE Lyl Qi B 220y tAiw AzadE AU Y

of Qis{1101000]. Other rows can be con-
structed in a similar way. The complete matrix Q
is:

are
f\3}

Q:

O OO
OO s O
COO~O
COO
SO=ROO
O OO0
===

Vector E has seven elements (one for each group)
and each element is computed using the formula
given earlier in this section.
= [0.014, 0.024, 0.056, 0.054, 0.126, 0.216, 0.504]
Let A a 0-1 variable column vector of length 7.
Let 1 be the unit vector of length 5. Now, the
optimization problem is:

maximize EA subject to the constraint QA < 1.
The acceptance set corresponding to the solution
vector A is an optimal acceptance set for the sys-
tem.

6.2. The feasibility of this optimization
approach

For a n node system, the length of vector A
is 2" - 1, and this number is also the number of
columns in matrix Q. The number of rows in Q is
the number of full-node states. For a n node sys-
tem, the number of full-node states, N(n), is given
by the following recurrence relation:

N1 =1;
Forn>1,
N@) = N(@-1) + [“‘ ]N(n 2) + [“‘ ]N(n-3)

n—
+o+ |2 ]N(l) +1

In Table 1, we list, for systems consisting
up to 10 nodes, the length of the solution vector
A, and number of rows in matrix Q. (The number
of columns in Q is the same as the length of A.)



The values in the right most column are the max-
imum percentage of non-zero elements in matrix
Q. It can be seen from the table that when » < 6,
the length of A and the size of matrix Q are rela-
tively small. When n = 7 or 8, the length of A is
still moderate, while the number of rows in Q
increases almost quadratically. However, the per-
centage of non-zero elements in Q becomes very
small. All these cases fall into the category of
large scale sparse O - 1 linear programming prob-
lems which can be solved very efficiently by
current techniques [CJP83, JKS8S, Pa79]. When n
= 9 or 10, the size of Q becomes very large.
Since at this time Q also becomes extremely
sparse, these cases can still be handled, probably
less efficiently.

To determine the feasibility of this optimiza-
tion approach, we performed some experiments
using a linear programming package Lindo on a
VAX 11/780. We formulated the optimization
problem for systems containing 5, 6, 7, and 8
nodes. In each case, we tried 5 different sets of
node failure probabilities. Links were assumed to
be perfect. The results are given in Table 2.

The experimental results show that the
optimization approach is quite feasible and attrac-
tive for systems up to 8 nodes. Because of the
limitations of the programming package, we could
not test for systems of 9 and 10 nodes. However,
we believe that they can be handled by other
packages commercially available. The experimen-
tal results do not include the time for creating
matrix Q and vector E. We have already dis-
cussed how calculation of E can be simplified.
Matrix Q can be generated in a straight forward
way. First, enumerate all full-node states and then
create corresponding rows of Q. This is rather
inefficient. In the appendix, we describe an
efficient procedure for constructing Q. It takes
advantage of the group encoding scheme, and
does not explicitly generate full-node states at all.
The only operations involved are arithmetic opera-
tions.

-4

For n 11, the linear programming
approach may not be feasible due to the large
problem size. In this case, we need to use a
heuristic approach to obtain an optimal acceptance
set. We have developed some heuristics. How-
ever, we will not discuss them here, and they are
described elsewhere [TN88].
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7. Conclusion

We presented a new static pessimistic
scheme for maintaining availability and con-
sistency of replicated data in a distributed system.
In this scheme, the set of distinguished groups for
a system, called the acceptance set, is determined
at design time. Each node maintains this set.
When a transaction (commit) is initiated at a
node, the node first determines its reachable set of
nodes. It commits the transaction only if the
enclosing group is a distinguished group contained
in the acceptance set. This scheme is more
powerful than voting and equally powerful as the
coterie scheme. By encoding groups to numbers,
the scheme is implemented efficiently. The check
for distinguished groups reduces to the problem of
searching for a number in a set. The coterie
scheme does not have this merit.

Another merit of the proposed static scheme
is that the problem of determining an optimal
scheme for a system is formulated a O-1 linear
integer programming problem. This optimization
approach seems feasible for up to 10 nodes. We
have experimental evidence that demonstrates that
this approach is very attractive.
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Appendix

rithm for

constructing matrix Q

The algorithm generates Q without explicitly

enumerating all full-node states. Using the group

ARl ARes AR SRS, Sl = Ve

encoding scheme discussed in the paper, the algonthm
generates Q using only arithmetic operations. The
algorithm is based on the idea that full-node states of a
network can be generated in a recursive manner. To
accomplish this, we generalize the notion of full-node
states introduced in the paper to any arbitrary group of
nodes of a network. For any group, g, a full-node state
on g is a set of disjoint subsets of g such that each
node in g appears in some subset.

Suppose, g is a singleton set. Then, the set of
full-node states on g, called, FN(g), is the set {{g}}.
Otherwise, FN(g) can be generated recursively as fol-
lows. Since each node is assigned a unique id, we let
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g= {",L"i,...,«.}, 1IC1C a b) <

Now, let G = {g;,22,....&n}, Where each g; is a subset
of o containing nada 2 Since aach ornnn ie encodad
IR 6 WAL l&llllulé PRV Y AVt ) M ALIWAY WALVEE 6IUUP 4D WwivUUVU
to a number, without loss of generality, let e(g;) <
€(g2) < e(g3) < ... < e(gy), where e(g) is the encoded
number of g, Now, FN(g) can be generated as fol-
lows:

FN(g) = {{&g1} U r:r e FN(g - g;)}

U {{g2} wr:re FN(g - gy}

U {{gs} Ur:re FN(g - g3}

v U {{gn) Urire FN(g - g}
This recursive scheme is based on the fact that any
full-node state on g must contain an enclosing group
of a, and two full-node states are different if the
enclosing group of a is different in both.

Based on this recursive scheme, procedure Con-
struct given below constructs the portion of Q that
corresponds to full-node states for a given group. It
accepts two input parameters, g and p, where g is the
encoded number of a group, and p is a row number.
Given these two, Construct ﬁlls each row of Q, start-

ulg l.lUlll l.llG pl-ll lUV'V' Wll.ll 1 D Lll SULLIC bUlulllllb bubll
that the filled columns of each row denotes a full-node

state on 2, The nrocedure returng a ragnlt narameter, ¢
Suiw &+ AUV PRAVVAVALIT DRAUiD @ Tvouae paianibwd, §,

that gives the number of rows filled, i.e., number of
full-node states on g.

Central to the procedure is a while loop. The jth

itaratinn af tha lann sannotrminta tha nartinn of O that
AWAGLIVIE UL Uiy lWlJ VDU UV Wiv yUll-lUll Vi Y uiai

corresponds to the jth component of FN(g) given
above, ie., { {g} U r: r € FN(g - g) }. During jth
iteration, the variable u contains the encoded value of
g, and w contains the encoded value of g - g;. The
matrix portion for FN(g) is constructed in two steps.
First, the portion corresponding to FN(g - g) is con-
structed using a recursive call. Then, the uth column
of each row filled by the recursive call is set to 1.

In the procedure, we assume a function, fact,
defined as follows. fact(x) gives the largest factor of x
that is a power of 2; e.g., fact(12) = 4, fact(15) =
and fact(24) = 8.

The complete matrix Q is generated by pro-
cedure Generate that calls Construct with g set to
denote the entire network.



procedure Construct(g,p:integer; var c:integer);
/* In the following, q;; denotes the element at the ith row and jth column of Q */
var fxs,t.u,v,w: integer;
begin
ifg=0then c:=1
else
begin
c:=0;
r := fact(g); /* r denotes the group g, described above */
u=r, wi=g-u t:=0
while w 2 0 do
begin
/* generate the matrix for EN(g - g) */
Construct(w,p,s);
/* Set the uth column in rows p to p+s-1to 1 ¥/
fori=ptop+s-ldo gy, :=1;
C:=C+S§, p:=p+s;
if w < 0 then exit loop;
/* The following five statements set u to denote the next
group in G, i.e., g;;. w is set to denote g-g;,; */
f:=fact(w); vi=tmodf, t:=t+f-v; ui=r+l, wi=g-u
end while
end
end Construct;

procedure Generate;
var c: integer;
begin
Construct(2” - 1,1,c); /* n is the number of nodes in the network */
end Generate;

maximum percentage of
# of nodes | length of A | # of rows in Q non- _zero entries in Q
3 7 5 28.5%
4 15 15 20.0%
5 31 52 12.9%
6 63 203 7.9%
7 127 877 4.7%
8 255 4140 2.7%
9 511 21147 1.6%
10 1023 100603 0.9%

Table 1. The optimization problem size for systems of up to 10 nodes

size of system | # of samples tested | machine used | maximum time spent
5 5 Vax11/780 10 seconds
6 5 Vax11/780 30 seconds
7 5 Vax11/780 2 minutes
8 5 Vax11/780 10 minutes

Table 2, Experimental results for systems of 5 to 8 nodes.
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