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Abstract

The previous approaches of extending logic programming
for handling complex objects introduced new LP notions
but without changing the underlying set manipulations, As
aresult, they were insufficient for handling nested relations
and could not consistently maintain the canonical seman-
tics of logic programming. In order to remedy this problem
we propose to develop algebraic tools at set manipulation
level, such as partial inclusion and ungrouping, for provid-
ing a canonical formal framework of nested relation based
knowledge representation.

1. Introduction

Knowledge representation admits not only declarative
semantics, but also imperative semantics. Nested relation based
knowledge representation should provide not only the means of
specifying relevant facts, but also the means of generating and
reconstructing nested relations. Unlike manipulating normalized
relations where a set of standard relational operations are avail-
able, manipulating nested relations with few standard operations
such as intersection-join is far more restricted. Instead rule-based
inference potentially can provide richer expressive power than
nested relation algebra in knowledge representation.

Furthermore, any knowledge representation formalism
should be based on a consistent semantics framework. The foun-
dation of PROLOG based knowledge representation is Logic Pro-
gramming (LP) theory based on First-Order Logic(FOL)
[LLO83], which can be used to deal with deductive databases
[GALS84] [REI84], but has many limitations in handling complex
structures. In order to support complex object reasoning many LP
extentions have been proposed [ZANS85] [BEE86] [TSUS86]
[KUP87] [GARS87] [MAI86] [CHENR6] [APT86] [HULLS9]
[ABI89] [TAKES9] [KAMS89]. However, they could not well
meet the following key requirements for nested relation reason-
ing.
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a) dealing with hierarchically nested tuples and relations (sets of
tuples),

b) allowing nested relations to be unnested and uniformly
handled at any level of their configuration hierarchies, and

¢) handling named attributes to relax the constraint of fixed
position of arguments in LP systems.

The intuitive reason causing the above limitations is
that these systems generally treat complex objects as nested func-
tion terms to preserve the traditional FOL framework, and there-
fore fail to provide a unified framework for manipulating nested
relations at arbitrary levels. Under such a philosophy, the top-
level relations are treated as predicates which can be included in
the Herbrand base and interpretations of logic programs, but the
nested ones are treated as function terms, which cannot stand
alone in program interpretations [TSU86]. This problem restricts
the deductive retrieval at arbitrary levels of the nested relation.
As a result many of the above systems cannot fully support mutu-
ally nested tuples and sets. For example, LPS [KUP87] is limited
to one level set, [ZAN8S5] allows only nested tuples rather than
nested sets. LDL1 [BEES86] allows nested sets but it does not al-
Jow the set elements to be tuples.

The more fundamental reason causing the above limita-
tions is that the previous LP extentions still have their notions set
on single-level setwise manipulations. As indicated by [TSUS6]
[ABI89], the inadequacy of applying such manipulations to nest-
ed structures may cause the inconsistency of some basic LP
theorems. For example, as pointed out in [BEE86], with complex
structures, some logic programs have no model; when a program
does have a model, it does not necessarily have a unique least
model; and that the intersection of models may not be a model.
These facts imply the mismatch between the conventional set
theory and LP notions involving hierarchical structures.

We shall introduce a two level view to LP model theory
: at the higher level the basic LP notions are described, at the
lower level the fundamental set operations are provided to under-
lie LP notions at the higher level. Accordingly we can call that
higher level as the LP theory level, and the lower level as the set
theory level. To develop extended LP systems for supporting
nested relations, both levels are concerned.

The previous LP extentions introduced new LP notions
to the LP theory level without changing the fundamental notions
used in the set theory level. Since many notions in LP model
theory are based on single-level setwise manipulations, and
single-level setwise manipulations are incapable of dealing with
structures, in applying them directly to nested relations two prob-
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lems may arise : first, the system does not have full expressive
power for handling mutually nested tuples and sets and for deal-
ing with nesting/unnesting; second, the system is not canonical
since certain typical LP theorems such as the uniqueness of least
model, do not hold.

In contradistinction to the above we propose to extend
the fundamental notions at set theory level to underlie the no-
tions at LP theory level. The framework built in this way meets
the key requirements mentioned above, is rather canonical in
maintaining the major LP notions, and suitable for handling nest-
ed relations. For instance, we still preserve the existence and
uniqueness of least model of a LP program for handling nested re-
lations, but our model comparison is based on a newly extended
notion of set inclusion. Other typical LP notions are also main-
tained but based on extended set manipulation notions. Such a
treatment also makes the proposed framework compatible with
first order LP as it covers the latter as its special case. In addition,
the proposed approach enable us to handle named attributes to re-
lax the constraint on fixed position of arguments in LP formulas.

This work extends our previous research shown in
[CHENB88] and [KAMS89]. We shall describe our framework in
terms of the LP language with high-order constructs named
HILOG-R, which is extended from HILOG presented in
[CHENS89]. The rest of this paper describes how to represent
nested relations and their manipulations in terms of logic formu-
las and rules, followed by the semantic framework underlying the
proposed nested relation based knowledge representation.

2. Nested Relation based Knowledge Representation

Our first step consists in turning nested relations to log-
ic formulas with high-order constructs. Symbols utilized in our
framework include constants, variables, types, attribute names,
Sillers, logical connectives and comparison operators. We identi-
fy two basic kinds of structure types : the tuple-type with a list of
attribute types, and the sef-type with a unique member type. They
may be mutually nested to form more complex types. To be clear
throughout this paper set-types are denoted by capital symbols.
The existence of a set of atomic types and the existence of an
infinite set of variables for each type are assumed, the fixed-
position constraint of attributes is relaxed, and specifying an attri-
bute and a type by the same name is allowed. Types are defined as
follows.

[Type] Types are defined recursively by the following :
a) An atomic type.
b) A tuple-type p(s1:P 15+.-s S \Pn) Where py,..., p, are types and

S1y... S are attribute names, which can be abbreviated as p.
c) A set-type R{p} where p is a type, which can be abbreviated
as R.

For example, a tuple type prof with an attribute of set-type, is
specified as
prof(name:name, fields:SUBJECTS {subject}).

A nested relation schema PROFS is specified by the following
type :

PROFS{ prof(name:name, fields:SUBJECTS (subject})}.

A type project representing a M:N relationship is specified by the
following, where each project involves multiple professors and
students.

project( title:contract#,
researchers:PROFS(
prof(name:name, fields:SUBJECTS (subject})},
assistants:STUDENTS {
student(name:name, major:subject)}).

The instances and variables of types are expressed by terms as
defined below.

[Term] The set of terms of type p, T(p), is defined recursively by
the following :

a) For a constant value ¢ of atomic type p, ¢ € T(p).
b) For a variable v of type p, v € T(p).
¢) For a tuple-type p(s1:P1,-+8x:Pn), Vi€ {1,.n} t; € T(p:)
— p(s1it1,.., Snitn) € T(p) (tuple-term).
d) For a set-type R{p}, Vie {1,..n} &; € T(p)
— R{t1,..tn} € TRR) (set-term).
The special notation R{x}, where x is a variable or a term
containing variables, denotes a set-term of arbitrary cardinality.

For example, an instance of the type project shown above is ex-
pressed as :

project( title:IBM89,
researchers:PROFS{
prof(name:Smith, fields:SUBJECTS (AL, KB}),
prof(name:Parker, fields:SUBJECTS{DB, KB})},
assistants:STUDENTS (
student(s#:s102, name:Linda, major:DB)}).

A ground term is one that is free of variables. Two
ground terms ¢, and ¢, are equal, denoted as ¢; = t,, iff they are
the same atomic value, or they are set-terms with the same set-
type and pairwise equal elements, or they are tuple-terms with the
same tuple-type and equal elements filling each attribute.

Strong typing and Unique Name Assumption (UNA) on
types are two key syntactical constraints on terms. By strong typ-
ing we mean that a tuple-term or a set-term must be tagged expli-
citly with a type symbol such as p(s:t) or R{t}. On the contrary,
terms like {{a,b}} and R{{a,b}} are illegal since they are not
strongly typed, p(s:p(si:a, s2:b)) is illegal since it violates UNA
on types. In fact, these constraints emphasize the context of ob-
ject modeling, which are not unnatural for relational databases
since a tuple must belong to a particular relation, and all the hor-
izontal fragments of a relation logically belong to the relation.
Under these constraints, all the subsets of a same type can be
grouped together and thus two sets SUBJECTS{AI, DB, KB}
and SUBJECTS{OS, PL} are viewed as parts of the set of type
SUBJECTS. From this sense, SUBJECTS{x} can be substituted
by the instance set of type SUBJECTS of arbitrary cardinality,
and SUBJECTS{t}, where t is a non-variable term, can be inter-
preted as "t is a member of the set of type SUBJECTS ".
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In order to link our framework to logic it is necessary to
introduce the notion of formula, We shall define a fop-lével struc-
ture, namely, top-level set-term or tuple-term, or a comparison
operator with arguments, as an atomic formula, or simply an
atom. Such a treatment follows two considerations : to deal with a
nested relation as a hierarchically structured and integrated object,
and to allow a relation (possibly nested) which is a part of one or
more other nested relations to be handled individually. The con-
junction of two formulas is also a formula. With the notion of
formula, we can syntactically define a HILOG-R rule as head ¢«
body, where the body is a formula and the head is a positive
atomic formula. A fact is a ground rule without a body, denoted
as head« (or simply as head). A HILOG-R program is a finite
set of valid rules. A query is a rule without a head denoted as
?body. These notions provide us the means of manipulating nest-
ed relations, representing knowledge associated with nested rela-
tions, and deriving new knowledge from the existing knowledge.

Some HILOG-R example programs are given below
showing the reasoning with nested relations which essentially
consists in the reconstruction of new nested relations from exist-
ing ones. In order to demonstrate this point we shall use HILOG-
R logic programs to realize three kinds of join operations, namely,
the 1-1 join where both join attributes are of atomic types, the 1-N
join where one join attribute is of atomic type and the other is of
set type, the M-N join where both join attributes are of set types.
In the figures illustrating these examples, a set type is depicted by
an elliptic symbol with a unique member type, and a tuple type is
depicted by a rectangular symbol with several attribute types.

An HILOG-R Program for 1-1 Join

As shown in Figure 1, this program is based on the rela-
tion schemes

PROFS{prof(name:name, fields:SUBJECTS { subject})} and
ASSIGNMENTS { assignment(name:name,
projects:CONTRACTS{contract})}

to generate the nested relation PROFS_PROJECT with the fol-
lowing scheme

PROFS_PROJECT (prof_project(name:name,
fields:SUBJECTS {subject}, projects:CONTRACTS{ contract})}.

It is the rule-based representation of join on attributes name of

atomic type in both relations.
{ **kpplekrx (Program P)

PROFS_PROJECT{prof_project(name:x, fields:SUBJECTS {y},
projects:CONTRACTS(z})} «

PROFS {prof(name:x, fields:SUBJECTS{y})} &
ASSIGNMENTS {assignment(rame:x, projects:CONTRACTS{z})}.

**+*facts (nested relations)***

PROFS{
prof(name:Parker, fields:SUBJECTS (DB, KB}),
prof(name:Smith, fields:SUBJECTS {Al, KB})}.

ASSIGNMENTS({
assignment(name:Smith, projects: CONTRACTS (IBM89, NEC90}),
assignment(rame:Parker,projects: CONTRACTS {NASA90,IBM89}),
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assignment(name:John, projects:CONTRACTS{NEC90})}.
}

As a result of executing P; the following nested relation is
derived.

PROFS_PROJECT{
prof_project(name:Parker, fields:SUBJECTS {DB, KB},
projects:CONTRACTS{NASA90, IBM89)),
prof_project(name:Smith, fields:SUBJECTS {AI, KB},
projects;:CONTRACTS{IBM89, NEC90})}.

RROFS_PROJECD

PROFS_PMJECT PROFS ASSIGNMENTS
name frelds | projects name Srelds name | projects
Parker bs NASAg0 DB Parker | NASA90
KB 1BMBY - Parker K8 IBM89
Smith Al 1BM89 )
K8 | NECSO Smith AL Smin
John NECS0

Figure 1: An 1-1 Join Example

An HILOG-R Program for 1-N Join

As shown in Figure 2, this program is based on the rela-
tion schemes

PROFS{ prof(name:name, fields:SUBJECTS{subject})} and
GROUPS{ group(project:contract, namelist: NAMES {name}))

to derive the nested relation PROF_GROUPS with the following
scheme for obtaining information about professors participating
each group.

PROF_GROUPS{prof_group(project:contract, members:PROFS{
prof(name:name, fields:SUBJECTS {subject})})}.

It is the rule-based representation of join on attribute name of
atomic type in relation PROF and attribute namelist of set type in
relation GROUP.

[ kkpylekx (Program P 5)

PROF_GROUPS {prof_group(project:z, members:PROFS{
prof(name:x, fields:SUBJECTS{y})})} «

PROFS {prof(name:x, fields:SUBJECTS {y})} &

GROUPS{group(project:z, namelist NAMES {x})}.

***facts (nested relations)***

PROFS{
prof(name:Parker, fields:SUBJECTS{DB, KB}),
prof(name:Smith, fields:SUBJECTS{ AL KB})}.



GROUPS{
group(project:NEC90, namelist: NAMES { Smith, John, Won}),
group(projectIBM89, namelist: NAMES {Smith, Parker, Linda}),

group(project:NASA90Q, namelist: NAMES { Parker, Lee})}.
}

The fact (relation) listed below can be derived from this program :

PROF_GROUPS{

prof_group(project: NEC90, members:PROFS{
prof(name:Smith, fields:SUBJECTS{ AL, KB})}),

prof_group(project:IBM89, members: PROFS{
prof(name:Smith, fields:SUBJECTS{ AL KB}),
prof(name:Parker, fields: SUBJECTS {DB, KB})}),

prof_group(project:NASA90, members:PROFS{
prof(name:Parker, fields: SUBJECTS{DB, KB})})}.

PROF_GROUPS

PRO¥_GROUPS

PROTS GROUPS
members name fields namehst | project
project name [fields DB S
te Parker mith
KB John NEC90
NEC90 Smith QIB Won
Al
st KB Smt | 1smee
1BM89 Parker | DB Free’
K8 —atiffnnsmimans
Parker NASAS0
Smith Al
KB Lee
NASA90 Parker DB
k8 Figure 2 : An 1-N Join Example

An HILOG-R Program for M-N Join

As shown in Figure 3, this program is based on the rela-
tion schemes

GROUPS{group(project:contract, namelist NAMES {name})} and
DIVISIONS{division(fie/d:subject, persons:NAMES{name})}

to reconstruct the nested relation CO_WORKERS with the fol-
lowing scheme which is used to represent persons on the same
subject and in the same group :

CO_WORKERS{co_workers(persons:NAMES{name},
field:subject, project:contract).

It is the rule-based representation of join on attribute namelist of
set type in both relations.
[ ***rulex* (Program P3)

CO_WORKERS{co_workers(persons:NAMES{x}, field:y, project:z)}

< GROUPS{group(project.z, namelist NAMES{x})} &
DIVISIONS {division (field:y, persons:NAMES{x})}.
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DIVISIONS({
division(field:DB, persons:NAMES {Parker, Linda, Lee}),
division(field:KB, persons:NAMES { Parker, Smith, John}),
division(field:Al, persons:NAMES {Smith, Won})}.

GROUPS{
group(project:NEC90, namelist: NAMES{Smith, John, Won}),
group(project IBM89, namelist: NAMES { Smith, Parker, Linda}),
group(project:NASA90, namelist: NAMES(Parker, Lee})}.
}

The fact (relation) listed below can be derived from this program :

CO_WORKERS{
co_workers(persons:NAMES(Parker, Linda},
field:DB, project.IBM89),
co_workers(persons:NAMES{Parker, Lee},
field:DB, project:NASA90),
co_workers(persons:NAMES{Smith, Parker},
Jield:KB, project:IBM89),
co_workers(persons:NAMES{ Smith, John},
field: KB, project:NEC90),
co_workers(persons:NAMES { Parker},
field: XB, project:NASA90),
co_workers(persons:NAMES{Smith},
freld:Al, project:IBM89),
co_workers(persons:NAMES{Smith, Won},
field:Al, project:NEC90)}.

DIVISIONS

CO_WORKERS GROUPS
namehst | peid | project namehst | project namehst | fieid
Parker o) 1BM89 .?o"r'.'rl.h NECQ0 E‘:.'é:’ oB
Linda John Linc
Paker | s | nasa smin " iaeo Parer | Ko
B ks | mwso Lnda John
Parker Eggte' NASAZO amm N
Smilth KB NECSD on
John
Parker K8 NASAQ0
Smith Al 1BMB9
W N Neex Figure 3 : An M-N Join Example

3. Semantics of Nested Relation Reasoning

As proposed in section 1, we shall develop extended
algebraic tools at set manipulation level to reformulate LP notions
for underlying the semantics of nested relation reasoning. We
shall extend the following LP notions : Herbrand interpretation,
satisfaction and model, model comparison, model intersection
property, and least fixpoint characteristics. In first-order LP, the
typical algebraic operations involved in the above notions are set
manipulations, such as membership (in depicting logic satisfac-



tion), containment (in model comparison), intersection (in model
intersection), union (in least fixpoint computation) and so on.
Since FOL is a symbolic framework without notions about struc-
tures, its set operations are single-leveled. This can be considered
as the reason causing the weakness of conventional LP systems in
handling complex objects.

The mismatch of the conventional LP model theory
based on setwise manipulations and the HILOG-R semantics can
be illustrated by the following examples. For simplicity the exten-
tion of usual set operations to typed sets is assumed. We decom-
pose the fact

PROFS{
prof(name:Parker, fields: SUBJECTS {DB, KB}),
prof(name:Smith, fields:SUBJECTS{AL KB})].

into the following four individual first-order LP formulas :

prof(name:Parker, fields:DB).
prof(name:Parker, fields:KB).
prof(name:Smith, fields:Al).

prof(name:Smith, fields:KB).

Then assuming /o as a first-order LP interpretation containing as
its set members the above four formulas, we have

prof(name:Parker, fields:DB) € o,

and so on. Since in the conventional first-order LP the satisfaction
of an atom F by an (Herbrand) interpretation I is defined as Fe I,
we have

1 1= prof(name:Parker, fields:DB),

and so on. Then the individual constants DB, KB, AI are the
answer to the query "What are the fields of Parker and Smith ?".

However, in the original HILOG-R formula given
above the facts described by these four formulas are expressed to-
gether in a nested fashion. In this case if an interpretation I con-
tains the above HILOG-R formula, under the conventional first-
order LP notion of satisfaction, the HILOG-R formulas

prof(name:Parker, fields:SUBJECTS {DB, KB}) or
SUBJECTS{AIL KB}

may not be interpreted by I, since under the traditional set
membership notion € they may not be members of I.

Furthermore, under the UNA on types, it is assumed
that the satisfaction of SUBJECTS{AI, KB} by an interpretation
should imply the satisfaction of SUBJECTS{KB} and
SUBJECTS{AI} by that interpretation. This point is also not
captured by the conventional first-order LP model theory.

Another example showing the above mismatch con-
cerns with the LP notion of model comparison and model inter-
section. In the conventional first-order LP, for a program, a model
M is said to be smaller than a model N iff M ¢ N, and the inter-
section of models is a model. Suppose we have a program

P4 = { ISSUES{x} < seminar(title:x), seminar(zitle:KB)).
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Under UNA on types

M = [ ISSUES{KB}, seminar(zitle:KB) },
M, = { ISSUES{KB, DB}, seminar(zitle:KB) } and
M = { ISSUES KB, AI}, seminar(title:KB) }

are models of P. Further, M has the least redundancy. However,
based on the conventional first-order LP notions, there is no way
to compare them with each other and the intersection of M and
M is not a model.

These examples show that the mismatch between the
conventional LP theory and the semantics of nested relation rea-
soning essentially consists in the inadequacy of the algebraic
tools used in underlying the theory, namely, single-level set
membership, containment and other setwise manipulations. To
develop HILOG-R semantics, it is necessary to introduce addi-
tional mathematical tools, particularly in the area of extended no-
tions on set membership (e.g. for checking whether a HILOG-R
atom is included in an interpretation), containment (e.g. for model
reduction and comparison) and the corresponding set manipula-
tions. These requirements constitute the background of the fol-
lowing formal discussions.

We plan to discuss two kinds of algebraic properties re-
lating to the model theory of nested relation reasoning. First, we
shall study the structural relationships between HILOG-R terms
which is based on the notion of partial inclusion. Second, we
shall develop the notion of ungrouping to allow various structur-
al relationships between HILOG-R terms or sets of formulas to be
handed under the unique notion of partial inclusion. Since an in-
terpretation of a program is just a set of formulas, and most LP
notions about model theory relate to certain set inclusion relation-
ships, the above notions provide algebraic tools for extending LP
model theory for handling nested relations.

Before formally introducing those algebraic notions we
shall first extend the notion of the base of a program. For a
HILOG-R program P, the universe U is formed from all the
ground terms appearing in P, the base Bp is the set of all ground
atoms which can be formed by the type symbols appearing in P
with the ground terms in U, and the interpretation1 is a finite sub-
set of Bp. This extention causes the following basic difference
between HILOG-R and first-order LP. In a FOL language such as
DATALOG, atoms and terms are structurally distinct since an
atom is preceded by a predicate symbol while a term is not. Furth-
er, nested predicates are not allowed. The nested constructs may
only be considered as function terms which do not appear as indi-
vidual atoms in interpretations. However, in HILOG-R, both
atoms and tuple/set-terms are explicitly typed and preceded by
type symbols and a HILOG-R tuple-term or set-term can be either
contained in other atoms or as a top-level atom itself.

3.1 Partial Inclusion

First we shall focus to a typical relationship between
terms: the part-ierm relationship. Then based on the part-term re-
lationship, the notions of partial-membership and partial-
containment can be introduced, where the lattice property of
partial-containment allows us to further induce the operations of
partial-union and partial-intersection. We generally call these no-
tions as partial inclusion notions.



[part-term] A term t is the part-term of a term t’, denoted as
t<:t', is defined recursively as follows :

a) For each term t, t <: t.

b) For a tuple-term t = p(s1it1,0.nSnitn ), Vie {1,...n} ; <i 1.
c) For asettermt =R{¢,,.... £, },Vie {1,..n} f; <t
d)t1<:t5 and £,<: 83 > 1) <: £3.

For example,
SUBJECTS{DB, KB} <:
prof(name:Parker, fields:SUBJECTS {DB, KB}).

The above definition also applies to atoms which are the
top-level terms. With the part-term concept, the special notions
called set partial-membership €: and partial-containment C: can
be defined as follows.

[partial-membership €: and partial-containment c:)]

a) Let b be an atom and A be a set of atoms,be: A
iff(Jae A)b<:a.

b) Let A and B be two sets of HILOG-R atoms, B <: A
iff (vbe B)be: A,

For example,
SUBJECTS{DB, KB} €:
{prof(name:Parker, fields:SUBJECTS{DB, KB}),
prof(name:Smith, fields:SUBJECTS{AJ, KB})}.

{SUBJECTS{DB,KB}] c:
{ prof(name:Parker, fields:SUBJECTS DB, KB}),
prof(name:Smith, fields:SUBJECTS{ AL KB})}.

In order to show that c: underlies a lattice, as  does, it
is necessary to introduce the notion of p-reduction. A set of
atoms with none of its elements a part-term of another is called a
p-reduced set. If a set is not p-reduced, we say that it contains
part-term redundancy which destroys the antisymmetry property
of <: over the set of HILOG-R atoms sets. For example, consider
two sets

A = { MEETING {seminar(title:KB), seminar(title: AT)},
seminar(title:XB) }.
B = { MEETING {seminar(title:KB), seminar(title:Al)} }.

Set A contains part-term redundancy since

seminar(title:.KB) <:
MEETING (seminar(¢it/e:KB), seminar(title:Al)}.

As aresult, both A ¢: B and B <: A hold but A # B. The part-
term redundancy in a set of atomic formulas can be filtered out by
dropping those elements that are part-terms of others. The func-
tion of p-reduction € can be described by the following :

eSo{xlxeSANMVye Sxry—-—-x<y]}

Based on the set of p-reduced sets of atoms, it can be
proved that the C: relationship is reflexive, transitive, and also an-
tisymmetric. Furthermore we can show that the set of p-reduced
sets of atoms form a partial order lattice under the : relation-
ship.

333

The least upper bound (lub) and the greatest lower
bound (glb) of the two p-reduced sets of atoms are referred to as
their partial-union and partial-intersection respectively. For exam-
ple, given

S1 = {MEETING (seminar(title:KB), seminar(title:AT)},
tutorial(title:KB) } and
S2 = { seminar(title:KB), tutorial(title:KB), tutorial(title:Al) },

we have

S1u: 82 = MEETING {seminar(title:KB), seminar(title: A},
tutorial(zitle:KB), tutorial(title:AT) }.
S1mM:S2= {seminar(title:KB), tutorial(title:KB) }.

There are also other structural relationships between
HILOG-R terms which cannot be directly described by the partial
inclusion notions, such as the relationship between formulas

prof(name:Smith, fields:SUBJECTS ( AT}) and
prof(name:Smith, fields:SUBJECTS{AI KB}),

the relationship between formulas

SUBJECTS{DB} and
research(division:info_sys, fields:SUBJECTS{DB, KB}),

or the relationship between sets of formulas

{prof(name:Smith, fields:SUBJECTS{AI})} and
{prof(name:Smith, fields:SUBJECTS{AI, KB})}.

As it is unreasonable to handle atoms or interpretations
based on multiple relationships, we shall introduce appropriate
mappings to convert atoms and sets of atoms into a form that can
be compared based on the unique partial inclusion relationships.
In the next section, we shall discuss the mechanism used for
transforming containment relationships between sets of HILOG-R
atoms into the unique context of partial-containment.

3.2 Ungrouping

Ungrouping and grouping are used to handle formulas
containing set-terms. Formulas in the ungrouped form can be gen-
erally compared in terms of the partial containment relationship,
which serves as a fundamental notion of the HILOG-R model
theory.

In general an atom with a typed component set-term can
be ungrouped into a set of atoms with a single-element com-
ponent set-term of the same type; an atom with multiple set-terms
is stepwise ungrouped; a set of atoms is ungrouped into the union
of sets resulted from ungrouping each atom. Ungrouping a single
atom or a set of atoms always returns a set of atoms, this resulting
set has any set-term at any level of any atom has one element.
Such a treatment is iteratively applied to more complex formulas.
Below are some examples. The formal definition of ungrouping is
given in appendices.

o course(c#:CS231, title:0S) = { course(c#:CS231, title:0S) }.

o {course(c#:CS231, title:0S)} = { course(c#:CS231, title:OS) }.



G prof_project(name:Smith, fields:SUBJECTS{ AT, KB},
projects;:CONTRACTS {IBM89, NEC90}) =
{prof_project(name:Smith, fields:SUBJECTS{ Al},
projects;:CONTRACTS (IBM89)),
prof_project(name:Smith, fields:SUBJECTS{ Al},
projects:CONTRACTS {NEC90}),
prof_project(name:Smith, fields:SUBJECTS{KB},
projects:CONTRACTS {IBM89})
prof_project(name:Smith, fields:SUBJECTS{KB},
projects:CONTRACTS{NEC90})
}.

Let us denote the "combine" operation as y (Note € is
extended to the membership of typed set-terms) such that

Y {S100Sn) = {S1s0., Su} if Si’s are not sets;
{sise 8 v..vse S,) otherwise,
YR {S1,..S»} =R{S1,....5, } if §;s are not sets;
R{slse Siv..vse S,} otherwise,

and denote {fiti,.., £, } as @f: {¢y,..., £, }. Ungrouping is recur-
sively defined as follows :

[Ungrouping]

a) The ungrouping mapping G on an atom f is resulted by
applying the mapping on all the part-terms of f in the top-down
order as follows:

- For an atomic constant A, 6: A — A
- For a set-term, 6 : R{S1,..,5,} > B (¥ R{ G 84,... 68, }),

where B 1 Q(s1er 5} =4 (QUst))

- For a tuple-term, O: p(i1:@1yeeslhn @) —
Sp (1:0 A1yeey U 20 Gy )
where for a given t = q(u1:a1,...4i :d; yeurlbm :Gm ), then
Sét = not-set (a;) — {t}; a; = S{s1,...54} =

\J {q(uriay,..ui:S{s }sestim Gim )}
B;Jt= W@Sj (5.'11), S;J,_,/‘ = 8,‘,(]',,,10‘ and 8t = 51,,,,". t.

b) For a set of HILOG atoms 1= {F;,...,F, }, ungrouping is
definedas¢:1 — C{c F; .

Grouping, denoted as 7, is the transformation defined
on a set of atoms for converting the set into the grouped form.
Grouped formulas are preferred in representing nested relations.
Although in certain cases grouping may not yield a unique result,
in these cases the results represent the same semantics under
UNA on types. Grouping is not simply the inverse of ungrouping.
To group a set of atoms I, we first ungroup it to I, then followed
by grouping I'. Therefore a set of atoms may be neither grouped
nor ungrouped. In general, to group a set which is not in the
ungrouped form, we should first ungroup it.

The grouping/ungrouping conversion is made meaning-
ful under the assumption of UNA on types, since terms of the
same type can be identified and traced through type symbol. For
example, having said that the existence of staff{a,b,c} implies the
existence of staff{a} is due to the same type of formula. If anoth-
er specific grouping of a and b is of interest, {a,b} must be
specifically typed to catch the meaning of that grouping.
Grouping/ungrouping untyped sets is semantically meaningless.

334

Ungrouping makes it possible to handle various
memberships between an atom and a set of atoms, and contain-
ment relationships between sets of atoms (e.g. interpretations)
under the unique context of partial-containment, since ungrouped
atoms contain only single-element set-terms. This feature is used
in developing the HILOG-R model theory shown below.

3.3 Models of A Program

In first order-LP, the satisfaction of a ground atom F by
a (Herbrand) interpretation I is defined as F e I. A rule instance h
« by & ... & b, is satisfied by I iff b,,.., b, € Iimplieshe L. It
is easy to see that with this notion the question we raised at the
beginning of this section cannot be answered, that is, how to ex-
plain that

SUBJECTS{AL KB} and
prof(name:Smith, fields:SUBJECTS{ Al})

are satisfied by any interpretation I containing as its set member
the following formula

prof(name:Smith, fields:SUBJECTS{ A, KB})

where Al, DB are grouped under a (unique) set-type SUBJECTS.
Intuitively we can see that these formulas are indeed somehow in-
cluded in 1. However the inclusion relationships involved are not
all the same, and it is not reasonable to have the notion of satis-
faction expressed in terms of various inclusion relationships. In-
stead, it should be defined under a unique relationship. Based on
the algebraic notions introduced above, we can solve this problem
and develop Herbrand-like models of HILOG-R programs.

As discussed above, ungrouping an atom yields a set of
atoms, and ungrouped sets of atoms can be compared under the
unique relationship of partial-containment c:, Thus, checking the
satisfaction of an atom F by an interpretation I can be made
through checking whether the set ¢ F is partial-contained in ¢ 1.
In other words, the concept of satisfaction is generally expressed
by using the notions of ungrouping and partial-containment.

In fact, the ungrouped form of the above interpretation
o Iincludes (as its set elements) the following formulas :

prof(name:Smith, fields:SUBJECTS{AI}).
prof(name:Smith, fields:SUBJECTS{KB}).

Then the above relationship can be uniformly represented in
terms of c: relationship as

oSUBJECTS(AL KB} c:o L
oprof(name:Smith, fields:SUBJECTS (Al}) c: 6 L

Thus the notion of satisfaction I I= F extends member-
ship in FOL to partial-containment in HILOG-R, thatis, c Fc: ¢
I. Note that 6 Fc: 6 Icancover F e I, F e: I and other forms of
inclusion relationships, since in all those cases the ungrouping
forms of F and I can be generally compared under c:.

[Satisfication] Let I be an interpretation. The notion of satisfac-
tion, denoted as |=, is defined as

a) For a ground atom F, if F is a comparison formula then



Il=Fiff it is a tautology, otherwise I I=F iff c Fc: o L.
b)ForHe B, & ... & B;,II=(H< B; & ... & By)

iff Il=B,,..l I=B; impliesII=H.
c) For a program P, I |= P iff for eachrulerin P, I l=r.

[Model of Program] A model of program P is an interpretation
of P which satisfies P.

The least model issue is essential to all LP systems. In
the following discussions we shall first extend the notion of model
comparison, then we shall show that a HILOG-R program has a
unique least model called the immediate least model, and there
exists a so called least model equivalent class containing those
models whose ungrouped form are the same and equal to the im-
mediate least model of that program under our extended model
comparison notion. We shall also demonstrate that the model in-
tersection property is preserved and extended to the model
partial-intersection property, and the immediate least model of
a program is computable through the least fixpoint computation.

In FOL, a model M is said to be smaller than a model N
if M ¢ N, M is said to be the least iff for any model N, Nc M
means N = M, However, for the models consisting of hierarchi-
cally structured HILOG-R atoms, such a one-level set contain-
ment comparison is not applicable. The non-minimality of a
model for a HILOG-R program may be caused by the existence of
extra atoms or "bigger" atoms that "contain” other atoms. In ord-
er to capture such semantics and to provide a unified formalism
for HILOG-R model comparison, we shall map models of a
HILOG-R program to their ungrouped forms for comparison to
each other, and use partial-containment as the comparison opera-
tor. Ungrouping makes it possible to handle various containment
relationships between sets of atoms (e.g. interpretations) under the
unique context of partial-containment. Atoms in an ungrouped set
only contain single-element set-terms. Therefore, for two sets of
atoms, regardless of their original containment relationship, their
ungrouped forms can be compared under c: relationship. For ex-
ample, consider a simple HILIG-R program

P 5= { research(division:info_sys, fields: BRUNCHES {x } )¢—
SUBJECTS(x}, SUBJECTS{DB, KB} }

and the following models of this program

N1 = {research(division:info_sys, fields: BRUNCHES {DB, KB}),
SUBJECTS(DB, KB} }

N, = {director(name:Hauss, duty:research(division:info_sys,
fields: BRUNCHES DB, KB})),
SUBJECTS{DB, KB} }

N3 = {research(division:info_sys, fields: BRUNCHES {DB, KB, AI}),
SUBJECTS{DB, KB, Al} }

Although N3 and N3 seem "bigger” than N, they may not be
comparable under either ¢ or ¢: directly. However, their
ungrouped forms can be compared under the unique relationship
C:as
oN;c:0N,, oN;c:oN;.

This fact indicates the use of ungrouping in the notion of
HILOG-R model comparison which can be defined by the follow-
ing.
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[Model Comparison] For a program P, a model M is said to be
smaller than N, iff 6 M c: ¢ N. Further, M is the immediate least
model iff for any model N, 6 N ¢: M means 6 N =M.

From the above definition it is easy to see that the im-
mediate least model of a HILOG-R program must be in the
ungrouped form. The fact that a HILOG-R program may have a
set of models with the same minimal ungrouped form as the im-
mediate least model, is very different from that of the convention-
al first-order LP. Such a set of models is referred to as the least
model equivalent class, where the immediate least model is the
common ungrouped form of all the models in the least model
equivalent class. That is, let E be the least model equivalent class
of a program and MM be the immediate least model of the pro-
gram, then

(VMe Eyo M =MM.

For example, for the above simple HILIG-R program Ps, its im-
mediate least model

M ¢ = (research(division:info_sys, fields: BRUNCHES {DB}),
research(division:info_sys, fields: BRUNCHES{KB}),
SUBJECTS[DB}, SUBJECTS{KB} }

and the following models are in its least model equivalent class :

M | = (research(division:info_sys, fields: BRUNCHES {DRB, KB}),
SUBJECTS{DB, KB} }

M 3 = {research(division:info_sys, fields: BRUNCHES {DB, KB}),
SUBJECTS{DB}, SUBJECTS{KB} }

M 3 = {research(division:info_sys, fields: BRANCHES {DB}),
research(division:info_sys, fields: BRUNCHES{KB}),
SUBJECTS (DB, KB} }

where M is the common ungrouped form of all of them (Figure
4), and M is the preferred model since it is fully grouped.

M,

M,
Figure 4 : Least Model Equivalent Class

It is worth noting the relevance of the minimal model
semantics between HILOG-R programs and FOL programs. Note
that the traditional notion of model comparison is only a special
case in our definition. For a FOL program, the least model
equivalent class is reduced to a unique element MM and 6 MM =
MM.

In the conventional first-order LP, the intersection of
two models of a program is still a model of that program. The
least model can be defined as the intersection of all the models of
that program. This model intersection property is considered a
key issue of LP semantics. In HILOG-R it can be extended to the
so-called model partial-intersection property. For each model,
the part-term redundancy can be removed by p-reduction, other



redundancy caused by structural containment can be either re-
duced by ungrouping or converted to the part-term redundancy by
ungrouping. For the set of all models, the extra-atom redundancy
can be removed by the model intersection. In general, redundan-
cies can be removed by partial-intersection. Below is the extended
model partial-intersection property where the usual set-wise inter-
section is just a special case of partial-intersection.

Theorem 1 : Model Partial-intersection Property
Let P be a HILOG-R program and {M;} be the set of all models
for P, then M: [ £ G M, ] is the immediate least model of P.

Proof Outline : (a) After performing p-reduction (by applying €)
on the ungrouped models, M: is a legal operation on them. Clear-
ly MM = : [ ¢ ec M;] is an ungrouped interpretation and also
is a model. (b) If MM is not the least, then we can assume there
exists a model 6 N # MM such that 6 N c: MM. The fact that
MM=MMn:gec Nimpliess MM c: €80 N.Sincecescoc N c:
6 N, we have MM c: ¢ N which contradicts the above assump-
tion. Thus MM is the immediate least model among all the
models of P.

One of the key points in LP model theory is the ex-
istence of a unique least model for a program. This may not hold
for some extended LP systems but it holds for a HILOG-R pro-
gram, as within the least model equivalent class of a HILOG-R
program the immediate least model is unique.

Theorem 2 : Uniqueness of Immediate Least Model
The immediate least model of a HILOG-R program is unique.

Proof Outline : It is straightforward. By definition if M is the im-
mediate least model 6 M = M. The existence of two immediate
least models M and N would cause eitherc M =Noro N=M, in
both cases M = N can be concluded.

3.4 Least Fixpoint Characteristics of the Inmediate Least
Model

In the conventional first-order LP, the least model MM
of a program P has the fixpoint characteristics, namely, MM =
Ifp(Tr ). The function Tp for fixpoint computation is based on the
rules in P and the interpretation I. As described in [LLO83],

Tpy=I U{HI/H & B, & ... & B, is a ground instance of a
rulein P and By,.., B, € I}.

For HILOG-R programs, clearly such a set-wise union
of I and {h} may not remove the structural redundancies dis-
cussed before and thus may not result in the immediate least
model. Therefore we redefine the function Tr as follows:

[Mapping Tp] Let P be a HILOG-R program and I be the in-

terpretation, then

Tp()=esclu:cec (HIH« B, & .. & B, is a ground in-
stanceof a ruleinPand 6By,...,08,c: ol}.

Theorem 3 : Least Fixpoint Characteristics of Immediate
Least Model

Let P be a HILOG-R program, then its immediate least model
MM = 1fp(Tp).

Proof Outline : (a) Under c: relationship the set of ¢ I constitute

a lattice. According to the definition clearly Tp is monotonic and
continuous. (b) I is a model of P iff I is a model for each ground
instance H « B; & ... & B, in P, for i=1,..,n, 6 B; <: 6 I implies
II=H iff 6 Tr(I)) < o (). (c) According to the model partial-
intersection property MM = glb{I | T |= P} which means MM =
glb{l | o (Tp()) c: 6 (I)}. Then MM = Ifp (Tp) (refer to
[LAS82], [LLO83)).

This theorem reveals that the immediate least model of
a program P can be computed by applying Tp to an empty set & a
finite number of times up to its saturation, then converting the
result to the grouped form by 7 mapping.

We show below the use of function T to compute the
immediate least model of the simple program P, given before.
This example also shows the sense of ungrouping. It is easy to
see that Tp( & ) yields the original facts given in the program

which are expressed in ungrouped form. Then each application of
Tp, to the current interpretation extends the interpretation by intro-

ducing the derived facts on the basis of that interpretation, until
no more new facts can be yielded. The results of this example are
shown below.

Tp (D ) results in the following interpretation Mo

{ PROFS{prof(name:Parker, fields:SUBJECTS{DB})}.
PROFS {prof(name:Parker, fields:SUBJECTS (KB })}.
PROFS{prof(rame:Smith, fields:SUBJECTS{ AI})}.
PROFS {prof(name:Smith, fields:SUBJECTS{KB})}.
GROUPS{group(project:NEC90, namelist: NAMES{Smith})}.
GROUPS {group(project:NEC90, namelist: NAMES {John})}.
GROUPS{group(project:NEC90, namelist: NAMES{Won})}.
GROUPS {group(project:IBM89, namelist: NAMES { Smith})}.
GROUPS {group(project:1IBM89, namelist NAMES {Parker})}.
GROUPS {group(project:IBM89, namelist NAMES {Linda})}.
GROUPS {group(project:NASA90, namelis: NAMES{Parker})}.
GROUPS {group(project:NASA90, namelist: NAMES (Lee})).
}

Tp (I'p( D)) results in the following interpretation M,

{ PROFS{prof(name:Parker, fields:SUBJECTS (DB })}.
PROFS(prof(name:Paiker, fields:SUBJECTS (KB })).
PROFS{prof(name:Smith, fields:SUBJECTS { AT})}.
PROFS(prof(name:Smith, fields:SUBJECTS{KB})}.
GROUPS {group(project:NEC90, namelist: NAMES{Smith })}.
GROUPS {group(project: NEC90, namelist: NAMES{John})].
GROUPS{group(project: NEC90, namelist: NAMES{Won})}.
GROUPS {group(project:IBM89, namelist: NAMES {Smith})]}.
GROUPS {group(project:IBM89, namelist: NAMES { Parker})}.
GROUPS{group(project. IBM89, namelist NAMES{Linda})}.
GROUPS {group(project:NASA90, namelist: NAMES {Parker})}.
GROUPS{group(project:NASA90, namelist: NAMES(Lee})}.

PROF_GROUPS{prof_group(project:NEC90, members:
PROFS {prof(name:Smith, fields:SUBJECTS {AI})})].
PROF_GROUPS{prof_group(project:NEC90, members:
PROFS {prof(name:Smith, fields:SUBJECTS{KB}})].
PROF_GROUPS prof_group(project:IBM89, members:
PROFS{prof(name:Smith, fields:SUBJECTS{AT})}))}.
PROF_GROUPS {prof_group(project:IBM89, members:
PROFS {prof(name:Smith, fields:SUBJECTS (KB})])}.
PROF_GROUPS({prof_group(project:IBM89, members:

336



PROFS{prof(name:Parker, fields:SUBJECTS {DBH})}.
PROF_GROUPS{prof_group(project:IBM89, members:
PROFS {prof(name:Parker, fields:SUBJECTS{KB})})}.
PROF_GROUPS{prof_group(project:NASAS0, members:
PROFS (prof(name:Patker, fields:SUBJECTS{DB }) })}.
PROF_GROUPS({prof_group(project:NASA0, members:
PROFS{prof(name:Parker, fields:SUBJECTS{KB})})].
]

Tp (Tp (T (D)) = To (To (D).

Thus the ungrouped immediate least model is
MM =Tp(Tp(D)) =M.

Its grouped form MM’ is

{ PROFS({
prof(name:Parker, fields:SUBJECTS{DB, KB}),
prof(name:Smith, fields:SUBJECTS{ AL KB})}.

GROUPS(
group(project:NEC90, namelist NAMES { Smith, John, Won}),
group(project:IBM89, namelist: NAMES { Smith, Parker, Linda}),
group(project:NASA90, namelist: NAMES {Parker, Lee})].

PROF_GROUPS{

prof_group(project:NEC90, members:PROFS{
prof(name:Smith, fields:SUBJECTS{ AL KB})}),

prof_group(project:IBM89, members:PROFS{
prof(name:Smith, fields:SUBJECTS{ AL, KB}),
prof(name:Parker, fields:SUBJECTS {DB, KB D)),

prof_group(project: NASA90, members:PROFS{
prof(name:Parker, fields:SUBJECTS (DB, KB}) )}.

}

It is easy to see that MM and MM’ are both in the least
model equivalent class of program P .

The discussion given in this chapter indicates the com-
putability of a HILOG-R program used in the inference of nested
relations. In fact, the execution of HILOG-R programs is based
on the least fixpoint computation demonstrated here. The extend-
ed least fixpoint characteristics also underlies our implementation
model [CHENSS] of LP with high-order constructs.

The notion of least model equivalent class, model
partial-intersection property, and least fixpoint characteristics,
have represented both the semantic difference and the semantic
analogy between HILOG-R and the conventional first-order LP.
While the major notions of the conventional first-order LP have
their counterparts in HILOG-R constructed in terms of extended
set manipulation notions, those notions can be represented as the
special cases of the corresponding HILOG-R notions. Such analo-
gy can be kept due to that the extention is made at the fundamen-
tal set theory level.

4. Conclusions

We have developed the formal semantics for nested re-
lation based knowledge representation. Since our approach is
characterized by extending the underlying notions at set theory
level the resulting framework is capable of dealing with hierarchi-

cally nested tuples and relations, and supporting flexible
nesting/unnesting at any level of a hierarchy. Different from the
previous LP extentions, our framework is canonical and analo-
gous to first-order LP framework.
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