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Abstract

A number of optimizations have been proposed
for Datalog programs involving a single in-
tensional predicate (“single-IDB programs”)
Examples include the detection of commu-
tatiity and separability ([Naug88],[RSUV8Y],
[Ioan89a]) in hLnear logic programs, and
the detection of ZYT-linearizability ([ZY'T88],
[RSUV89], [Sara89], [Sara90]) in nonhnear
programs We show that the natural gen-
eralizations of the commutativity and ZYT-
linearizabihity problems (respectively, the se-
quencability and base-case hnearizability prob-
lems) are undecidable  Our constructions
mvolve the simulation of context-free gram-
mars using single-IDB programs that have a
bounded number of mmitialisation rules The
constructions may be used to show that con-
tainment (or equivalence) 1s undecidable for
such programs, even if the programs are linear,
or 1if each program contains a single recursive
rule These results tighten those of [Shmu87]
and [Abit89]
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1. Introduction

A deductive database consists of a set of ground
atoms (compnsing the eziensional database or EDB)
and a set of Horn clauses that define relations from the
EDB The relations thus constructed are intensional re-
lations, and occupy the mmtensional database (or IDB)
The predicates that correspond to the EDB are exten-
sional (or EDB) predicates, and those that correspond
to the IDB are intensional (or IDB) predicates We will
1gnore the distinction between relations and predicates,
and assume that no predicate 15 both intensional and
extensional A set of rules 1s termed a program, and we
assume that the rules are safe and function-free (1 we
consider safe, Datalog programs)

The simplest recursive programs are those that
wmvolve a single intensional predicate (“single-IDB
programs”) A vanety of powerful optimizations
([Naug88],[RSUV89],[ZYT88], [Sara89]) may be per-
formed on such programs, often by using proof-iree
transformation technigues ([RSUV89]) We illustrate
two such optimizations in the following examples

Example 1. Consider the following linear logic pro-
gram P

ry p(X,Y) - p(X,B),a(B,Y)

r, p(X,Y) - p(U,V),a(V,Y),bU,X)

by p(X,Y) - cX,)Y

where a, b and ¢ are EDB predicates It turns out that
P 1s equavalent to the following program Q with respect
to the predicate p, that 1s, both programs compute the
same relation for p from every extensional database

r; p(X,Y) - p(X,B),a(B,Y)

51 p(X)Y) - q(X,Y)

ry o(X,Y) - q(U,V),a(V,Y),b(U,X)
s2 q(X,)Y) -—-¢(X,Y),

The latter program can be thought of as representing a
restricted bottom-up evaluation of the former, 1n which
p1s mtialised using the basis rule b;, then closed under
r9, and then closed under »; An alternative description



1s that Q generates those facts that are generated by P,
using derivation trees of the form that 1s suggested 1n
Figure 1 Hence, we say that the program P 1s sequen-
cable Sequencability 1s formally defined 1n section 2

p(X,Y)
0 or more aplphcatlons of ry

p

0 or more applications of r;

p
|

1 apphcatlonl of by
c

Figure 1

The conversion of P into Q@ in this way reduces the
complexity of “counting” methods for query evaluation
(such as that of [BMSUB86]) from exponential to poly-
nomial (see [RSUV89] for a proof) In addition, the
transformation permits of a pipelined evaluation of the
program

Sequencability has only been studied for linear logic
programs, and no decision procedure 1s known even for
such programs The focus has been on conditions that
are sufficient (but not necessary) to detect sequencabil-
ity The most common condition 1s “commutativity”
among the linear rules, this condition may be treated
as the containment of one conjunctive query ([CMT77))
1n another, or as the containment of a conjunctive query
m a logic program ([RSUV89]) It 1s possible to show
that the linear rules r; and r; 1n Example 1 commute
(see [Sara90]), which justifies the transformation of P
to @ Rule commutativity 1s also integral to the “sepa-
rabihity” ([Naug88]) of hinear programs

Example 2. Consider the following nonhnear pro-
gram P, which computes the transitive closure of the
basis predicate b

p(X,Y)
p(X, Y)

- p(X, Z)’p(Z1 Y)
- ¥X,Y)
It 1s a well-known fact that we may replace P by the

following linear logic program @, to obtain an equivalent
program

T1

by

p(X,Y)
P(X’Y)

- b(X,Z),p(Z,Y)
- b(X,Y)

!
T

by

The linear program Q differs from P only in that the
first recursive occurrence of p 1n the body of the recur-
sive rule r; has been replaced by a corresponding occur-
rence of the basis predicate, b The program Q can be
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thought of as representing a restricted top-down evalu-
ation of P, 1n which the first recursive occurrence of p1s
never recursively expanded That 15, Q generates those
facts that would be generated by P, using derivation
trees of the form shown in Figure 2 If P = Q, then we
say that P 1s base-case hinearmzable, a precise definition
of base-case linearizability 1s presented in section 2 O

P
p/\p
]

b P P
| N o
b ~

Figure 2

The advantage in transforming P to Q 1s that it
permits the use of special query evaluators that are
spectfic to linear programs In fact, the use of magic
sets ([BMSU86], [BR87]) to evaluate the query p(a, X)
with respect to P takes quadratic time in the size of
b, however, night-linear evaluation ([Ullm89]) evaluates
the same query, with respect to @, in linear time

Base-case lineanizabihty has only been studied for
programs with a single recursive rule and a single ba-
sis rule, 1n which case 1t 15 called ZYT-hnearizability
([RSUVSY), [ZYT88], [loan89b], [Sara89], [Sarad0]) In
fact, P (1n this example) 1s ZYT-lineanzable [Sara89]
describes the largest class of programs for which ZYT-
lineanizability 1s known to be decidable [RSUVS89]
shows that the decision procedure of [Sara89)] does not
extend naturally, and provides a powerful condition that
1s sufficient (but not necessary) for ZYT-hneanizability
in general [Sara90] contamns further intractability re-
sults

1.1 Motivation

The detection of commutativity, separability and ZYT-
linearizability concerns the detection of equivalence be-
tween safe, Datalog programs which

1 1nvolve a single intensional predicate (p in Ex-
amples 1 and 2), and 1n which

2 the rule heads are rectified (1 e , no variable 1s
repeated m the head of any rule)
As we have discussed, such programs allow of power-
ful optimzations We consider, 1n this paper, the gen-
eral problem of deciding containment (and equivalence)
among such programs, and of decading sequencability or
base-case hineanzability 1n such programs

Shmueh ([Shmu87]) and Abiteboul ([Ab1t89]) present

general results that also yield undecidabihity results for
program equivalence Shmuel considers programs with
a single recursive predicate, however, these programs
have several IDB predicates, and include rules whose



heads are not rectified Head-rectification occasionally
enforces tractability, as in [Sara89] Abiteboul’s result
concerns single-IDB programs with a single recursive
rule, however, those programs have rules that are not
head-rectified, and contain an unbounded number of 1m1-
tialisation rules

We show that containment and equivalence are un-
decidable for safe, single-IDB, Datalog programs with
head-rectified rules and a bounded number of imtialisa-
tion rules, even 1f (a) the programs are hnear, or, (b) if
each program contains a single recursive rule Our con-
struction mvolves the stmulation of context-free gram-
mars by such programs

1.2 Outline

In Section 2, we provide formal definitions of base-case
hneanzabihty and sequencability Section 3 contains a
statement of our results In Section 4, we provide some
prehminary results that will be of use in the results of
the following sections In Section 5, we provide a con-
struction whereby linear context-free grammars may be
stmulated by linear single-IDB programs, and prove the
undeadability of base-case linearizabiity In Section 6,
we show how Chomsky Normal Form grammars may
be simulated by single-IDB programs with a single re-
cursive rule and a bounded number of basis rules, and
prove that sequencabihity 1s undecidable

2. Definitions

In this section, we present formal defimtions of sequen-
cability and base-case lineanizability P 1s assumed to
be a safe, Datalog program, in which the head of ev-
ery rule 1s rectified (1 e, contains no repetitions of any
variable)

Let P consist of the n recursive rules

r p(Xo) - p(Xi), p(Xw.).C
o p(Xo) —p(Xa), p(Xw)C
Tn p(XO) - p(fn1)1 p(fnkn)vcn

and the m nonrecursive rules

b p(Xo) —Di
b] P(X‘O) —D]

bm p()-(‘o)

where the C, and D, are arbitrary conjunctions of EDB
predicates Example 1 exhibits such a program, with
n = 2 and m = 1, and Example 2 contains a program
mwhichn=1land m=1

— D

Base-case linearizability

Let ¢ be a new predicate symbol Construct the
program @, with n+ m + 1 rules {r] | 1 < 2 < n}U
{8, | 1 <1 < m}u{c}, as follows If r, 1s a nonhnear
rule (k, > 1), then replace , by the linear rule
7‘: P(XO) - q(th), ,Q(X’z,,-—l),P(X‘ka),Cx
That 1s, we replace all but the last recursive occurrence
of p1n r, with a corresponding occurrence of ¢ If 7, 1s
linear (k, = 1), then »] 1s the same as r,

’I‘: P(.X-:O) - p(ftl);ct

Next, we introduce the rule ¢, which merely 1mitialises p
to g

- Q(XO)

Finally, each nonrecursive rule b, 1s replaced by the rule

c P(fo)

b, g(Xo) -D,

which imitiahises ¢ using the nonrecursive rules for p We
say that P 1s base-case hnearzable ff P = Q with re-
spect to p The 1dea 1s that @ produces those facts that
would be produced by derivation trees of P in which
only the rightmost occurrence of p 1n any rule 1s ever
recursively expanded (see Figure 2)

In Example 2, the program @ 1s the program

T{L p(X:Y) - q(X,Z),p(Z,Y)
c p(X,Y) —q(X,Y)
b ofX,Y) —b(X,Y)

The intermediate predicate ¢ can, 1n this case, be ehm-
mated to obtain the hnear program in Example 2

Sequencability

Now, let ¢; gn be new and distinct predicate sym-
bols, and construct the program R from program P, as
follows Furst, replace the rule r; by the two rules =]
and s;, where rj 1s the same as r;

r p(Xo) - p(Xu)  p(Xik) G
s1 p(Xo) — q1(Xo)

Next, replace each recursive rule », (z > 1) by the two
rules

- ql—l(ftl)! qz—l(jzk‘):ct

- &(Xo)

7‘{ qt—1()§o)
Sy Q1-—1(-X0)

Finally, replace each nonrecursive rule b, by the rule

b, Qn(fo) - Dt

T



The 1dea 1s that R generates those facts that are pro-
duced by derivation trees of P in which the rule r, 1s
never used to expand a subgoal mtroduced by r,, if
1 < 3 That 1s, R computes those facts which would
be produced by a bottom-up evaluation of P, in which
we 1mtialise p using the b,, and then, 1n sequence, close
under 7,71, ,77 The program P 1s called sequen-
cable 1ff 1t 1s equivalent to R with respect to p
In Example 1, the program R 1s the program

ry p(X,Y) - p(X,B),a(B,Y)

s1 p(X,Y) - aq(X,Y)

. q(X,Y) - q(U,V),a(V,Y),bU,X)
s2 q(X,Y) - gX,Y

b, @(X,Y) -c(X,Y)

which can easily be transformed to the sequenced pro-
gram 1in the example, by composing s, and b}

3. Statement of results.

We state below the main results of this paper In
the following statements, P and @ are safe, Datalog
programs defining a single intensional predicate, using
head-rectified rules

Result 1. P C @ (P = ) 1s undeadable, even 1f
(a) P and Q are hinear, and have no more than five basis
rules, (b) each of P and @ contains only one recursive
rule and nine nonrecursive rules 0O

Result 2. The base-case lineanizabihity of P 1s un-
decidable, even if P contains only one nonlinear rule
)

Result 3. The sequencabihty of P 1s undecidable,
even if P contains only two recursive rules O

4. Background

In this section, we present results that will be of use in
the proofs of the next two sections

4.1 Datalog programs

Our treatment will be concise, for a detailed treatment,
see [Ulm89] Let P and @ be safe, Datalog programs
defining the single intensional predicate p Each top-
down expansion of p, using the rules in P, 1s a con-
junctwe query ((CM77]) For example, the program of
Example 2 generates the conjunctive query shown in
Figure 3
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p(X,Y)
p(X,U) p(Ul, Y)
b(X,U) 5(U,Y)
p(X,Y) = b(X,U),b(U,Y)

Figure 3 Top-down expansions as conjunctive queries

Hence, we may think of a Datalog program as the
infinite union of the conjunctive queries that 1t gener-
ates By a theorem of [SY81], we conclude that P C
Q 1iff for every conjunctive query Cp generated by P,
there 1s a conjunctive query C’Q generated by @ such
that Cp C C Using this result, we may see that
the sequencabihty of P 1n Example 1 means that every
conjunctive query generated by P 1s contained 1n a con-
junctive query of the form that 1s illustrated in Figure 1
Simularly, the base-case hnearizabihity of P in Example
2 may be visualized as the containment of every con-
Junctive query generated by P 1n a conjunctive query of
the form 1illustrated in Figure 2

It 1s known ([CM77]) that for conjunctive queries C
and D, C C D iff there 1s a contammment mapping from
D 1mto C (see [Ullm89] for a description of containment

mappings)

Lemma 1. Let C and D be the conjunctive quernes
c pX) -¢
D p(X) - D, f(Z)

where C and D are conjunctions of EDB predicates, 7
15 a distinguished variable (1e Z appears in b¢ )} and
f(Z) does not appear m C Then C ¢ D

Proof There 1s no containment mapping from D into
Cc a

Let p(X) — C be a (not necessanly safe) conjunc-

tive query (1e, there may be vanables in X that do
not appear among the conjuncts mn C), and let e be a
new, unary predicate Then the notation e(ALL) de-
notes the conjunction of atoms e(A), for every vanable

A that appears among X, or appears as an argument
to one of the conjuncts in ¢ That 1s, the notation
p(X,Y) - b(X,U),e(ALL) denotes the conjunctive
query p(X,Y) - ¥X,U),e(X),e(Y),e(V)

Lemma 2. Let C and D be the conjunctive queries
c p(R)X1Y:W:Z>S1N1, aN‘m) - a’l(X! Ul):
Gz(UhUz), ,a'k(Uk—I)Y)1f(S)af(W)ae(AC‘C)

D p(RaX;Ya W?Z’S)Nll )Nm) - bl(X)VI):
b2(V15V2)1 ,bl(‘/(_l,Y),f(S),f(W),C(AEC)

where the U, and V, are distinct nondistingmished van-
ables (1e they do not appear among the variables in



the head of the query) Then, C C D iff the strings
ajaz ar and byb; b are identical

Proof sketch If the strings are identical, then the iden-
tity mapping on distinguished vamnables, and the map-
ping h(V,) = U,, 1s a containment mapping from D into
C I C C D, then there 1s a

n contammeant mannmingo
vien tnerc is

(<% \aUll\lﬂrllllllCllt ulapyuls
from D into C a stmple induction on [ suffices to com-
plete the proof, using the properties of a containment
mapping O

The conjunction a3 (X,U1)  ax(Uk—1,Y) 15 a binary
chamn from X to Y, embedded 1n C, and representing
the string a3 ax The distinguished vanable R will
be of use 1 the proof of Theorem 3, 1n Section 5

4.2 Context-free grammars

The results of the following sections will be based upon
reductions from undecidable problems in language the-
ory In this subsection, we establish some preliminary
results Our treatment 1s concise, and assumes concepts
that are explained in [HU79]

Lemma 3. Assume X = {a,b} It 1s undecidable, for
an arbitrary context-free grammar (CFG) G over the
alphabet X, whether £* C L(G) Ths result 1s true
even If G 1s linear

Proof Straightforward reductions from the correspond-
ing problems with arbitrary T([HU79])

Corollary 1 For any k > 0, E+ C L(G 1s undecid-
able

Proof We may wnte £* as FUZFELT, where F 1s the
fimite set {eJUZU UZF  Our result follows because
F C L(G) 1s deadable

Corollary 2 T+ C L(G) — {€} 1s undeadable
Proof Since e ¢ &1, Tt C L(G) if &+ C L(G) ~
the former 1s undecidable, by Corollary 1
Corollary 3 £t C L(G) — {€}UZT 1s undecidable
Proof ¥ C L(G) 1s decidable O

{e},

Lemma 4. Let G be a linear CFG over the terminal
alphabet X, such that ¢ ¢ L(G) Then, StL(G) C
ZL(G) 15 undecidable
Proof We claim that &+ C L(G) 1ff

1 ©C L(G) and

2 TTL(G) C £L(G)
Since 11s decidable, our result then follows by Corollary
1 to Lemma 3

Assume that ¥t C L(G) Then, since (by definition)

L(G) C £%, conditions (1) and (2) are trivially true
Now, assume w € ¥t We use 1 and 2 to show that
w € L(G) There are two cases
Casea |w|=1 Then w € X, and our result follows by
(1)
Case b |w| > 1 Then w = sa, for some s € &+ and
a € £ Then, as € T and, by (1), a € L(G) Hence,
asa € ZTL(G), so by (2), sa=w e L(G) O

68

Now, we wntroduce a normal form for linear gram-
mars, by introducing uwnit productions mnto the gram-
mar Let a modified linear grammar over £ = {a1, a2}
be a grammar 1n which
1 There 1s a unit production S — Nj, where S 1s the
start symbol of the grammar and S appeats in no other
production This production 1s the siart production of
the grammar
2 Every other production 1s of the form
a N, — apN,, where a; 1s a termunal and N, 1s a
nonterminal
b N, — N,a;, where a; 1s a terminal and N, 15 a
nonterminal
¢ N, — ap, where a; 1s a terrmnal There are only
two such productions (for ¥ = 1 and ¥ = 2}, and
this case, N, appears on the left-hand side of no other
production
d N, — N,, a umt production
Note that, if we chose N; as the start symbol, the lan-
guage generated would not change

Lemma 5. For every hnear grammar H over & =
{ay,a,}, there 1s a modified hnear grammar G such that
L(G) = L(H) - {¢}

Proof The transformations of [HU79] (Section 4 4)
can be used to construct a hnear grammar I, with no
useless symbols, umit productions or e-productions, for
L(H) — {e} (these transformations are easily seen to
preserve linearity) Assume that A 1s the start sym-
bol of I We construct G from I, as follows Every
production of I 1s of the foorm N — s, N — wMs,
N — wM or N — Ms for nonterminals N and M, and
nonempty termnal strings s and w The ntroduction
of new nonterminals, and the left- or nght-factorning of
these productions, can be used to convert these pro-
ductions 1nto productions of type 2(a) 2(c) m the
definition of modified-linear grammars, without affect-
ing the language recogmzed Then, we introduce new
nonterminals B; and B;, add productions B; — a; and
B, — az, and convert every production N, — a, to the
production N, — B, Finally, we add the production
S — A to complete the transformation O

Finally, we introduce a modification of Chomsky Nor-
mal Form grammars ([HU79]) A Modified Chomsky
Normal Form (MCNF) grammar over the terminal al-
phabet & = {a, b} 15 a grammar with the following prop-
erties
1 The start symbol S appears on the right-hand side
of no production
2 All productions are of the foorm N — ¢, N - M or
N — MK, where c1s a termmnal The first of these 1s
nonrecursive, the others are recursive
3 No nonterminal N appears on the left-hand side of
more than two productions, further, if 1t does appear
1n two productions, then both productions are umt pro-
ductions
Hence, we can classify recursive productions as follows



1 If N—- M and N — K are productions, then these
productions are or-productions

2 N — MK 1s an and-production

3 If N appears only on the left-hand side of the pro-
duction N — M, then this 1s a copy production

Lemma 6. For every grammar H, there 1s an MCNF
grammar G generating L(H) — {¢}UZ

Proof Construct a Chomsky Normal Form grammar
for L(H) — ¢, with start symbol T Add the produc-
tions § - T, T — a and T — b, to obtain a gram-
mar I for L(H) — {¢}UZ Next, introduce the nonter-
minals N, and N, and the productions N, — a and
Ny — b Then, replace every other production of the
form N — ¢, where ¢ 15 a terminal, by the produc-
tion N — N, All productions other than N, — a
and N, — b are now recursive Replace every and-
production N — MK by the two productions N — L
and L — MK, where L 1s a new nonterminal At this
point, the only violations of MCNF are the presence
of nonterminals N such that N — Ry, ,N — R4,
for k > 1, are the productions with N on the left-hand
side Introduce new nontermunals M;, , Mg, then,
add the productions N - M; and My — Rg.,1, finally,
for 2 < 1 < k, replace the production N — R, with the
two productions M,; — R, and M,_, - M, O

5. Linear logic programs.
We begin by proving Result 1(a), repeated below

Result 1a. Let P and @ be linear, head-rectified,
single-IDB programs with at most five immitiahsation
rules Then P C Q 1s undecidable

Corollary P = Q 1s undecidable O

Given a modified hnear grammar G over the terminal
alphabet © = {a1, a2}, we construct linear programs P
and Q such that P C @1ff &+ C L(G) Our result then
follows by Lemma 5 and Corollary 2 to Lemma 3

Let us assume that the nonterminals of the gram-
mar S,Ni, N,,, where S 1s the start symbol of
G  The programs P and Q define the predicate
p, with anty m + 6  The head of each rule 1s
p(R,X,Y,W,Z,5,N;, Nyp), where the varables in
the head are distinct

We will construct P so that the conjunctive quenes
that 1t creates contain binary chains representing the
stings in £t For every a, C ¥, P contains the rules

r. p(R,X,Y,W,Z 8N, ,Nm) —a(X,D),
p(Zl U)Y1W)Z15,Z7 7Z)1f(W))f(S)’e(‘A'££)
b, p(R,X,Y,W,Z,5, N1, ,Nm) - a(X,Y),

F(W), £(S), e(ALL)

The distinguished vanable R 1s relevant only in the
proof of Theorem 3, at the end of this section The
following lemmas are easiy seen to be true of P The
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proofs are inductions on the length of derivations in G,
or the depth of top-down expansions in P

Lemma 7. Let a,,a,, @, € &t Then P
generates a conjunctive query of the following form
(in which repeated conjuncts have been eliminated)
p(R’X)Y) W’ Z’ Sa Nla 1Nm) - au(X;Ul)a

atz(Uh Uz), ’aflk(Uk—l:Y)’ f(S)’ f(W),e(AﬁE) g

Lemma 8. Let C be a conjunctive query generated
by P Then C 1s of the form

p(RaX)Y1W7Z7S)N1v :Nm) - a’l1(X7U1)$
azz(Ul:UZ): sa'tk(Uk—I:Y):f(S);f(W):e(AL‘C)
for some string @,, @, € &t O

Let us now construct @ In the following, the notation
< N, > denotes an m-vector in which the sth compo-
nent 1s W, and all other components are Z Thus, the
notation p(R, X,Y, W, Z,S,< N; >) denotes the atom
p(R, X, Y\W,Z2,5,W,Z, ,Z)

@ has a rule for each productionin G The production
1s one of four types (since G 1s modified-hnear)

Case 1 It 1s the umt production J -—— N, (where J 1s
the start symbol S or a nonterminal N,) We construct
the rule

p(R:XJYJW3ZJs:N1: JNm) -
P(Z, XYW, Z,2,< NJ >))f(J)af(W)1e(A££)

The recursive atom replaces N, by W, and all other
nontermunals by Z Further, f 1s made trueof J (1e, S
or N,) and W If J1s S, then this rule 1s the start rule

Case 2 N, — ay N, We produce the rule

p(R1X’YiW:Z1S3N1) :Nm) - GL(X,U),
p(Z,U,Y,W,Z,Z,< N, >), f(N,), f(W),e(ALL)

Case 3 N, — N,a; We produce the rule

p(R9X1Y:W:Z1S:N11 ’Nm) -
p(Zv X: U, W,Z,Z,< N] >)1ak(U:'Y)1
f(Nt)a f(W)a e(AC‘C)

Case 4 N, — a; We construct the rule

p(R’X; Ya Wa Z: S: Nl)
F(N), f(W),e(ALL)

' Nm)  —a(X, 1),

The intention 1s that these rules mimic denvations in
G, to produce binary chains to represent every string 1n
L(G) The 1dea 1s llustrated i Figure 4 In the figure,
the variable 4 may be a new nondistinguished varnable,
or the distinguished variable X Similarly, B may be a
nondistinguished vanable, or the distinguished vanable
Y U 1s a new nondistinguished variable



However, these rules also may be used to mumuc “lle-
gal” dervations 1 the grammar That 1s, the produc-
tion N, — a; N, cannot be used to expand the nonter-
minal Ny, f N, # N; However, the rule (in Q) that
corresponds to the production N, — ax N, can, i fact,
be used to expand a p-atom resulting from the applica-
tion of the rule for N, — a,N; We detect such illegal
top-down expansions through the use of the conjuncts
f(N,) mn the rules of @ A comjunctive query resulting
from an 1llegal expansion as described above will con-
tamn the atom f(Z), further, if the first rule applied 1s
not the start rule, then the conjunctive query that 1s
generated will contain the conjunct f(N,), for some 2
Hence, for the purpose of the containment P C @, we
may 1gnore these 1llegal top-down expansions 1n Q, since
the only f-atoms generated by P are f(W) and f(S)

(R, X,Y,W,Z,5, N, ,Np)
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N, p(Z:X’YaW:ZaZ1<N1 >),f(S),
N,

1 p(Z,A,B,W,Z,Z,< N, >)

k

W)

ar N, ar(A,U),p(2,U,B,W,2,2,< N, >),

fW), f(W)
Figure 4

More formally, we say that a conjunctive query
generated by Q 1s illegal if 1t contains the conjunct
f(A), where A 1s one of the distingmshed vanables
Z,Ny1, N3, N, Further, let us define legal(Q) to be
the umon of all the conjunctive queries generated by @
that are not 1illegal

Lemma 8. P C Qiff P C legal(Q)

Proof Let C be a conjunctive query generated by P, and
D an illegal conjunctive query generated by @ Then,
D contains, as a conjunct, an atom f(U), where U 1s
one of the distinguished variables Z, Ny, ,N,, By
Lemma 7, f(U) does not appear mn C, hence by Lemma
1,¢D O

Lemma 10. Let a,,a,, a,, € L(G) Then legal(Q)
contains a conjunctive query of the following form (in
which repeated conjuncts have been ehminated)

p(R,X,Y,W,Z,5, N1, ,Nn) - a,(X,U1),

@, (UL Us), sau, (Us1,¥), £(S), F(W), e(ALL)
Proof By mductlon on the size of the sentential forms

mG 0O

Lemma 11. Let C be a conjunctive query 1n legal(Q)
Then C 1s of the form
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p(Ra-X’},;W,Z:S1N1) m) — Oy, ( Ul):
a"l:(le U2)) y Qg (Uk 1y )i (S) f( ) (AL‘C)
for some string a,, a,, € &7

Proof By induction on the depth of the top-down ex-
pansions of @ O

Theorem 1. P C @ 1ff £+ C L(G)

Proof By Lemma 9, 1t suffices to show that P C
legal(Q) 1ff &t C L(G) The “f” direction follows by
Lemmas 8, 10 and 2, and the “only 1f” direction follows
by lemma.s 7,11, 2 and 10 O

Example 3.

and these lemmas. mav be made

Gdala waLOU aRAliliatdy Gy pe i i

example Consider the modified hnear

The construction

1ne constructio 1y

clearer with a

grammar G, a descnbed below
S— A A—aA A—bB
B—b C—a

It 1s easily seen that L(G) 1s a*bb The program P 1s

p(R,X,Y,W,Z,S,A,B,C) —-a,(X,U),
»(2,U,Y,\W,2,5,2,2,Z), f(5), f(W),e(ALL)
p(R,X,Y,W,Z,S,A,B,C) - b(X1U))
»(Z,U,Y,W,2,5,2,2,2), f(S), f(W),e(ALL)
p(R,X,}",W,Z,S,A,B,C) - a,(X,Y),
£(8), f(W),e(ALL)
p(R,X,Y, W,Z,S,A,B,C) - b(X,Y),
f(8), f(W),e(ALL)
and the program Q 1s
p(R,X,Y, W,Z,S,A,B,C) -
p(Z, X, YW, Z2,Z,W,2Z, Z),f(S),f(W),e(Aﬁﬁ)
o(R, X,Y,W,Z,5,4,B,C) —a(X,U),
p(Z,U,Y,W,Z2,Z,W,2,Z), f(A), f(W),e(ALL)
p(R,X,Y, w,Z, S,A,B,C) - b(X, U),
p(Z2,U,Y,W,2,2,Z,W,Z), f(A), f(W),e(ALL)
o(R,X,Y,W,2,5,4,B,C) - bX,Y),
(B) f(W), e(ALL)
p(Ra-X,Y,WaZ)S)A)B;C) _G(Xiy)l

F(C), f(W),e(ALL)

Figure 5 describes the representation of the string bb by
P and Q (where we have 1ignored e(ALL))



p(R,X,Y,W,Z,5,A,B,C)
b(X,U),p(2,U,Y,W,2,8,2,2,2), {(S), f(W)

5(U,Y), £(S), f(W)
Representation of bb by P
p(R,X,Y,W,Z,5A,B,C)

2z, X,Y,W,2,Z, W, Z,Z), f(S), f(W)
b(X, U),P(Z, U,YW,Z,Z,2, W’Z)’f(W)’ f(W)

(U,Y), f(W), f(W)
Representation of bb by Q
Figure 5
However, 1t 15 easily seen that the conjunctive query

p(R,X,Y,W,Z,5,4,B,C) ~
o(X,Y), f(W), £(S), e(ALL)

1s generated by P, but the smallest conjunctive query
generated by @, i which there are no appearances of

f(2), f(A), f(B) or f(C)1s

p(R, X,Y,W,Z,5,A,B) -
b(X,U),b(U,Y), £(5), f(W),e(ALL)

Hence, P ¢ Q, as desired

Finally, we outhine constructions that prove that pro-
gram equivalence 1s undecidable for hnear programs,
and that base-case lineanizability 1s undecidable The
constructions are based on the emulation of ¥* and
L(G) by the programs P and Q, as described above

Theorem 2. Let R and S be hnear, single-IDB pro-
grams Then, R = S 1s undecidable

Proof sketch We construct R and § from P and Q of
the preceding proof, such that R = §1f T+ C L(G)
Let b be the rule

b p(RJXyY1VV:ZaS1N1) :Nm) —f(Z),e(AAC)
Then, R consists of all the rules in P, every rule in @
except for the start rule, and the rule b, as described
above S consists of all the rules 1n @ (including the
start rule), and therule b O

Theorem 3. Let T be a single-IDB program Then,
the base-case linearnizability of 7 1s undecidable
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Proof sketech We construct a nonlinear program T from
the programs P and Q, as described 1n the proof of The-
orem 1 The construction will yield a program that 1s
base-case hneanzable iff T+ L(G) C ZL(G), and our
result follows by Lemma 4 Let B consist of the nonre-
cursive rules
p(R5X1YyW)Z)S>N11 :Nm) —f(A)’e<‘A£‘C)
for A=Z,N;, ,Nn

Then, 7 consists of all the rules in P and B, and all
the rules in @ except the start rule 7 contains one
additional, nonhnear rule n

n p(R:X:YaW7Z’53 N1, vN'm-) -
wZ, X, UW,ZW,Z, , 2),
p(Z,U,Y,W,Z,Z,< N1 >), f(R),e(ALL) O

6 . Single-recursive-rule programs

In this section, we present a construction whereby an
arbitrary Modified Chomsky Normal Form (MCNF)
grammar may be simulated using a head-rectified,
single-IDB program with a single recursive rule and a
bounded number of basis rules The construction may
be used to show that sequencability 1s undecidable, even
for programs with only two recursive rules In addition,
the construction can be used to prove the undecidabil-
1ty of equivalence (or containment) of programs with a
single recursive rule

Let H be an MCNF grammar for the language T+
over the grammar £ = {a, b}, with start symbol Ny and
nonrecursive productions N, — aand N, — b Let I be
an MCNF grammar over ¥, with start symbol N, and
the same nonrecursive productions We assume that
L(I) 1s e-free, and that £ C L(I)

Let S be a new nonterminal Construct G as the
union of H and I, with the additional productions S —
Niand § — Nj, and let S be the start symbol of G It1s
easily seen that G 1s an MCNF grammar for Z+UL(J)

Assume that the nonterminals of G are
S,Ni, ,Npm,N,, Ny, where N1, N3, N, and N, are as
described above We construct two programs P and Q,
such that @ C P, and such that 7 C @ 1ff &+ C L(I)
This construction suffices to prove Result 1(b)

The programs P and Q define the IDB predicate p,
and the head of each rule 1s
p(R,X,Y,W,Z,G,A,B,S,Nl, aNm;NaaNb) We
describe the construction of P, @ 1s then obtained
through a shight modification of P

The variables in the head have the following purposes

1 R 1s a switch that 1s relevant only to the proof that
sequencability 1s undecidable The R-position in the
arguments of each p-atom 1n the body of the recursive
rule will be occupied by the variable Z, described below



2 X and Y are the end-points of binary chains rep-
resenting strings in ¥ and L{G), as n the preceding
section

3 W and Z are guard variables, as in the preceding
section They are used to weed out ilegal conjunctive
queries generated by the programs (1 e, queres repre-
senting impossible derivations 1n the grammar)

4 G 1s a guard position Intuitively, a p-atom may be
legally expanded through the recursive rule if 1ts G-th
argument 1s W, but not if 1ts G-th argument 15 Z

5 A and B are used to allow a choice 1n expanding one
of two or-productions, 1n a manner to be described

6 S,Ni, ,Np, N, Ny represent the corresponding
nonterminals 1n the grammar As in Section 5, the no-
tation < N, > represents an m + 2-vector in which the
indicated component 1s W, and the others are Z

The rules of P and Q are as follows Each rule 1s
made safe through the use of ¢(ALL), as described
Section 5

P and Q have the following basis rules

p(R;‘Xy Y; Waz,G1A;B157N1;
11 a(XaY);f(Na)af(G)
12 b(X,Y),f(Nb),f(G)

;Nma NmNb) =

1 f(2)

u  9(Q)

5 Q(W)

w  f(U),g(U)

7 h(A:B):f(G)

18 h(U,V),h(V, W)
19 h(U, U)

The body of the recursive rule rp for P has the atoms
fW)L,F(G), 9(Z), g(N,), g(Ny) and h(E,F), where
E and F are nondistingmished vanables that appear
nowhere else in the program (except in e(ALL)) It
also has p-atoms for each recursive production in the
grammar, as follows

1 Let J — K be a copy production, and let U; be a new
nondistinguished vanable Then, the recursive rule con-
tains the atom p(Z, X, Y, W, 2,J,U;,U;,Z,< K >)

2 LetJ — K and J — L be a par of or-
productions, and let T;,U; and V; be new nondis-
tinguished vanables  Then, the bedy of rp con-
tamns the atoms p(Z,X,Y ,W,Z,J,T;,U;,Z,< K >)
and p(Z,X,Y,W,2,J,U;,V;,Z,< L>) These two
atoms are known as or-atoms The 1dea 1s that we need
never recursively expand both these p-atoms, since e-
ther one (but not both) may be expanded using imitial-
1sation rule 27

3 Let J — KL be an and-production, and let Ty, Uy
and V; be new nondistinguished vanables rp has the
two p-atoms p(Z, X, Ty, W,Z,J,U;,U;,Z,< K >) and
o(Z,T;,Y ,W,Z2,J,V;,V;,Z,< L>) The 1dea 1s that
both atoms are (recursively) expanded, to create binary
chains from X to Ty, and from Ty to Y
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The recursive rule rom Qs 1dentical to 7p, except
that the p-atom p(Z,X,Y,W,Z,5,Us,Vs,Z,< N >)
(representing the production § — N3) 1s replaced by
the atom p(Z, X,Y,W, Z, S, As, As, Z,< Nz >), where
As 1s a new nondistinguished vanable

For either program, we say that a conjunctive query
generated by the program 1s ullegal1f 1t 1s contained in
one of the imtialisation rules 2; 19, and legal other-
wise Further, we say that a conjunctive query 1s re-
stricted 1f no sibling or-atoms are recursively expanded

Lemma 12. For each of P and Q, every legal con-
Junctive query 1s contained 1n a conjunctive query that
1s both legal and restricted

Proof :dea If two sibling or-atoms are recursively ex-
panded, we may initialise one atom (but not both) using
basis Tule 2 O

For any nonterminal J 1n G, let yield(J) represent all
the strings generated by J (1€, the strings that would
be generated if J were the start symbol of G)

Lemma 13. Let Cp be a restricted legal conjunctive
query generated by P Then the body of Cp consists of
the atoms f(W), f(@),9(Z), g(N,) and g(Ns), atoms of
the form A(U, V) for nondistingmished variables U and
V appeanng nowhere else mn the program, and
1 Exther the atom g(S), or the atom f(S5) and a binary
chain representing a string s € TTUL(I), but not both
2 For 1 <1 < m, ether g(N,), or f(N,) and a bmary
chain representing some string t, € yzeld(N,), but not
both

Further, the converse 1s also true That 1s, given
strings s € StUL(J) and (for 1 < v < m) ¢, € yeld(N,),
P generates all the restricted legal conjunctive queres
that may be obtained by applymg (1) and (2) above

Finally, the two statements above are also true for Q,
except that “CHUL(I)” 1s replaced by “L(I)* O

Theorem 4. Let P and Q be safe, single-IDB pro-
grams with a single recursive rule and nine initialisation
rules Then, the containment or equivalence of such pro-
grams 1s undecidable

Proof sketch By Lemmas 6, 12 and 13, and Corollary
3toLemma3d O

Theorem 5. The sequencability of single-IDB pro-
grams 1s undecidable

Proof Given an MCNF grammar I, we construct a
program R with basis rules 33 29 and two recursive
rules »; and 73, such that r, 1s sequencable under r;
iff S+ C L(I) r;1s obtamed from rQ by deleting the
p-atom corresponding to the production § — N; 7y 1s
obtaimned from rp by deleting the p-atoms correspond-
g to productions S — N; and S — Nj, adding the
atom p(Z,X,Y ,W,Z,S5,Us,Us,Z,< N; >) (where Ug
1s a new vanable), and adding the atom f(R) O



7. Conclusions.

The sumplest recursive programs are those which in-
volve a single intensional predicate (“single-IDB pro-
grams”) Such programs permit of powerful optimza-
tions, including the detection of commutativity and
ZYT-lneanzabiity We show that the natural gener-
alizations of the commutativity and ZYT-hneanzabihty
problems (respectively, the sequencability and base-case
Iineanizabihity problems) are undecidable The tech-
niques developed for these results can also be used to
provide tight undecidability results for program contain-
ment and equivalence
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