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ABSTRACT

Partial order multiway search (POMS) is an important prob-
lem that finds use in crowdsourcing, distributed file systems,
software testing, etc. In this problem, a game is played be-
tween an algorithm A and an oracle, based on a directed
acyclic graph G known to both parties. First, the oracle
picks a vertex ¢t in G called the target; then, A aims to
figure out which vertex is ¢t by probing reachability. In
each probe, A selects a set @ of vertices in G whose size
is bounded by a pre-agreed value k, and the oracle then
reveals, for each vertex g € @, whether ¢ can reach the tar-
get in G. The objective of A is to minimize the number of
probes. This article presents an algorithm to solve POMS in
O(log, ,n + £log;, 4n) probes, where n is the number of
vertices in G, and d is the largest out-degree of the vertices
in G. The probing complexity is asymptotically optimal.

1. INTRODUCTION

Binary search admits the following interpretation from a
graph’s perspective. We have a directed path 7 of n vertices
where an “oracle” has chosen a target vertex t. In each
round, the search algorithm picks a vertex ¢ on 7; then
the oracle reveals whether ¢ can reach ¢. Similarly, the B-
tree exemplifies the multiway version of the above process.
In each round, the search algorithm picks a set Q of B >
1 vertices from m; then the oracle reveals which of those
vertices can reach t. In both cases, the algorithm aims to
discover ¢ with the fewest rounds.

Partial order multiway search (POMS) generalizes the
aforementioned problems to arbitrary partial orders. The
problem can be cast as a game between an oracle and an
algorithm A, both of which are given a single-rooted DAG
G, i.e., G has a unique root (a vertex with in-degree 0). The
game starts by having the oracle pick a target vertex t from
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Figure 1: POMS in image classification with crowdsourcing

G. Then, A needs to find out which vertex is ¢ by issuing
(reachability) probes. Specifically, in each probe, A chooses
a set @ of vertices with |Q| < k, where k is a problem pa-
rameter. The oracle then reveals, for each vertex ¢ € @,
whether ¢ can reach ¢ in G. Clearly, A can always discover
t with [n/k] probes where n is the number of vertices in G.
The challenge is to prove a better bound on the number of
probes.

1.1 Motivation

In the database area, a major application of POMS is
image classification with crowdsourcing [29], where the ob-
jective is to assign an appropriate label from a concept on-
tology to an image. As illustrated in Figure 1, an ontology is
a DAG where each vertex is associated with a concept. Fur-
thermore, as we move down in the ontology, the concepts
encountered are increasingly specialized. The application
manifests the power of a crowdsourcing system where human
beings are summoned to assist problem solving by answering
(simple) questions with monetary rewards. Every question
has the form “is this an x?’ where x is a concept. Receiving
a negative (resp., positive) answer to the question “is this a
vehicle?”, an algorithm can eliminate all the concepts that
are (resp., are not) reachable from the vertex vehicle. The
target ¢ here is the concept eventually returned (e.g., sen-
tra). As a crucial observation, although a human being is not
aware of ¢ or even the DAG, s/he can still answer questions
based on straightforward reasoning and, thereby, play the
role of oracle. As an example, when presented a car picture
of the model sentra, a person will answer “yes” to “is this a
vehicle?”, no matter if s/he is aware of the concept sentra in
the ontology. A crowdsourcing algorithm often asks k > 1
questions at a time to reduce interaction rounds.

As pointed out in [28], POMS also arises in distributed
file systems. Suppose that server A maintains a backup of
its file system (usually a tree but can also be a DAG, e.g.,
in Unix) in a remote server B. Periodically, the two servers
need to synchronize their copies, which requires identifying
the folders whose content has changed since the last syn-
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ref. cost

remark

3] O(dlogn) Gisatreeand k=1
(16, 18, 24] O(dlog, 4n) Gisatreeand k=1
[29] O((logn)(logy ) + £ 1logy 4 m) any DAG G and any k
this article O(log, ,n+ Llog, 4m) any DAG G and any k
[3] Q(dlog,, 4n) k=1
[29] Q(£1og, 4m) any k
this article Q(logy,,n+ £ log,,4n) any k

Table 1: Summary of the previous and new results on class-oriented POMS (n is the number of vertices, d is the maximum

out-degree, and k is the number of vertices in a probe)

chronization. If a folder has an identical checksum at the
two servers, with high probability, it and its subfolders have
incurred no changes. Based on this property, a POMS algo-
rithm can find a modified folder with small communication
between the two servers.

The reader may refer to [4, 28, 29] for more POMS applica-
tions in software testing, relational databases, and workflow
management.

1.2 Previous Results and Related Work

To appreciate the POMS literature, it is important to
distinguish between the instance-oriented and class-oriented
categories which have drastically different objectives.

Instance-Oriented POMS. Consider any algorithm A for
POMS. Given an input G, define costr (A, G,t) as the cost of
A on G when the target is t. We can measure the instance-
oriented quality of A by

mazcosty(A,G) = max costr (A, G, t)

namely, the largest cost over all possible ¢ in G. There are
only a finite number of possible algorithms A. To see why,
note that, given G and ¢, the execution of A is merely a
sequence of probes. Hence, any A can be fully described
by n execution sequences (one for each t), suggesting that
the number of different algorithms is finite. The prob-
lem of finding an optimal algorithm A* (with the lowest
mazcosty,(A*,G)) is thus decidable. The challenge is to un-
derstand how much we can reduce the computation time.

The problem is best understood when G is a tree and
k = 1. In that case, Ben-Asher et al. [4] were the first to
show that A" can be found in polynomial time. Their work
motivated a line of research looking for faster algorithms [28,
15, 19, 24, 25, 27, 13]. The problem turned out to be solvable
in O(n) time. This was first stated by Mozes et al. [27]; later,
Dereniowski [15] pointed out the problem’s equivalence to
another problem known as edge ranking, which had already
been settled earlier in O(n) time by Lam and Yue [25]. In
contrast, the problem of computing A* on a DAG G is NP-
hard [5] even if k = 1. Arkin et al. [2] showed how to obtain,
for any DAG G and k = 1, in polynomial time an A whose
mazcosty (A, G) is higher than mazcost(A*,G) by a factor
of O(logn) (an approximation ratio O(logn/loglogn) was
claimed in [15] but unfortunately is incorrect, as has been
confirmed by our communication with the author of [15]).
We are aware of no results for £k > 1 even when G is a tree.
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For k = 1, instance-oriented POMS has also been studied
under other variants [1, 5, 11, 8, 9, 10, 12, 6, 7, 14, 17, 20, 22,
23], which differ in whether (i) the cost of a probe depends
on the vertex supplied, (ii) the goal is to minimize the cost
of the worst ¢t or the average cost over a distribution of ¢,
and (iii) the answer of the oracle can be noisy.

Class-Oriented POMS. Unlike the instance-oriented category
that focuses on computability, the class-oriented category is
graph theoretic in nature. Given a set % of single-rooted
DAGs, the quality of A is measured by

mazcost; (A, €) = max mazcosty,(A, G)
€

namely, the largest cost on the worst G in €. Define

minmazcosty(€) = mjn mazcostS(A, €) (1)

that is, the lowest upper bound that any algorithm can
place on its cost, regardless of the input G € ¥ and the
target ¢ in G. The objective is to understand the function
minmazcost,(€) for important classes . Define

Y(n,d) = { single-rooted DAG G | G has n vertices
and maximum out-degree d } (2)
{G €9(n,d) | G is a tree} (3)
Clearly, minmazcosty (7 (n,d)) < minmazcosti (¥ (n,d)).

Focusing on Z(n,d) and k = 1, Ben-Asher and
Farchi [3] proved minmazcost:1(.7 (n,d)) = Q(dlog,, 4n)
and minmazcost1 (T (n,d)) = O(dlogn), leaving a gap
of O(log(l + d)) in between. Laber and Nogueira [24]
tightened the upper bound to minmazcosti(T (n,d)) =
©(dlog,, 4n) (see also [16, 18] where the same result was
derived). Regarding ¢(n,d) and arbitrary k& > 1, Tao et
al. [29] obtained minmazcost(¥(n,d)) = (% log,, ,n) and
minmazcosty (9 (n,d)) = O((logn)(logy4, n) + £log,  4n).
In fact, the lower bound of [29] holds even if 7 (n,d) is re-
placed with ¢(n,d).

1.3 New Results

7 (n,d)

This article’s main contribution is to settle class-oriented
POMS optimally.

THEOREM 1. For the POMS problem, let n be the number
of vertices in the input graph G and d be the maximum vertex
out-degree in G. Both statements below are true.

e There is an algorithm that can find the target in
O(log, ,n+ Llog, 4n) probes.
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o Any POMS algorithm must perform Q(log,,,n +
%long n) probes to find the target in the worst case.

Table 1 gives a comparison of our results against the pre-
vious ones. The above theorem implies:

minmazcosty(4(n,d)) = © (long n+ % log, 4 n) (4)

Our lower bound in the second bullet holds even if G comes
from 7 (n,d).

Remark. The reader may refer to [26], the full version of this
extended abstract, for additional results related to POMS.

2. PRELIMINARIES

Basic Concepts and Notation. Henceforth, every “tree”
should be understood as a rooted tree unless otherwise
stated. The size of a tree T', denoted as |T|, is the number
of nodes in T. The notation v € T (resp., u ¢ T') indicates
that w is (resp., is not) a node of T', and parent(u) gives the
parent node of u. The subtree of a node u € T" — denoted
as T, — is the tree induced by u and its descendants in 7'
the root of T, is u.

Reserving G for the input graph of POMS, we will use
symbol G when referring to a general single-rooted DAG.
A tree T is contained in G if every edge of T belongs to
G. Given such a tree T, we write G[T] for the subgraph of
G induced by the vertices in T’; note that G[T] must be a
single-rooted DAG. If node u can reach node v in G, we say
that u can G-reach v.

Shielding. We introduce a shield operator ©. Given nodes u
and v in a tree T, the expression T, © {v} returns

o Ty if u=v;

e what remains in T, after removing T, otherwise (note
that if v ¢ Ty, T © {v} = Tu).

Given a node v € T and a set S = {v1,v2,..., vz} where
v; € T for each ¢ € [1, 2], we define

T.0S = T,.o{vi}o{v}o..0{v}

Note that T, © S is always a non-empty tree because it
always contains u.

Heavy-Path Depth First Search Tree. Consider a depth first
search (DFS) on a single-rooted DAG G starting from its
root. Recall that DFS uses a stack to manage the ver-
tices that have been discovered but may still have undis-
covered out-neighbors. Vertices are assigned three colors:
white (never in stack), gray (in stack), and black (already
popped out). At each step, the traditional DFS would pro-
cess an arbitrary white out-neighbor v of the vertex w¢op
that currently tops the stack. The heavy path depth first
search (HPDFS), on the other hand, processes the white
out-neighbor vyes of uop that is able to G-reach the most
white vertices via white paths, where a white path is a path
including only white vertices. If two or more nodes satisfy
this condition, vpes: can be any of them.

HPDFS defines a tree T — the HPDFS-tree [29] — where
a node u parents another node v if the latter is discovered

86

d
|
¢ \ou—/ JJ\O

oIZo g’)”//i

o

Figure 2: A running example. G is the graph represented
by both the solid and dashed edges. An HPDFS T of G is
indicated by the solid edges. The labels on the nodes are
consistent with the total order <. The black nodes consti-
tute the 8-separator > = {a,d, e, j,n,p} of 7. The nodes of
LFU(X) = {b,d,h, i} are shown using concentric circles.

while the former tops the stack. It also defines a total order
=< on the vertices in G: u < v if u enters the stack before v
(we read u < v as u smaller than v or v larger than u). For
two sibling nodes v and v in T" such that u < v, we call u a
left sibling of v and, conversely, v a right sibling of u.

The lemma below gives several useful properties of T (see
[26] for the proof):

LEMMA 2. Let T be an HPDFS-tree of a single-rooted
DAG @G.

e (Order property) If u is a left sibling of v in T, then
(i) ' < v for every v’ € T, and (ii) u < v’ for every
v eT,.

e (No-cross-reachability property) If u < v and v ¢ T,
then u cannot G-reach v’ for any v' € T,,.

e (Path-descendants property) If w € Ty, then v € T,
for every node v that lies on at least one u-to-w path
in G.

e (Subtree-size property) If u is a left sibling of v in T,
then |Ty| > |Ty|-

Ezxzample. Consider G as the graph that has all the solid
and dashed edges in Figure 2. The tree in solid edges rep-
resents an HPDFS-tree T" of G. The alphabetic order of the
node labels reflects the total order < (the labels on some
nodes are omitted). Because node b precedes h in < and
h ¢ Ty, the no-cross-reachability property assures us that b
cannot G-reach any node in T;,. Because k € Ty, the path-
descendants property asserts that every path from h to k in
G can contain only nodes in T,. The other two properties
are easy to understand. [J

3. NEW RESULTS IN GRAPH THEORY

Crucial to our POMS algorithms is a suite of new graph-
theoretic results, which we present in this section. Our dis-
cussion will revolve around a single-rooted graph G having
n nodes, an arbitrary HPDFS-tree T' of G, and an ordering
~< on the vertices of G determined by 7'

3.1 Separators
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It is well-known [21] that T must contain a node whose
removal disconnects T' into trees, each having at most n/2
nodes. We now prove a more general fact.

LEMMA 3. Let T' be an HPDFS-tree of a single-rooted
DAG with n vertices. For any A\ € [2,n], there is a set
S of at most A — 1 nodes whose remowval disconnects T into
trees, each having at most n/\ nodes.

PRrROOF. We can find such an S using the algorithm below:

construct-separator

1. S« 0;T'+T

while |77 > [n/A] + 1 do

3. u < the smallest node (under <) in 7" s.t.
[T > [n/A] + 1 but |Ty| < [n/A] for each
child v of u /* remark: u definitely exists */

4. add u to S; remove T}, from T”

5. return S

N

It is easy to verify that the removal of S disconnects T’
into trees each having at most n/\ nodes. It remains to
show |S| < A — 1. Every time we add a node into S at Line
4, we remove |n/A| +1 > n/X nodes from T'. If |S]| > A,
the total number of nodes removed would be strictly larger
[S]-n/A > X-n/X=n, giving a contradiction. [

We define the A-separator of T to be a set ¥ determined
as follows:

e if the output S of construct-separator contains the root
of T, then ¥ = S

e otherwise, ¥ = S U {root of T'}.
It holds by Lemma 3 that |X] < A.
Example. Assume that T is the tree in solid edges as shown
in Figure 2 (T has 36 nodes). The 8-separator of T is ¥ =
{a,d, e, j,n,p}; the above algorithm finds the nodes of ¥ in

the order 4, e, j,n,p, and a. Figure 2 colors all the nodes of
3 in black. [

3.2 Left Flanks, Left Flank Unions, and
Grand Unions

Fix an arbitrary node uw € T'; and consider the root-to-u
path 7 in T. We define the left flank of u — denoted as
LF(u) — using the following procedure:

e Initialize an empty set .S.

e For each node v on 7 with v # u: let v' be the child
of v on 7; add to S all the left siblings of v’ in T'.

e The S after the previous step is LF(u).

See Figure 3 for an illustration.

Let X be the A-separator of T'. The left-flank union (LFU)
of ¥ is

LFUE) = [JLF(u)
ues
and the grand union (GU) of X is
GU(Z) = SULFU(R). (5)
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Example. Consider again the graph G in Figure 2 with
A = 8. As explained before, ¥ = {a,d, e, j,n,p}. The left
flank of node p is LF(p) = {b,h}, while LF(n) = {b,i}. It
is easy to verify that LFU(X) = {b,d,h,i} and GU(X) =
{a,b,d,e,h,i,j,n,p}. O

LEMMA 4. For any node w € ¥ and node v € LF(u), T,
has at least one node in 3\ {u}.

PRrROOF. Node v must have a right sibling v’ on the root-
to-u path in T'; note that v’ is an ancestor of u. By the
way X is produced from construct-separator (Section 3.1),
we must have |T,| > [n/\| + 1, implying |T,/| > |[n/A] + 1,
which in turn yields |T,| > [n/A] + 1 (subtree-size property
of Lemma 2). As the removal of ¥ disconnects T into trees
each having at most n/X nodes, T, must contain at least one
node in X, which obviously cannot be u. [

COROLLARY 5. For any node v € LFU(X), we have that
T, contains at least one node in 2.

PrOOF. The fact v € LFU(X) means that v € LF(u) for
some u € Y. The claim then follows from Lemma 4. [

LEMMA 6. |[LFU(Z)| < |Z] =1 and |GU(X)| < 2A.

Proor. We will prove only |[LFU(XZ)| < |2| — 1 because
|GU(XZ)| < 2X will then follow immediately from (5) and
Lemma 3.

Define P as the set of edges e in T such that e is on
the root-to-u path for at least one u € ¥. Denote by TT
the subgraph of 7" induced by P; note that T is a tree.
Consider any node v € LFU(X). By definition of LFU(X),
v € LF(u) for some u € X, because of which T, contains at
least one node in ¥ (Lemma 4). Hence, v € T*. In other
words, all the nodes in LFU(X) are in TF.

Root TF at the root of T. Let I be the set of internal
nodes in 7% that have two or more child nodes (in 7). For
each u € I, denote by ¢, the number of its child nodes in
TF. Every node v € LFU(X) satisfies: (i) some node in TF
is a right sibling of v in T, and (ii) parent(v) € I. This
implies that each u € I has at most ¢, — 1 child nodes in
LFU(X), leading to [LFU(X)| < > o (cu — 1).

1) < |Z|—1. Denote by x
the number of leaves in T'* and by y the number of internal
nodes in TF that have only one child in TF. By how TF

is defined, every leaf node of TF must belong to ¥; hence,
z < |3

It remains to prove Zugl (cu —

Now, let us view 77 as an undirected tree. Under this
view, the degree sum of all vertices in (the undirected) T%
is twice the number of edges in TF. This fact implies:

T+ 2y + <Z(cu+1)> -1

uel

2-(I|+z4+y—1)

=Y (cu—1) = z-1<[8[-1L

uel

O

LEMMA 7. If node u can G-reach node v, then v € Ty,
where u* is the smallest node in LF(u) U {u} that can G-
reach v.
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u

Figure 3: The left flank of w includes all the white nodes.

PROOF. We first show that v € Ty for some node u* €
LF(u) U {u}. Let m be the root-to-u path in T, and p be
the lowest ancestor of u such that v € T},. If p = u, then we
have found a node u* = u € LF (u) U {u} satisfying v € T,«.
Consider now p # u. Define w as the child of p on 7 (note:
w can be u); hence, v ¢ T\, by definition of p. Since p # v
(otherwise, G has a cycle as u can G-reach v), p must have
a child u* such that w € Ti,». We now argue that u* is a left
sibling of w and, hence, belongs to LF (u). Indeed, if u* is a
right sibling, then nodes w and u™ cause a violation of the
no-cross-reachability property of Lemma 2: w can G-reach
a node (i.e., v) in Ty=.

As the nodes in LF(u) U {u} are not ancestors of each
other, there is a unique node u* € LF(u) U {u} satisfying
v € Ty+. By the no-cross-reachability property, no w’ €
LF(u) U {u} with v’ < u* can G-reach v. Hence, u* is
the smallest node in LF(u) U {u} that can G-reach v, as
claimed. [J

3.3 Stars

Next, we introduce star, another concept crucial to our
technical development. Let S be a non-empty set of vertices
in G that includes the root of G. For any vertex t in G,
the star of S for t is the smallest (under <) node s* € S
satisfying:

e (Condition C1) s* can G-reach t;

o (Condition C2) no other node s € S satisfies (i) s € T+
and (ii) s can G-reach t.

See Figure 4 for an illustration. Note that the root’s presence
in S guarantees the existence of s*.

Example. Consider Figure 2 with ¢ = k and S =
{a,b,h,1,m,p}. The star s* of S for ¢t ish. [

The next two lemmas present some properties of star.

LEMMA 8. Let S be any set of vertices in G that contain
the root of G. For any u € S, the star of S for u is u itself.

PRrOOF. This is due to three facts: (i) no proper descen-
dant of u (in T') can G-reach u (otherwise, there would be a
cycle), (ii) no proper ancestor of u can be the lowest node
in S able to G-reach u (because u can G-reach itself), and
(iii) if a node v is smaller than v (under <) but not an an-
cestor of u, then v cannot G-reach u (no-cross-reachability
property of Lemma 2). [

LEMMA 9. Let ¥ be a k-separator of T. If node u is a
child node of some node in Y but u ¢ GU(X), then parent(u)
is the star of GU(X) for u.

PROOF. The claim will follow from the definition of star,
provided that we can show:

88

Figure 4: If S is the set of black vertices, then s* is the star
of S for ¢

o If a node v € GU(X) satisfies v < parent(u) and
parent(u) ¢ T,, then v cannot G-reach w.

o If a node v € GU(X) satisfies v € Tparent(u) and v #
parent(u), then v cannot G-reach u.

The first bullet is a direct corollary of the no-cross-
reachability property (Lemma 2). Next, we focus on the
second bullet.

Suppose that some node v as defined in the second bullet
can G-reach u. We observe:

e v cannot be a descendant (in T') of any left sibling of u
(otherwise the left sibling of u can G-reach u through
v, violating the no-cross-reachability property);

o v # u (because v € GU(X), yet u ¢ GU(X));

e v cannot be a proper descendant of w in T (otherwise
there is a cycle).

Thus, there must exist a right sibling u’ of u satisfying v €
Tu"

By Lemma 4, T, must contain at least one node in ¥ (this
is obvious true if v € X. Otherwise, the fact v € GU(Z) tells
us that v € LF(w) for some w € ¥. Lemma 4 shows that
T, must have at least one node in ¥\ {w}). Hence, T, also
contains at least one node, say w, in X.. But this means that
u (being a left sibling of u’) belongs to LF(w) and, hence,
also belongs to LFU(X), causing a contradiction. []

3.4 Path Preservation Lemmas

This subsection will demonstrate the importance of left
flanks, grand unions, and stars in preserving reachability.
We will establish three lemmas useful in various scenarios.

LEMMA 10. [Path Preservation Using a Root-Containing
Set] Let t be a vertex in G and S be a set of vertices in G
including the root. Denote by s* the star of S fort. Suppose
that t € Tex yet t # s*. If s is the smallest child of s* in
T that can G-reach t, then

ot €T 4,

o cvery s%-to-t path in G is present in G[T,» O S].

PrOOF. To prove the first bullet, notice that ¢ ¢ T, for
any left sibling v of s#; otherwise, s* would not be the
smallest child of s* that can G-reach t. On the other hand,
t ¢ T, for any right sibling v of s7: otherwise, s*, v, and
t cause a violation of the no-cross-reachability property of
Lemma 2. Hence, t € T%.

SIGMOD Record, March 2023 (Vol. 52, No. 1)



Next, we prove the second bullet. Consider an arbitrary
s#-to-t path 7 in G. We argue that every node u on 7
is in T4 © S. The second bullet will then follow because
G[T,# © S] is a vertex-induced subgraph of G. Because t €
T.#, the path-descendants property of Lemma 2 indicates
u€ Ty Ifud¢ Ty OSFS, then u must be “shielded” by S,
namely, there is some node s € S satisfying s # s%, s € T,#,
and u € Ts. Given that u can G-reach ¢, also s must be able
to G-reach t. However, s € T,% tells us that s € T«; thus,
s* violates Condition C2 (Section 3.3) in the definition of
star, giving a contradiction. []

Example. Consider Figure 2 with ¢ = k and S =
{a,b,h,1,m,p}. As mentioned, the star s* of S for ¢ is h.
Both child nodes of h (i.e., i and n) can G-reach ¢t = k.
Hence, s* = i. T,» O S — the tree obtained by “shield-
ing” Ty with S — consists of the edges in T} plus the edge
(1,3). Note that i has two paths to k in G, both of which
are preserved in G[T ;% © S]. [

The proofs of the next two lemmas can be found in [26].

LEMMA 11. [Path Preservation Using a Left Flank] Let
t be a vertex in G and X be a k-separator of T. Denote
by s* the star of X for t. If s*™ is the smallest node in
LF(s*)U{s"} able to G-reach t, then

o t € Tous;
o cvery s**-to-t path in G is present in G[Ts++ O X].

Exzample. Consider Figure 2 with A = 8 and ¢ = m. Recall
that ¥ = {a,d, e, j,n,p} and, hence, s* = p. Thus, LF(s*)U
{s"} = {b,h, p}, giving s =h. Ts== O X is a tree with four
nodes: h, i, 1 and m. There are two h-to-m paths in G, both
of which are preserved in G[Ts+= © X]. [J

LEMMA 12. [Path Preservation Using a Grand Union] Let
t be a verter in G and ¥ be a k-separator of T'. Denote by
s* the star of GU(X) fort. Then

o tcTs=;
o cvery s*-to-t path in G is preserved in G[Ts» ©GU(X)].

Ezxample. Consider Figure 2 with A = 8. As explained in
Section 3.2, GU(X) = {a,b,d, e,h, i, j,n,p}. If t = £, then
s* =b. The tree T, © GU(X) has nodes b, c, f and g. G has
two b-to-f paths, both preserved in G[Ts- © GU(X)]. O

4. PROBING COMPLEXITY OF POMS

This section will establish the formal results stated in Sec-
tion 1.3. Specifically, we will present a new POMS algorithm
in Section 4.1 and analyze its probing cost in Section 4.2. In
Section 4.3, we will provide a matching lower bound on the
probing complexity, which will complete the proof of Theo-
rem 1. Our discussion will assume k > 2; for k = 1, one can
manually increase k£ to 2 and then apply our techniques.

4.1 A POMS Algorithm

Our POMS algorithm works by shrinking the input graph
G into smaller single-rooted DAGs G1,Ga, ...,G (for some
h > 1) where the last DAG G, becomes small enough to be
solvable with a single probe.
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Define Gy = G. The algorithm runs in iterations. The i-th
iteration takes as the input a single-rooted DAG G,_; with
n;—1 vertices and produces a single-rooted DAG G; having
four properties:

e (subgraph) G; is a subgraph of G;_1;
e (size reduction) G; has n; < n;_1/k vertices;
e (target containment) G; contains the target ¢;

e (path preserving) if 7 is the root of G;, then every r-to-t
path in G;_1 is present in G;.

These properties ensure:

LEMMA 13. For each vertex u in G;, it holds that u can
Gi-reach the target t if and only if u can G-reach t.

PROOF. As G; is a subgraph of G, the “only-if direction”
trivially holds. We will focus on the “if direction”. In fact, we
will prove a stronger claim: every u-to-t path in the original
graph G is preserved in G;. As Go = G, the claim is obvious
for ¢ = 0. Next, assuming the claim’s correctness on i = j >
0, we will prove the correctness for i = j + 1.

Consider any u-to-t path 7 in the original graph G. By the
inductive assumption, = is preserved in G;. Let r be the root
of G;. As G; is single-rooted, r can Gj-reach u. Identify an
arbitrary r-to-u path 7’ in G;+1. By concatenating 7’ and m,
we obtain a path 7" from r to ¢ in G;. The path preserving
property tells us that 7’/ must exist in Gj+1. This means
that 7 is preserved in Gj;i1, as claimed. [J

Owing to the above guarantee, we can pretend as if G;
comes with a “dedicated oracle” responsible for reachability
probes on G;. Specifically, when asked if a node u in G; can
reach ¢, the G;-oracle simply passes u and ¢ to the origi-
nal oracle and then relays the oracle’s answer back to the
algorithm.

Algorithm. Consider iteration ¢ > 1. If G,_; has n,—1 < k
vertices, ¢ can be found trivially with one probe. Otherwise,
we generate G; in two phases.

Phase 1. Construct an HPDFS-tree T" of G;—1 and the k-
separator ¥ of T'. Let < be the total order defined by 7" on
the vertices of G;—1. As |X| < k (Section 3.1), with a single
probe we can obtain all the vertices in 3 able to G;_1-reach
t (there must be at least one such vertex because ¥ includes
the root of G;—1). We can then identify the star s* of ¥ for
t (Section 3.3). By Lemma 6, |[LF(s*)| < |[LFU(X)| < k — 1.
Thus, with another probe we can figure out which nodes in
LF(s*)U{s"} can G;_1-reach t. Define s™* to be the smallest
(under <) among those nodes.

Phase 2. It must hold that either s** ¢ ¥ or s* = s*
(if s € 3 but s # s*, then s < s and s* can-
not be the smallest node satisfying Conditions C1 and C2
(Section 3.3)). In the former case, we finalize G; to be
Gi—1[Ts=» © X]. Now consider s** = s*. We aim to find
the smallest (under <) child s# of s* (in T') that can G;_1-
reach ¢. For this purpose, it suffices to probe the reachability
(to t) for the child nodes of s* in ascending order of < (each
probe includes k nodes, except possibly the last probe) and
stop as soon as encountering s¥. If s% does not exist, we
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declare ¢ = s* and finish the whole algorithm. Otherwise,
we set G; to Gi—1[T,# © X]. Note that if the algorithm does
not finish in this iteration, the graph G; generated contains
no vertices in 2.

Correctness. The lemma below ascertains our algorithm’s
correctness.

LEMMA 14. If the algorithm finishes in iteration i >
1, then it correctly finds t = s*. Otherwise, G; has
the subgraph, size-reduction, target-containment, and path-
preserving properties.

PrOOF. The algorithm terminates in the i-th iteration
only when s** = s*. In this case, the first bullet of Lemma 11
indicates t € Ts+. Hence, if none of the child nodes of s* can
Gi—1-reach t (this means none of them can G-reach t; see
Lemma 13), ¢t must be s™.

Next, we consider that the algorithm does not terminate
in the iteration. It is obvious that G, is a subgraph of G;_;.
Furthermore, G; includes no vertices from ¥ and, thus, can
have at most n;—1/k nodes (Lemma 3). Next, we prove the
claim that G; contains ¢ and is path preserving. If s ¢ X,
the claim follows from Lemma 11. Otherwise, we must have
s** = s*, and the first bullet of Lemma 11 assures us t € T~.
As the existence of s* indicates ¢ # s, the claim now follows
from Lemma 10. [J

4.2 Cost Analysis

In this subsection, we will show that our algorithm does
O(log, ., n+2log,  ,n) probes, as claimed in the first bullet
of Theorem 1. Given G;—1 (for ¢ > 1), the i-th iteration of
our algorithm either finds ¢ or outputs G;. Suppose that the
algorithm finds ¢ at iteration h for some h > 1.

Analysis of One Iteration. Consider the i-th iteration where
i€ [l,h—1]. Let T,=<, s*, s**, and s* be defined as in
Section 4.1. Set m;—1 (resp., n;) to the number of vertices
in G;—1 (resp., G;). Define an integer z; as follows:

e if s # s, then x; = 0;

e otherwise, z; equals how many child nodes of s* (in T')
are smaller than s%.

The i-th iteration issues at most
i+ 1
2+ FJ ;r w (6)

queries (two queries in Phase 1 and the rest in Phase 2).

LEMMA 15. For every i € [1,h —1]:

Nni—1

= max{k,z; + 1} Q)

PrOOF. The fact n; < n;—1/k has been proved in
Lemma 14. Next, we will prove n; < n;—1/(z; + 1). This

is obviously true if z; = 0. Consider now z; > 0. In
this case, s* has z; left siblings v satisfying |Ty| > |T,#|
(subtree-size property of Lemma 2). Hence, |T,%| = (z; +

DI|T%| / (x; +1) < nj—1/(zi +1). The lemma then follows
from n; < |T,%|. O
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Total Cost. Applying (7) for each i € [1,h — 1] yields

n
>np_1 > 1. 8
th:_f max{k,r; + 1} ~ e ®

Therefore, h = O(log, n). By (6), the total cost of the
algorithm is at most

h—1 . h—1 1 =
P < o4
tx () e D (i)

=1 i=1

h—1
1
= O(log;, n) + T ; ;. (9)

If d < k, then z; < d < k; hence, (9) is O(log;, n). Assuming
d >k + 1, the rest of the proof will show

h—1
in = O(dlog;n + klog, n) (10)
i=1

which will yield the conclusion that our algorithm performs
O(log;, n + £ log, n) probes in total (the last, h-th, iteration
obviously performs O(d/k) probes).

Proof of (10). The integers z1, ..., zp—1 satisfy 0 < z; < d—1
and
h—1
Hmax{k,xi+1} <n (11)
i=1
because of (8). We will prove (10) under the relaxation that
Z1,...,xn are real values (instead of integers) in [0,d —1]. In
such a case, the constraint (11) can be replaced by

h—1
[[@+1)<n (12)

by requiring z; > k — 1, noticing that if x; < k — 1, raising
it to k — 1 always increases the left hand side of (10). Thus,
the goal now is to maximize Z?;ll z; subject to (12) and
xT; € [k* Ld, 1].

LEMMA 16. When Z?;ll x; 18 mazimized, at most one
of x1,...,xn—1 can be strictly larger than k — 1 but strictly
smaller than d — 1.

PROOF. Suppose that there are distinct i1,42 € [1,h — 1]
such that z;; and z;, are both strictly larger than k — 1
but strictly smaller than d — 1. Without loss of generality,
assume T;; > Ti,. Set ¢ = (ziy; + 1)(xi, + 1). Clearly,
k% < ¢ < d%. We can increase Ti, + Ti, as follows:

e if ¢ > dk, modify z;, to d—1 and z;, to ¢/d — 1;

e otherwise, modify z;, to ¢/k — 1 and z;, to k — 1.
After the modification, x;;, = d —1 or x;, = k — 1; and no
constraints are violated because k — 1 < z;, <3, <d—1
and (zj, + 1)(zi, + 1) = ¢. This contradicts the claim that
the original z1, ..., xp—1 maximize Z?;ll r;.

Consider a set of 1, ..., p—1 maximizing Z?;ll ;. Let y1
(or y2) be how many variables among z1,...,zp—1 that are
set to k—1 (or d—1, resp.). Because of (12), y2 = O(log, n);
on the other hand, trivially y1 < h — 1. Hence:

h—1
>
i=1

IN

yi(k—1)+ (1 +y2)(d—1)

= O(hk +dlog,n) = O(klog, n + dlog,n).
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4.3 A Lower Bound

Consider G as an arbitrary tree with n vertices. We will
show that

mazcost}c(A,g) = Qlog; 4 n) (13)

holds for any POMS algorithm A, where mazcosty, (A, G) is
defined in Section 1.2. Consider a probe with a set @ of
k > 1 vertices qi,q2, ...,qx. The oracle returns an outcome
sequence ai,as, ..., ar, where a; = 1 if ¢; can G-reach the
target ¢ or 0 otherwise. With @ fixed, the outcome sequence
solely depends on t.

LEMMA 17. When G is a tree, there are at most k + 1
distinct output sequences for a specific Q, as t ranges over
all the vertices in G.

PRrROOF. We prove the lemma by induction on k. Ob-
viously, a query under £ = 1 has two outcome sequences.
Assuming that the lemma is true for k& = z (for some z > 1),
next we prove its correctness for kK = z 4+ 1. As before, let
the query sequence @ be qi1, ¢z, ..., q=+1. At least one node in
@ has the property that its subtree in G contains no other
nodes in Q. Assume that ¢.41 is such a node (otherwise,
rename the nodes in Q).

For each selection of ¢t € G, denote by ai(t), az(t), ...,
a+1(t) the corresponding output sequence. If nodes ¢t and ¢’
both belong to the subtree of ¢.+1 (in G), then a;(t) = a;(t")
for all ¢ € [1,z]. This is true because the subtree of ¢.41 is
either contained in that of ¢; (in which case a;(t) = a;(t') =
1) or disjoint with that of ¢; (in which case a;(t) = a;(t') =
0).

Consider the set of all output sequences a1 (t), az2(t), ...,
a.+1(t) as t ranges over all the vertices in G. Divide the
set into Group 1 where a.4+1(¢t) = 1 and Group 0 where
a-+1(t) = 0. Our earlier discussion implies that Group 1 has
exactly one sequence. By the inductive assumption, Group
0 has at most z 4+ 1 sequences. We thus conclude that there
are at most z + 2 distinct a1(t), az(t), ...,a-41(¢). O

We now prove (13) with an information theoretic argu-
ment. By Lemma 17, each outcome sequence can be en-
coded in O(log(k + 1)) bits. At least log, n bits are needed
to encode the n possible targets t. Thus, 9(10?%) probes
are needed for at least one t.

As mentioned in Section 1.2, it has been proved in
[29] that minmazcosty(T (n,d)) = Q(%log;,4n), where
minmazcost(.) is defined in Equation (1), and Z(n,d) is
defined in Equation (3). As the above argument holds
for any tree with n vertices, we can now conclude that
minmazcosty (T (n,d)) = Q(log,,,n + £log,, 4n). This
proves the second bullet of Theorem 1.

5. CONCLUSIONS AND FUTURE WORK

In this paper, we have presented a new algorithm for the
POMS (partial order multiway search) problem, which per-
forms O(log;,, n+ ¢ log,, 4 n) probes, where n is the num-
ber of vertices in the input (acyclic) graph G, d is the max-
imum vertex out-degree in G, and k is the number of nodes
that can be queried in one probe. The probing complexity is
asymptotically optimal. We leave it as a (challenging) open
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problem to minimize the hidden constants in our probing
complexity. It will also be interesting to study the empirical
efficiency of our algorithms, e.g., in the scenarios experi-
mented in [29].

Another promising direction for future work is to study
other variants of POMS arising in real-world applications.
One, for example, is to consider the scenario where the or-
acle selects multiple — say ¢ — targets, and an algorithm
must discover all of them. One needs to be careful in defin-
ing the outcome of a probe. Consider, for simplicity, k = 1.
If, given a node u, an oracle is required to provide ¢ reach-
ability answers (one for each target), our algorithm in this
paper is readily applicable. The problem, however, becomes
non-trivial when the oracle is required to provide only one
answer: whether or not u can reach at least one target (i.e.,
the oracle answers “no” if and only if u can reach no targets
at all).
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