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Z n t r o d u c t i o n  

I n  h i s  book (1)  on t h e  r e l a t i o n a l  model  v e r -  
s i o n 2 ,  Codd d e f i n e s  a a - v a l u e d  p r o p o s i t i o n a l  
l o g i c  w i t h  two d i f f e r e n t  v a l u a t i o n s  f o r  m is -  
s i n g  i n f o r m a t i o n ,  a i s s i n g - a n d - a p p l i c a b l e ~  
and m i s s i n g - a n d - i r m p p l i c a b l e .  
The t r u t h  t a b l e s  a r e  t h e  f o l l o w i n g  (+ i s  
d i s j u n c t i o n ,  ~ c o n j u n c t i o n ,  N ( )  n e g a t i o n ) :  

x I N ( x )  x÷y  I t a I f x l y  I t a I f 

* 1  f t l t t t t  t l t a l f  
a I a a I t a a a  a I a a S f  
i l  i i l t a i f  t l i i i f  
f I t f I t a r  f f I f f f f  

The a l g e b r a l z a t l o n  o f  c l a s s i c a l  2 - v a l u e d  
p r o p o s i t i o n a l  l o g i c  d e l i v e r s  Boo lean  A l g e b -  
ras~ wh ich  a r e  complemented d i s t r i b u t i v e  
l a t t i c e s .  The e l g e b r a i z a t i o n  o f  3 - v a l u e d  
p r o p o s i t i o n a l  l o g i c  g i v e s  s t i l l  d i s t r i b u t i v e  
l a t t i c e s  ( b u t  n o t  comp lemen ted ) ,  whereas 
t h e  c o r r e s p o n d i n g  a l g e b r a s  i n  t h e  case o f  
C o d d ' s  a - v a l u e d  p r o p o s i t i o n a l  l o g i c  a r e  n o t  
even l a t t i c e s .  

The pu rpose  o f  t h i s  a r t i c l e  l s  t o  g l v e  a 
r e p r e s e n t a t i o n  theorem f o r  t h e s e  Codd A1- 
gebras~ i n  a n a l o g y  t o  t h e  r e p r e s e n t a t i o n  
theorem f o r  Boo lean  A l g e b r a s ,  wh ich  says  
t h a t  e v e r y  Boo lean  A l g e b r a  i s  a s u b a l g e b r a  
o f  a p r o d u c t  o f  2 °e l emen t  a l g e b r a s .  

I t  i s  assumed t h a t  t h e  r e a d e r  has some e l e -  
men ta r y  know ledge  i n  u n i v e r s a l  a l g e b r a ,  
wh ich  can be o b t a i n e d  f rom any t e x t b o o k  on 
t h e  s u b j e c t ,  f o r  i n s t a n c e  ( 2 ) .  

D e f i n i t i o n s  

We c o n s i d e r  t h e  l anguage  L = { t , a , i , f , N , + , . } ,  
where t h e  ( n o n l o g i c a l )  symbo ls  t , a , i , f  a r e  
c o n s t a n t s ,  and N i s  a u n a r y  o p e r a t i o n  symbol  
and ÷ and m a r e  b i n a r y  o p e r a t i o n  symbo l s .  

L e t  t h e  S l m p l e  Codd A l g e b r a  be (up t o  i s o -  
morph ism)  t h e  a l g e b r a  o f  t h e  l a n g u a g e  L w i t h  
f o u r  e l e m e n t s ,  wh ich  a r e  t h e  i n t e r p r e t a t i o n s  
o f  t h e  cons tan t s  t , a l i , f ,  and w i t h  t h e  o p e r -  
a t i o n s  N,+,N i n t e r p r e t e r  a c c o r d i n g  t o  t h e  
a b o v a m e n t i o n e d  o p e r a t i o n  t a b l e s .  

A Codd A l g e b r a  i s  an a l g e b r a  f o r  t h e  l a n -  
guage L i n  wh ich  t h e  same i d e n t i t i e s  o f  L 
h o l d  t r u e  t h a t  h o l d  t r u e  i n  t h e  S imp le  Codd 
A l g e b r a .  

L e t  V be t h e  f o l l o w i n g  se t  o f  i d e n t i t i e s  o f  
t h e  l a n g u a g e  L: 

t + x = t  t ~ x = x  1 d l  
i + x = x  f U x = f  I d 2  
a÷ f=a  a ! l = i  I d 3  
x+y=y+x  x l y = y ~ x  I d a  
x ÷ ( y + z ) = ( x ÷ y ) ÷ z  X ~ ( y ~ z ) : ( X t y ) K z  I d 5  
X+X= x XmX=X I d 6  
x ÷ ( y ~ z ) = ( x ÷ y ) ~ ( x ÷ z )  I d 7  
N ( t ) = f  N (a )=a  N ( i ) = i  N ( f ) = t  I d 8  
N ( N ( x ) ) = x  I d 9  
N ( x ) + z = N ( x + z ) t z  where z = N ( i N y )  I d l O  
N ( x ~ i ) N i = l  I d l l  
N ( ( N ( ( z + f ) u i ) ÷ f ) N i ) = z  where z = N ( i U x )  I d12  
x = ( N ( N ( x ) N z ) ~ z ) ÷ ( N ( N ( x ) ~ w ) N w )  

where z = N ( i ~ y )  and w = N ( ( z + f ) ~ l )  I d13  
N(N(x)uz)mz=N(N(x÷w)~z)Nz 

where z : N ( i ~ y )  and w = N ( ( z + f ) x i )  Zd l~  
x ~ i = N ( x ~ i ) ~ x  Id15  
x + f = ( ( x + f ) ~ i ) ÷ x  I d l 6  
( N ( ( x # f ) ~ i ) + x ) ~ a = a  Zd l7  
N ( x ÷ f ) ÷ f = N ( x + f )  Xd l8  
x = ( x N a ) ÷ x  I d 1 9  
N ( N ( x ÷ f ) + a ) : ( x + f ) ~ a  I d20  
N ( ( x ÷ f ) u l ) ~ x = x N i  Zd21 

Observe  t h a t  a l l  i d e n t i t i e s  i n  V h o l d  t r u e  
i n  t h e  S imp le  Codd A l g e b r a  (and t h e r e f o r e n  
by d e f i n i t i o n s  i n  a l l  Codd A 1 9 e b r a s ) .  
Note  a l s o  t h a t  De H o r g a n ' s  l a w s ,  t h e  o t h e r  
d i s t r i b u t i v e  l a w ,  and t h e  a b s o r b t i v e  l aws  
do n o t  h o l d  t r u e  i n  Codd A l g e b r a s .  

The r e p r e s e n t a t i o n  theorem 
. . . . . . . . . . . . . . . . . . . . . . . . . .  

Lemmal. 
I f  A i s  a Codd A l g e b r a  and b an e lemen t  f rom 
A w i t h  
h a l = i ,  N ( b ) ~ i = N ( b ) , b < > t  ( u n e q u a l )  and b < > l ,  
and i f  t h e  r e l a t i o n  q i s  d e f i n e d  by 
( x , y )  i n  q i f f  x+b=y+b ,  f o r  x , y  i n  A, 
t hen  q i s  a congruence  r e l a t i o n .  

P r o o f :  
q c l e a r l y  i s  an e q u i v a l e n c e  r e l a t i o n .  
Le t  ( x t y )  i n  q and z i n  k .  From I d T , 4 j 5  f o l -  
l ows  t h a t  (xNz~y~z)  i n  q and (x+z ,y+z)  i n  q .  
Zd9 g i v e s  b = N ( i ~ N ( b ) ) ,  t h e r e f o r e  w i t h  ZdlO 
N ( x ) ÷ b = N ( x + b ) + b ,  t h e r e f o r e  ( N ( x ) , N ( y ) )  i n  q .  

Lamina2. 
Z f  A i s  a Codd A l g e b r a  and b an e lemen t  f rom 
A w i t h  
b~1=1, N ( b ) m i = N ( b ) , b < > t  and b < > i ,  t hen  
t h e r e  a r e  two n o n t r l v i a l  s e p a r a t i n g  con-  
g ruences  q and r on A. 

P r o o f  : 
L e t  c = H ( ( b + f J u i ) .  
Wi th  Zd9 we have b = N ( i ~ N ( b ) ) s  t h e r e f o r e  w i t h  
Z d l l  N ( ( b + f ) ~ i ) ~ i = i ,  wh ich  means c ~ i = i .  Wi th  
1 d 9 , 5 , 6  we g e t  N ( c ) ~ i : N ( c ) .  Zd12 g i v e s  
N ( ( N ( ( b + f ) N 1 ) + f ) ~ i ) : b ,  wh ich  means 
b = N ( ( c + f ) N i ) ,  t h e r e f o r e  c<> t  and c < > i .  
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Now l e t  I x , y )  i n  q l f f  x + b : y + b ,  
and ( x s y )  i n  r i f f  x + c : y + c .  

By Leamal ,  q and r m-e congruences  on A. 
1d2 ,6  g l v e  ( i p b )  i n  q and ( t t c )  i n  r .  X d l , 6  
and b < > t ,  c o t  show t h a t  ( t , b )  i s  n o t  i n  q 
and ( t , c )  i s  n o t  i n r .  So q and r a r e  non-  
t r i v i a l .  
It rema ins  t o  show t h a t  q and r a r e  
s e p a r a t i n g ,  
e . g .  i f  ( x , y )  i n  q and i n  r ,  t hen  x = y .  
Now w i t h  b=N( i~N(b) )m c = N ( ( b + f ) ~ i ) ,  and 
I d 1 3 , 1 4  we have 

x : ( N ( N ( x ) m b ) ~ b ) + ( N ( N ( x ) ~ c ) ~ c ) ,  ( I )  
N ( N ( x ) ~ b ) ~ b = N ( N ( x + c ) ~ b ) ~ b ,  ( I I )  

w l d ,  by  symmet ry ,  
N ( N ( x l ~ c ) ~ c : N ( N ( x ÷ b ) ~ c ) ~ c .  ( I I I )  

So l e t  ( x , y )  be i n  q and i n  r .  
T h l s  means x+b=y+b and x+c=y+c .  From ( I ) ,  
( I Z )  and ( I Z I )  i t  f o l l o ~ s  t h a t  x=y .  

C o r o l l a r y  t o  L i a 2 .  
I f  A i s  m Codd A l g e b r a  and b an e l emen t  f rom 
A w i t h  
b ~ i = l ,  N ( b ) ~ i = N ( b ) , b < > t  and b < > l t  t hen  A i s  
s u b d l n e c t l y  r e d u c i b l e .  

Lemaa3. 
L e t  A be a s u b d i r e c t l y  i r r e d u c i b l e  Codd A l -  
g e b r a .  Then f o r  a l l  x i n  A 
i f  x<> f  t han  x m i : i ,  w ld  [ I )  
i f  x + f < > f  t han  x + f = x .  ( I I )  

P r o o f :  
For  ( I )  l e t  A be any Codd A l g e b r a  and x i n  
A, x < > f ,  and x N l o i .  
Le t  b = N ( x ~ i ) .  
Then b l i = i  by  I d 1 1 ,  and N ( b ) ~ i = N ( b )  by  
I d 9 , 5 , 6 .  By xm i<> i  and Id8  we have b < > i .  We 
a l s o  have b<>t  because o t h e r w i s e ,  by  
I d 9 , 1 5 , 8 , 1 ,  f = x ~ i = N ( x x i ) m x = t X x = × .  
Now ( I )  f o l l o w s  f rom the  C o r a l 1 .  t o  Lemma2. 
For ( I I )  l e t  A be any s u b d i r e c t l y  i r r e d u c i b -  
l e  Codd A l g e b r a  and l e t  x i n  A w l t h  x + f < > f .  
Thens by ( I ) ,  ( x + f ) m i = i ,  t h e r e f o r e ,  by  
I d 1 6 ~ 2 , 4 ,  x + f = f .  

Lemma~. 
Le t  A be a s u b d i r e c t l y  i r r e d u c i b l e  Codd A l -  
g e b r a ,  and x i n  A w i t h  x = x + f .  
Then x = t  o r  x=a o r  x = f .  

P r o o f :  
L e t  t he  Codd A l g e b r a  A be s u b d i r a c t l y  i r r e -  
d u c i b l e ,  and x i n  A w l t h  x < ) t ,  x ( ) f ,  and 
x = x + f .  
Then,  by  Lemma3, x U i = i  and N ( x ) N i = i .  The re -  
f o r e ,  w l t h  I d 1 7 , 8 , 2  we have a=xNa. By I d 1 8 ,  
N ( x ) = N ( x ) + f ,  t h e r e f o r e ,  a n a l o g o u s l y ,  
a = N ( x ) ~ a .  T h e r e f o r e ,  by  I d 1 9 ,  N ( x ) = a ÷ N ( x ) ,  
and ,  by  I d9~20 ,  x = N ( N ( x ) + a ) = N ( N ( x + f ) + a ) =  
= ( x ÷ f ) ~ a = x ~ a = a .  

LemmaS. 
Le t  A be a s u b d i r e c t l y  i r r e d u c i b l e  t o d d  A l -  
g e b r a ,  and x i n  A w l t h  x + f : f .  
Then x = i  o r  x = f .  

P r o o f :  
L e t  t h e  Codd A l g e b r a  A be s u b d i r a c t l y  i r r e -  
d u c i b l e ,  and x i n  A w i t h  x<> f  and x = x + f .  
Then,  by  Lamma3, x ~ i = i ,  t h e r e f o r e ,  by  
I d 2 1 , 2 , 8 , 1 ,  i = x ~ i = N ( ( x + f ) N i ) ~ x = N ( f N i ) x × =  
= N ( f ) X x = t N x = x .  

C o r o l l a r y  t o  L e m a 3 , 4 , S .  
Le t  £ be a s u b < J i r e c t l y  i r r e d u c i b l e  t o d d  A I -  
g e b r a ,  and x i n  A any e l e m e n t .  
Then x = t  o r  x=a o r  x = i  o r  x = f .  

I n  v iew  o f  t h e  E i r k h o f f  theorem on s u b d i r e c t  
r e d u c i b i l i t y ,  t h i s  C o r o l l a r y  amounts t o  t h e  
f o l l o w i n g  r e p r e s e e n t a t i o n  theorem.  

R e p r e s e n t a t i o n  theorem.  
Eve ry  Codd A l g e b r a  i s  i s o m o r p h i c  t o  a sub-  
d i r e c t  p r o d u c t  o f  c o p i e s  o f  t h e  s i m p l e  t o d d  
A19ebra .  

C o r o l l a r y  t o  t he  r e p r e s e n t a t i o n  theorem.  
The i d e n t i t y  s e t  V i s  commplete f o r  Codd A l -  
g e b r a s ,  e . g .  any i d e n t i t y  o f  t h e  language  L 
wh ich  h o l d s  t r u e  i n  a l l  Codd A l g e b r a s ,  can 
be d e r i v e d  f rom t h e  i d e n t i t i e s  o f  V. 

Proof: 
This is a standard argument. One has to ob- 
serve that in the above construction only 
i d e n t i t i e s  o f  V arm used ,  and t h a t  i n  a sub-  
d i r e c t  p r o d u c t  o f  c o p l e s  o f  an a l g e b r a  t h e  
same i d e n t i t i e s  a r e  t r u e  as i n  t h i s  a l g e b r a .  

C o n c l u d i n g  remarks  

1) 

2) 

3) 

It i s  an a lmos t  t r i v i a l  e x e r c i s e  t o  w r i t e  
down a se t  Q o f  Horn f o r m u l a s  such t h a t  
t he  v a r i e t y  o f  t h e  Codd A l g e b r a s  d e f i n e d  
by V l s  a l s o  t h e  q u a s i v a r i e t y  d e f i n e d  by 
Q. 
H i n t :  C o n s i d e r  t h e  d e f i n a b l e  f u n c t i o n  
K ( x ) = N ( ( x + f ) ~ i ) .  Then A i s  i r r e d u c i b l e  
l f f  f o r  a l l  x i n  A, K ( x ) = t  o r  K ( K ( x ) ) = t .  

Wi th  t he  r e s u l t s  o f  (3 )  i t  Js a l s o  an 
easy  a x e r c l s e  t o  show t h a t  t he  e l e m e n t a r y  
f i r s t  o r d e r  t h e o r y  o f  t o d d  A l g e b r a s  i s  
d e c i d a b l e .  
H i n t :  Whereas IIV ( t h e  a l g e b r a i z a t l o n  o f  
many -va lued  L u k a s i e w l c z  p r o p o s i t i o n a l  
l o g i c )  i s  u n d e c i d a b l e ,  f i n i t e  o r d e r  HV 
( i n  (3)  $ 2 ~ $ 3 , S ~ , . . )  i s  d e c i d a b l e .  F ind  a 
f a i t h f u l  i n t e r p r e t a t i o n  o f  V i n  an e x -  
t e n s i o n  by d e f i n i t i o n s  o f  Sq (use t h e  
r e p r e s e n t a t i o n  t h e o r e m s ) .  

I n  v law  o f  p o s s i b l e  s t r u c t u r e s  o f  o p t i -  
m i z e r s  f o r  r e l a t i o n a l  q u e r y  l anguages  i t  
w o u l d  be  i n t e r e s t i n g  t o  h a v e  a g o o d  t h e o -  
r y  o f  normal  forms f o r  t e r n s  i n  Codd A l -  
geb ras  ( bu t  i t  m l g h t  be p o s s i b l e  t h a t  
~l'~ro a r e  no " e s t h e t i c "  no rma l  f o r m s ) .  
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